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Abstract. In this paper, we discuss the problem of meromorphic func-
tions sharing small function and present one theorem which extend a
result of K. S. Charak and Banarasi Lal [16].

1 Introduction and main results

In this paper, a meromorphic function always mean a function which is mero-
morphic in the whole complex plane.

Definition 1 Let f(z) and g(z) be nonconstant meromorphic functions, a ∈
C ∪ {∞}. We say that f and g share the value a CM if f − a and g − a have
the same zeros with the same multiplicities.

Definition 2 We denote by Nk)

(
r, 1

(f−a)

)
the counting function for zeros of

f − a with multiplicity ≤ k, and by Nk)

(
r, 1

(f−a)

)
the corresponding one for
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which multiplicity is not counted. Let N(k

(
r, 1

(f−a)

)
be the counting function

for zeros of f−a with multiplicity at least k and N(k

(
r, 1

(f−a)

)
the correspond-

ing one for which multiplicity is not counted. Set

Nk

(
r,

1

f− a

)
= N

(
r,

1

f− a

)
+N(2

(
r,

1

f− a

)
+ . . .+N(k

(
r,

1

f− a

)
.

Definition 3 For two positive integers n, p we define µp = min{n, p} and
µ∗p = p+ 1− µp. Then it is clear that

Np(r, 0; f
n) ≤ µpNµ∗p(r, 0; f).

Definition 4 [17] Let z0 be a zero of f − a of multiplicity p and a zero of
g−a of multiplicity q. We denote by NL(r, a; f) the counting function of those

a-points of f and g where p > q ≥ 1, by N
1)
E (r, a; f) the counting function

of those a-points of f and g where p = q = 1 and by N
(2
E (r, a; f) the count-

ing function of those a-points of f and g where p = q ≥ 2, each point in
these counting functions is counted only once. In the same way we can define

NL(r, a;g), N
1)
E (r, a;g), N

(2
E (r, a;g).

Definition 5 [18] Let k be a non-negative integer or infinity. For a ∈ C ∪
{∞} we denote by Ek(a; f) the set of all a-points of f, where an a-point of
multiplicity m is counted m times if m ≤ k and k + 1 times if m > k. If
Ek(a; f) = Ek(a;g), we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k then z0 is
an a-point of f with multiplicity m(≤ k) if and only if it is an a-point of g
with multiplicity m(≤ k) and z0 is an a-point of f with multiplicity m(> k)
if and only if it is an a-point of g with multiplicity n(> k), where m is not
necessarily equal to n.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k) then f, g share (a, p) for any integer p, 0 ≤ p < k.
Also we note that f, g share a value a IM or CM if and only if f, g share (a, 0)
or (a,∞) respectively.

With the notion of weighted sharing of values Lahiri-Sarkar [13] improved
the result of Zhang [14]. In [15] Zhang extended the result of Lahiri-Sarkar
[13] and replaced the concept of value sharing by small function sharing.

In 2008, Zhang and Lü [12] obtained the following result.



Uniqueness of polynomial and differential monomial 379

Theorem A Let k, n be the positive integers, f be a non-constant meromor-
phic function, and a( 6≡ 0,∞) be a meromorphic function satisfying T(r, a) =
o(T(r, f)) as r→∞. If fn and f(k) share a IM and

(2k+ 6)Θ(∞, f) + 4Θ(0, f) + 2δ2+k(0, f) > 2k+ 12− n,
or fn and f(k) share a CM and

(k+ 3)Θ(∞, f) + 2Θ(0, f) + δ2+k(0, f) > k+ 6− n,
then fn = f(k).

In the same paper, T. Zhang and W. Lü asked the following question:

Question 1 What will happen if fn and (f(k))m share a meromorphic function
a( 6≡ 0,∞) satisfying T(r, a) = o(T(r, f)) as r→∞?

S. S. Bhoosnurmath and Kabbur [3] proved:

Theorem B Let f be a non-constant meromorphic function and a(6≡ 0,∞) be
a meromorphic function satisfying T(r, a) = o(T(r, f)) as r → ∞. Let P[f] be
a non-constant differential polynomial in f. If f and P[f] share a IM and

(2Q+ 6)Θ(∞, f) + (2+ 3d(P))δ(0, f) > 2Q+ 2d(P) + d(P) + 7,

or if f and P[f] share a CM and

3Θ(∞, f) + (d(P) + 1)δ(0, f) > 4,

then f ≡ P[f].

Banerjee and Majumder [2] considered the weighted sharing of fn and (fm)(k)

and proved the following result:

Theorem C Let f be a non-constant meromorphic function, k, n,m ∈ N and
l be a non negative integer. Suppose a( 6≡ 0,∞) be a meromorphic function
satisfying T(r, a) = o(T(r, f)) as r→∞ such that fn and (fm)(k) share (a, l).
If l ≥ 2 and

(k+ 3)Θ(∞, f) + (k+ 4)Θ(0, f) > 2k+ 7− n,
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or l = 1 and(
k+

7

2

)
Θ(∞, f) + (k+ 9

2

)
Θ(0, f) > 2k+ 8− n,

or l = 0 and

(2k+ 6)Θ(∞, f) + (2k+ 7)Θ(0, f) > 4k+ 13− n,

then f ≡ (fm)(k).

In 2015, Kuldeep S. Charak and Banarasi Lal [16] proved the following re-
sult:

Theorem D Let f be a non-constant meromorphic function, n be a positive in-
teger and a( 6≡ 0,∞) be a meromorphic function satisfying T(r, a) = o(T(r, f))
as r→∞. Let P[f] be a non-constant differential polynomial in f. Suppose fn

and P[f] share (a, l) such that any one of the following holds:
(i) when l ≥ 2 and

(Q+ 3)Θ(∞, f) + 2Θ(0, f) + d(P)δ(0, f) > Q+ 5+ 2d(P) − d(P) − n,

(ii) when l = 1 and(
Q+

7

2

)
Θ(∞, f) + 5

2
Θ(0, f) + d(P)δ(0, f) > Q+ 6+ 2d(P) − d(P) − n,

(iii) when l = 0 and

(2Q+ 6)Θ(∞, f) + 4Θ(0, f) + 2d(P)δ(0, f) > 2Q+ 10+ 4d(P) − 2d(P) − n.

Then fn ≡ P[f].

Through the paper we shall assume the following notations. Let

P(ω) = am+nω
m+n + ...+ anω

n + ...+ a0 = an+m

s∏
i=1

(ω−ωpi)
pi

where aj(j = 0, 1, 2, ..., n + m − 1), an+m 6= 0 and ωpi(i = 1, 2, ..., s) are
distinct finite complex numbers and 2 ≤ s ≤ n + m and p1, p2, ..., ps, s ≥
2, n,m and k are all positive integers with

∑s
i=1 pi = n + m. Also let p >

maxp6=pi,i=1,...,r{pi}, r = s− 1, where s and r are two positive integers.
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Let

P(ω1) = an+m

s−1∏
i=1

(ω1 +ωp −ωpi)
pi = bqω

q
1 + bq−1ω

q−1
1 + ...+ b0,

where an+m = bq,ω1 = ω−ωp, q = n+m−p. Therefore, P(ω) = ωp1P(ω1).
Next we assume

P(ω1) = bq

r∏
i=1

(ω1 − αi)
pi ,

where αi = ωpi −ωp, (i = 1, 2, ..., r), be distinct zeros of P(ω1).
In this paper we will prove one theorem which will improve and generalize

Theorem D.

Theorem 1 Let k(≥ 1),n(≥ 1),p(≥ 1) and m(≥ 0) be integers and f and f1 =
f −ωp be two nonconstant meromorphic functions and M[f] be a differential
monomial of degree dM and weight ΓMand k is the highest derivative in M[f].
Let P(z) = am+nz

m+n + ... + anz
n + ... + a0, am+n 6= 0, be a polynomial in

z of degree m+n such that P(f) = f
p
1P(f1). Also let a(z)( 6≡ 0,∞) be a small

function with respect to f. Suppose P(f)−a and M[f] −a share (0, l). If l ≥ 2
and

(3+ 2λ)Θ(∞, f) + µ2δµ∗2(ωp, f) + 2dMδ1+k(0, f) > 2ΓM + 2µ2 + 3− p (1)

or l = 1 and(
7

2
+ 2λ

)
Θ(∞, f) + 1

2
Θ(ωp, f) + µ2δµ∗2(ωp, f) + 2dMδ1+k(0, f) >

2ΓM + µ2 + 4+
(m+ n) − 3p

2

(2)

or l = 0 and

(6+ 3λ)Θ(∞, f) + 2Θ(ωp, f) + µ2δµ∗2(ωp, f) + 3dMδ1+k(0, f)
> 3ΓM + µ2 + 8+ 2(m+ n) − 3p

(3)

then P(f) ≡M[f].

Following example shows that in Theorem 1 a(z) 6≡ 0 is essential.

Example 1 Let us take f(z) = eLz where L 6= 0,±1 and P(f) = f3,M[f] = f(2).
Then P(f) and M[f] share a = 0(or,∞). Here m = 0, p = n = 1,ωp =
0, dM = 1, µ2 = 1, ΓM = 3 and λ = 2. Also Θ(∞; f) = 1 = Θ(0; f) and
δp(0; f) = 1, ∀q ∈ N. Thus we see that the deficiency conditions stated in
Theorem 1 are satisfied but P(f) 6≡M[f].
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The next example shows that the deficiency conditions stated in Theorem
1 are not necessary.

Example 2 Let f(z) = Ccosz+Dsinz, CD 6= 0. Then N(r, f) = S(r, f) and

N(r, 0; f) = N

(
r,
C+ iD

C− iD
; e2iz

)
∼ T(r, f).

Here m = 0, p = n = 1,ωp = 0, dM = 1, µ2 = 1, ΓM = 4k + 1 and λ = 4k.

Again Θ(∞, f) = 1 and Θ(0, f) = δp(0, f) = 0. Let m = 0, hence P(f) = f.
Therefore it is clear that M[f] = f(4k), for k ∈ N and P(f) share a(z) and

the deficiency conditions in Theorem 1 are not satisfied, but P(f) ≡M.

2 Lemmas

Lemma 1 [17] For the differential monomial M[f],

Np(r, 0;M[f]) ≤ dMNp+k(r, 0;g) + λN(r,∞, f) + S(r, f).
Lemma 2 [17] Let F and G share (1, l). Then

NL(r, 1; F) ≤
1

l+ 1
N(r,∞; F) +

1

l+ 1
N(r, 0; F) + S(r, F) if l ≥ 1,

and
NL(r, 1; F) ≤ N(r,∞; F) +N(r, 0; F) + S(r, F) if l = 0.

Lemma 3 Let f be a non-constant meromorphic function and a(z) be a small

function of f. Let us define F = P(f)
a =

f
p
1P(f1)

a and G = M[f]
a . Then FG 6≡ 1.

Proof. On contrary suppose FG ≡ 1 i.e

f
p
1P(f1)M[f] = a2.

From above it is clear that the function f can’t have any zero and poles.
Therefore N(r, 0; f) = S(r, f) = N(r,∞; f). So by the First Fundamental The-
orem and Lemma 1, we have

(m+ n+ dM)T(r, f) = T

(
r,

a2

f
p
1P(f1)f

dM

)
+ S(r, f) ≤ T

(
r,
M[f]

fdM

)
+ S(r, f)

≤ m
(
r,
M[f]

fdM

)
+N

(
r,
M[f]

fdM

)
+ S(r, f)

≤ N
(
r,
M[f]

fdM

)
+ S(r, f)
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Then using Lemma 2 and from above inequality, we get

(m+ n+ dM)T(r, f) ≤ dMN(r, 0; f) + λN(r, f) + S(r, f) ≤ S(r, f),

which is not possible.

Lemma 4 [17] Let f be a non-constant meromorphic function and a(z) be a

small function of f. Let F = P(f)
a =

f
p
1P(f1)

a and G = M[f]
a such that F and G

shares (1,∞). Then one of the following cases holds:
1. T(r) ≤ N2(r, 0; F) + N2(r, 0;G) + N(r,∞; F) + N(r,∞;G) + NL(r,∞; F) +
NL(r,∞;G) + S(r),
2. F ≡ G,
3. FG ≡ 1.
where T(r) = max{T(r, F), T(r,G)} and S(r) = o(T(r)), r ∈ I, I is a set of
infinite linear measure of r ∈ {0,∞}.

3 Proof of the Theorem

Proof.

Let F = P(f)
a =

f
p
1P(f1)

a and G = M[f]
a . Then F − 1 =

f
p
1P(f1)−a

a and G − 1 =
M[f]−a
a . Since P(f) and M[f] share (a, l), it follows that F and G share (1, l),

except the zeros and poles of a(z).
Define

ψ =

(
F ′′

F ′
−

2F ′

F− 1

)
−

(
G ′′

G ′
−

2G ′

G− 1

)
. (4)

We consider the following cases:

Case 1. When ψ 6≡ 0. Then from (4), we have m(r, ψ) = S(r, f).
By the second fundamental theorem of Nevanlinna, we have

T(r, F) + T(r,G) ≤ 2N(r, f) +N

(
r,
1

F

)
+N

(
r,

1

F− 1

)
+N

(
r,
1

G

)
+N

(
r,

1

G− 1

)
−N0

(
r,
1

F ′

)
−N0

(
r,
1

G ′

)
+ S(r, f),

(5)

where N0
(
r, 1F ′

)
denotes the counting function of the zeros of F ′ which are not

the zeros of F(F− 1) and N0
(
r, 1G ′

)
denotes the counting function of the zeros
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of G ′ which are not the zeros of G(G− 1).

Subcase 1.1. When l ≥ 1. Then from (4), we have,

N
1)
E

(
r,

1

F− 1

)
≤ N

(
r,
1

ψ

)
+ S(r, f) ≤ T(r, ψ) + S(r, f) = N(r, ψ) + S(r, f)

≤ N(r, F) +N(2

(
r,
1

F

)
+N(2

(
r,
1

G

)
+NL

(
r,

1

F− 1

)
+NL

(
r,

1

G− 1

)
+N0

(
r,
1

F ′

)
+N0

(
r,
1

G ′

)
+ S(r, f),

and so

N

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
= N

1)
E

(
r,

1

F− 1

)
+N

(2
E

(
r,

1

F− 1

)
+NL

(
r,

1

F− 1

)
+NL

(
r,

1

G− 1

)
+N

(
r,

1

G− 1

)
+ S(r, f)

≤ N(r, f) +N(2

(
r,
1

F

)
+N(2

(
r,
1

G

)
+ 2NL

(
r,

1

F− 1

)
+ 2NL

(
r,

1

G− 1

)
+N

(2
E

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
+N0

(
r,
1

F ′

)
+N0

(
r,
1

G ′

)
+ S(r, f).

(6)

For l ≥ 2, we have

2NL

(
r,

1

F− 1

)
+ 2NL

(
r,

1

G− 1

)
+N

(2
E

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
≤ N

(
r,

1

G− 1

)
+ S(r, f).

Thus from (6), we obtain

N

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
≤ N(r, f) +N(2

(
r,
1

F

)
+N(2

(
r,
1

G

)
+N

(
r,

1

G− 1

)
+N0

(
r,
1

F ′

)
+N0

(
r,
1

G ′

)
+ S(r, f).

(7)
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Now from Lemma 1, (5) and (7) we obtain

T(r, F) ≤ 3N(r, f) +N

(
r,
1

F

)
+N(2

(
r,
1

F

)
+N

(
r,
1

G

)
+N(2

(
r,
1

G

)
+ S(r, f)

≤ 3N(r, f) + 2N

(
r,
1

F

)
+N

(
r,
1

G

)
+ S(r, f)

≤ 3N(r, f) + µ2Nµ∗2(r,ωp; f) + 2dMN1+k

(
r,
1

f

)
+ 2λN(r, f) + S(r, f)

(n+m)T(r, f) ≤ (3+ 2λ)N(r, f) + µ2Nµ∗2(r,ωp; f) + (m+ n− p)T(r, f)

+2dMN1+k

(
r,
1

f

)
+ S(r, f)

{(3+ 2λ)Θ(∞, f) + µ2δµ∗2(r,ωp; f) + 2dMδ1+k(0, f)}T(r, f)
≤ (3+ 2λ+ 2µ1 +m+ n− 2p+ 2dM)T(r, f) + S(r, f).

{(3+ 2λ)Θ(∞, f) + µ2δµ∗2(0, f) + 2dMδ1+k(0, f) − ε}T(r, f)
≤ (2ΓM + 3+ 2λ+ 2µ2 − p)T(r, f) + S(r, f).

which violates (1).
Next, consider the case when l = 1.
First note that

NL(r,
1

F− 1
) ≤ 1

2
N(r,

1

F ′
|F 6= 0) ≤ 1

2
N(r, F) +

1

2
N(r,

1

F
), (8)

when N
(
r, 1F ′ |F 6= 0

)
denotes the zeros of F ′, that are not the zeros of F.

From (4) and (8), we have

2NL

(
r,

1

F− 1

)
+ 2NL

(
r,

1

F− 1

)
+N

(2
E

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
≤ N

(
r,

1

G− 1

)
+NL

(
r,

1

F− 1

)
+ S(r, f)

≤ N
(
r,

1

G− 1

)
+
1

2
N(r, F) +

1

2
N

(
r,
1

F

)
+ S(r, f)

(9)
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Thus, from (5) and (9) , we have

N

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
≤ N(r, f) +N(2

(
r,
1

F

)
+N(2

(
r,
1

G

)
+
1

2
N(r, F) +

1

2
N

(
r,
1

F

)
+ T(r,G) +N0

(
r,
1

F ′

)
+N0

(
r,
1

G ′

)
+ S(r, f).

(10)

From Lemma 1, (5) and (10) we obtain

T(r, F) ≤ 3N(r, F) +N

(
r,
1

F

)
+N(2

(
r,
1

F

)
+N

(
r,
1

G

)
+N(2

(
r,
1

G

)
+
1

2
N(r, F) +

1

2
N

(
r,
1

F

)
+ S(r, f)

≤ 7
2
N(r, f) + 2N

(
r,
1

F

)
+ 2N

(
r,
1

G

)
+
1

2
N

(
r,
1

F

)
+ S(r, f)

≤ 7
2
N(r, f) + µ2Nµ∗2(r,ωp; f) + (m+ n− p)T(r, f) + 2dMN1+k

(
r,
1

f

)
+ 2λN(r, f) +

1

2
{N(r,ωp; f) + (m+ n− p)T(r, f) + S(r, f)}

(m+ n)T(r, f) ≤
(
7

2
+ 2λ

)
(1−Θ(∞, f)) + µ2(1− δµ∗2(ωp, f)) + 3

2
(m+ n− p)

+ 2dM(1− δ1+k(0, f)) +
1

2
(1−Θ(ωp, f)) + S(r, f).{(

7

2
+ 2λ

)
Θ(∞, f) + µ2δµ∗2(ωp, f)) + 2dMδ1+k(0, f) + 1

2
Θ(ωp; f)

}
≤

(
7

2
+ 2λ+ µ2 +

3

2
(m+ n− p) + 2dM +

1

2
−m− n+ ε

)
T(r, f) + S(r, f)

≤ (2ΓM + 4+ µ2 +
1

2
m+

1

2
n−

3

2
p)T(r, f) + S(r, f)

which violates (2).

Subcase 1.2. When l = 0. Then, we have

N
1)
E

(
r,

1

F− 1

)
= N

1)
E

(
r,

1

G− 1

)
+ S(r, f),

N
(2
E

(
r,

1

F− 1

)
= N

(2
E

(
r,

1

G− 1

)
+ S(r, f),
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and also from (4), we have

N

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
≤ N1)E

(
r,

1

F− 1

)
+N

(2
E

(
r,

1

F− 1

)
+NL

(
r,

1

F− 1

)
+NL

(
r,

1

G− 1

)
+N

(
r,

1

G− 1

)
+ S(r, f)

≤ N1)E

(
r,

1

F− 1

)
+NL

(
r,

1

F− 1

)
+N

(
r,

1

G− 1

)
+ S(r, f)

≤ N(r, F) +N(2

(
r,
1

F

)
+N(2

(
r,
1

G

)
+ 2NL

(
r,

1

F− 1

)
+NL

(
r,

1

G− 1

)
+N

(
r,

1

G− 1

)
+N0

(
r,
1

F ′

)
+N0

(
r,
1

G ′

)
+ S(r, f)

(11)

From Lemma 2, (5) and (9), we obtain

T(r, F) ≤ 3N(r, F) +N

(
r,
1

F

)
+N(2

(
r,
1

F

)
+N

(
r,
1

G

)
+N(2

(
r,
1

G

)
+ 2NL

(
r,

1

F− 1

)
+NL

(
r,

1

G− 1

)
+ S(r, f)

≤ 6N(r, f) + µ2Nµ∗2(r, 0; f) + (m+ n− p)T(r, f) + 3(dMN1+k(r, 0; f)

+ λN(r, f)) + 2{N(r,ωp; f) + (m+ n− p)T(r, f)}+ S(r, f)

(m+ n)T(r, f) ≤ (6+ 3λ)(1−Θ(∞, f)) + µ2(1− δµ∗2(r, f)) + 3(m+ n− p)

+ 3dM(1− δ1+k(0, f)) + 2(1−Θ(ωp, f)) + S(r, f).

{(6+ 3λ)Θ(∞, f) + µ2δµ∗2(r, f) + 3dMδ1+k(0, f) + 2Θ(ωp, f) − ε}T(r, f)
≤ (6+ 3λ+ µ2 + 3m+ 3n− 3p+ 3dM + 2−m− n)T(r, f) + S(r, f)

≤ (3ΓM + µ2 + 2m+ 2n− 3p+ 8− ε)T(r, f) + S(r, f)

which violates (3).

Case 2. Let H ≡ 0.
On Integration we get

1

G− 1
≡ A

F− 1
+ B,

where A( 6= 0), B are complex constants.
It is clear that F and G share (1,∞). Also by construction of F and G we see
that F and G share (∞, 0) also.
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So using Lemma 1 and condition (2), we obtain

N2(r, 0; F) +N2(r, 0;G) +N(r,∞; F) +N(r,∞;G) +NL(r,∞; F)

+NL(r,∞;G) + S(r) ≤ 2N(r, 0; F) + 2N(r, 0;G) + 3N(r,∞; f) + S(r)

≤ 2(N(r,ωp; f) + (m+ n− p)T(r, f)) + 2(dMN1+k

(
r,
1

f

)
+ λN(r, f))

+ 3N(r, f) + S(r) ≤ 2(1−Θ(ωp, f)) + 2dM(1− δ1+k(0, f))

+ (3+ 2λ)(1−Θ(∞, f)) + S(r) + (m+ n− p)T(r, f)

≤ (3+ 2λ+ 2dM + 2+m+ n− p) − (3+ 2λ+ 2dM + 2− p)T(r, f) + S(r)

≤ (m+ n)T(r, f) + S(r) < T(r, F) + S(r).

(12)

Hence inequality (1) of Lemma 4 does not hold. Again in view of Lemma 3,
we get FG 6≡ 1. Therefore F ≡ G i.e., P(f) ≡M[f]. �
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