S ACTA UNIV. SAPIENTIAE, MATHEMATICA, 9, 2 (2017) 377-390

&

DOI: 10.1515/ausm-2017-0029

Uniqueness of polynomial and differential

monomial
Harina P. Waghamore V. Husna
Department of Mathematics, Department of Mathematics,
Jnanabharathi Campus, Jnanabharathi Campus,
Bangalore University, India Bangalore University, India
email: harinapw@gmail. com, email: husnav43@gmail.com,
harina@bub.ernet.in husnav@bub.ernet.in

Abstract. In this paper, we discuss the problem of meromorphic func-
tions sharing small function and present one theorem which extend a
result of K. S. Charak and Banarasi Lal [16].

1 Introduction and main results

In this paper, a meromorphic function always mean a function which is mero-
morphic in the whole complex plane.

Definition 1 Let f(z) and g(z) be nonconstant meromorphic functions, a €
C U {oco}. We say that f and g share the value a CM if f —a and g — a have
the same zeros with the same multiplicities.

Definition 2 We denote by Ny, (T, (fl—a)> the counting function for zeros of

f — a with multiplicity < k, and by Nk) (r, ﬁ) the corresponding one for
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which multiplicity is not counted. Let N (1‘, ﬁ) be the counting function

for zeros of f—a with multiplicity at least k and N(k (T, (fl—a)) the correspond-

ing one for which multiplicity is not counted. Set

1 — 1 — 1 — 1
Nk<r’f—a> :N(r,f_a>+N(2 <T’f—a>+"'+N(k<T’f—a>'

Definition 3 For two positive integers n,p we define pw, = min{n,p} and
Hy =P + 1 —Wp. Then it is clear that

Np (1,05 ™) < ppNyes (1, 0; ).

Definition 4 [17] Let zo be a zero of f — a of multiplicity p and a zero of
g—a of multiplicity q. We denote by Ni(r, a;f) the counting function of those
a-points of f and g where p > q > 1, by N1E)(r, a;f) the counting function
of those a-points of f and g where p = q = 1 and by N(Ez(r, a;f) the count-
ing function of those a-points of f and g where p = q > 2, each point in
these counting functions is counted only once. In the same way we can define
NI 1 2

NL(T) a; 9)) NE)(r) a; 9)) NE (T) a; 9)

Definition 5 [18] Let k be a non-negative integer or infinity. For a € C U
{oco} we denote by Ex(a;f) the set of all a-points of f, where an a-point of
multiplicity m is counted m times if m < k and k+ 1 times if m > k. If
Ex(a;f) = Ex(a;g), we say that f, g share the value a with weight k.

The definition implies that if f, g share a value a with weight k then z; is
an a-point of f with multiplicity m(< k) if and only if it is an a-point of g
with multiplicity m(< k) and zg is an a-point of f with multiplicity m(> k)
if and only if it is an a-point of g with multiplicity n(> k), where m is not
necessarily equal to n.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a,k) then f, g share (a,p) for any integer p, 0 < p < k.
Also we note that f, g share a value a IM or CM if and only if f, g share (a,0)
or (a,o00) respectively.

With the notion of weighted sharing of values Lahiri-Sarkar [13] improved
the result of Zhang [14]. In [15] Zhang extended the result of Lahiri-Sarkar
[13] and replaced the concept of value sharing by small function sharing.

In 2008, Zhang and Lii [12] obtained the following result.
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Theorem A Let k,n be the positive integers, f be a non-constant meromor-
phic function, and a(# 0,00) be a meromorphic function satisfying T(r,a) =
o(T(r,f)) as T — oco. If f* and f&) share a IM and
(2k + 6)O(00, ) +40(0, f) + 2024x(0,f) > 2k + 12 —n,
or f* and %) share a CM and
(k4 3)O(o0, f) + 20(0, f) + 624%(0,f) > k+ 6 —n,

then ™ = £k,

In the same paper, T. Zhang and W. Lii asked the following question:

Question 1 What will happen if f* and (f¢))™ share a meromorphic function
a(z£ 0, 00) satisfying T(r,a) = o(T(r,f)) as r — oo?

S. S. Bhoosnurmath and Kabbur [3] proved:
Theorem B Let f be a non-constant meromorphic function and a(Z£ 0, 00) be
a meromorphic function satisfying T(r,a) = o(T(r,f)) as v — oo. Let P[f] be
a non-constant differential polynomial in f. If f and P[f] share a IM and
(2Q + 6)O(o0, f) + (2 +34d(P))8(0, f) > 2Q + 2d(P) + d(P) + 7,
or if  and P[f] share a CM and
30(o0, f) + (d(P) + 1)5(0, f) > 4,

then f = P[f].

Banerjee and Majumder [2] considered the weighted sharing of f™ and (f™) (k)
and proved the following result:

Theorem C Let f be a non-constant meromorphic function, k,n,m € N and
L be a non negative integer. Suppose a(Z 0,00) be a meromorphic function
satisfying T(r,a) = o(T(r,f)) as T — oo such that f* and (™)) share (a,1).
If1>2 and

(k +3)O(o0, f) + (k +4)O(0, f) > 2k + 7 —n,
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orl=1 and

(k+§> O(oo, f) + <k+z> 0(0,f) > 2k + 8 —n,

or1l=0 and
(2k +6)O(00, f) + (2k+ 7)O(0,f) >4k + 13 — n,
then = (™)K,

In 2015, Kuldeep S. Charak and Banarasi Lal [16] proved the following re-
sult:

Theorem D Let f be a non-constant meromorphic function, n be a positive in-
teger and a(# 0,00) be a meromorphic function satisfying T(r,a) = o(T(r,T))
as v — oo. Let P[f] be a non-constant differential polynomial in f. Suppose f™
and P[f] share (a,1) such that any one of the following holds:

(i) when 1> 2 and

(Q +3)O(o0, f) +20(0,f) + d(P)8(0,f) > Q + 5+ 2d(P) — d(P) — n,

(ii) when 1 =1 and
(Q N ;) (0o, f) + g@(o,f) L dA(P)5(0,f) > Q + 6+ 2d(P) — d(P) —n,

(iii) when 1 =0 and
(2Q + 6)O(00, f) +40(0, f) + 2d(P)5(0, f) > 2Q + 10 +4d(P) — 2d(P) — n.

Then f™ = P[f].

Through the paper we shall assume the following notations. Let

S
P(w) = dmgnw™ ™ + 4+ anw™ + ...+ ag = an+mH(w — wp )P

i=1

where a;(j = 0,1,2,..,n+m —1);anm # 0 and wp (i = 1,2,...,s) are
distinct finite complex numbers and 2 < s < n+ m and P, P2y -y Psy S >
2,n,m and k are all positive integers with ) ;| ;p; = n+ m. Also let p >
MaXp4p, i=1,..riPi}y T = 8 — 1, where s and 7 are two positive integers.
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Let
s—1
P(w1) = anam [ J(@1 + wp — wp P =bgw + bejwi " + ...+ by,
i=1
where anym = bq, W = w—wyp, ¢ = n+m—p. Therefore, P(w) = w{P(w1).
Next we assume

T
P(w1) =bq H(w1 — )Pty
i1

where oy = wp, — wp, (i =1,2,...,7), be distinct zeros of P(wr).
In this paper we will prove one theorem which will improve and generalize
Theorem D.

Theorem 1 Let k(> 1)n(>1),p(> 1) and m(> 0) be integers and f and f1 =
f — wyp be two nonconstant meromorphic functions and MIf] be a differential
monomial of degree dpm and weight Ty and K is the highest derivative in MIf].
Let P(z) = amanz™™ + ... + anz™ + ... + ag, amin # 0, be a polynomial in
z of degree m+n such that P(f) = f{P(f1). Also let a(z)(# 0,00) be a small
function with respect to f. Suppose P(f) —a and M[f] —a share (0,1). If1 > 2
and

(3+2A)O(c0, f) + uzéuz (wp, f) +2dmO14x(0,f) > 2IM + 21 +3—p (1)

orl=1 and

7 1
(2 + 27\) @(OO, f) + E@(wp, f) + },Lzéuz (wp, f) + ZdM51+k(O, f) >

(m+n)—3p @)

2lm + 12 +4+ 3
orl=0 and
(6 +3N)O(0, T) +2@(wp,f) + Hzépz(wp,f) + 3dM5]+k(O,f)
>3+ w+8+2(m+n)—3p

then P(f) = MIf].
Following example shows that in Theorem 1 a(z) # 0 is essential.

Example 1 Let us take f(z) = e where L # 0, £1 and P(f) = 3, M[f] = {2},
Then P(f) and MIf] share a = O(or,00). Here m = 0,p = n = T,w, =
0,dm = T,y = I,Tm = 3 and A = 2. Also O(oo;f) = 1 = O(0;f) and
op(0;f) = 1,Vq € N. Thus we see that the deficiency conditions stated in
Theorem 1 are satisfied but P(f) £ MIf].
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The next example shows that the deficiency conditions stated in Theorem
1 are not necessary.

Example 2 Let f(z) = Ccosz + Dsinz, CD # 0. Then N(r,f) = S(r,f) and

T 72 t Ig ; em) ~T(r,f).

Herem = 0,p =n = l,wp, = 0,duv = 1,p = 1,y = 4k + 1 and A = 4k.

Again ©(oo,f) =1 and O(0,f) = 8,(0,f) = 0. Let m = 0, hence P(f) = 1.
Therefore it is clear that M[f] = f*%) for k € N and P(f) share a(z) and

the deficiency conditions in Theorem 1 are not satisfied, but P(f) = M.

N(r,0;f) =N (

2 Lemmas

Lemma 1 [17] For the differential monomial M[f],
Np (r, 0;MIf]) < dmNp+(T,0;9) +AN(r, 00, f) + S(r, f).
Lemma 2 [17] Let F and G share (1,1). Then

— 1T — 1T —

N 1:F) < ——N :F —N - F F) 1 > 1

L 1) < Nl 00iF) + =N O F) 4+ (1 F) i 1> 1,
and

Ni(r, 1;F) < N(r,00;F) + N(r,0;F) + S(v,F) if 1 =0.

Lemma 3 Let f be a non-constant meromorphic function and a(z) be a small

P
function of f. Let us define F = %ﬂ = Pc(lf]) and G = MT[H Then FG # 1.
Proof. On contrary suppose FG =1 i.e

PP (f1)Mf] = o’

From above it is clear that the function f can’t have any zero and poles.
Therefore N(r,0;f) = S(r,f) = N(r, 00;f). So by the First Fundamental The-
orem and Lemma 1, we have

a’ MUf]
T, f]]JP(ﬁ)fdM) +S(r,f) <T (T, fdM) + S(r, )

m(T, m) +N <T, m) +S(T)f)
N (T, l]\c/all[;l]> +S(r,f)

(m+n+dm)T(r,f) :T(

IA

IN
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Then using Lemma 2 and from above inequality, we get
(m+n+dy)T(r, f) < duN(r,0;f) + AN(r, f) + S(r,f) < S(r, f),
which is not possible.

Lemma 4 [17] Let f be a non-constant meromorphic function and a(z) be a

. P fYP(f)
small function of f. Let F = —— = - Y oand G = T such that F and G

shares (1,00). Then one of the following cases holds:

1. T(v) < Na(r,0;F) + Ny(1,0;G) + N(r,00;F) + N(r, 00; G) + Ny (7, 00;F) +
N (r,00;G) + S(r),

2. F=G,

3. FG = 1.

where T(r) = max{T(r,F), T(r,G)} and S(r) = o(T(r)), r € 1, I is a set of

infinite linear measure of v € {0, co}.

3 Proof of the Theorem

Proof.
Let F= 20 = AP0 onq 6 = M0 phen F—1 = 2P0 g g — 1 =

(f) and MIf] share (a,1), it follows that F and G share (1,1),
except the zeros and poles of a(z).

Define
F" 2F G” 2G’
== - | =-==). 4
v (F’ F—1> (G’ G—1> (4)

We consider the following cases:

Case 1. When { # 0. Then from (4), we have m(r,{) = S(r, ).

By the second fundamental theorem of Nevanlinna, we have

T(r,F)+T(r,G) < 2N (rf)+N< ]1:>+N< 1_1>+N( é)

_ 1 1 1
+N (T, G—]) _NO (T, FI> _NO (T, G/> +S(T)f),

where Ny ( T, F,) denotes the counting function of the zeros of F’ which are not

()

the zeros of F(F—1) and Ny ( T, G,) denotes the counting function of the zeros
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of G’ which are not the zeros of G(G — 1).

Subcase 1.1. When 1 > 1. Then from (4), we have,

1

N (m gy ) =N () + S0 1) < Tl 4 500, 6) = Niry) 4500,

For 1 > 2, we have

_ 1 1 (2 1 — 1

ZNL( F—1>+2NL( G—1>+NE (T’F—1>+N<r’G—1>
1

SN <T', G—]) +S(T,f)

Thus from (6), we obtain




Uniqueness of polynomial and differential monomial 385

Now from Lemma 1, (5) and (7) we obtain

— — 1 — 1 — 1 — 1
T(r,F) <3N(r,f)+N <r, F> + N2 <r, F> + N <r, G) + N2 <r, G) + S(r, )

3N(r, f) + 2N <1‘, ;) +N (r, é) + S(r, )

IN

_ 1 _
< 3N(r, f) + uaNys (1, wp; f) + 2dm N7k (r, f> + 2AN(r, f) + S(r, f)

(M +m)T(r, ) < (3+2MN(1, f) + uaNys (1, wp; f) + (M +n —p)T(r, f)

2
1
+2dMN1+k <T) f> + S(T) f)

{(3 + 2}\)@(003 f) + uzéuz (T’ Wyp; f) + ZdM61+k(O) f)}T(T) f)
<B4+220+ 2w +m+n—2p + 2dm)T(r, f) + S(r, ).

{(3 + 2)\)8(003 f) + FLZS}LE (03 f) + 2dM6H—k(0) f) - E}T(T‘, f)
< (2ImM 43+ 22+ 2uy — p)T(r, f) + S(r, f).
which violates (1).

Next, consider the case when 1 =1.
First note that

N R

when N (r, %IF #* O) denotes the zeros of F/, that are not the zeros of F.
From (4) and (8), we have
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Thus, from (5) and (9) , we have
— 1 — 1 — — 1 — 1
N T‘,F__] +N T,ﬁ SN(T,f)“—N(Z T, F +N(2 T‘,a
] N (] +T(r,G)+N r, + S(r, 1)
> F T 0 T, G/ T, T).
From Lemma 1, (5) and (10) we obtain

T(r,F) <3N(r,F) + N (r, ]1:> + N (r, ]1:) +N <T, ]> + N (T, é)

N(r,F) + %W <r, ]]:> +S(r, f)

_ — 1 — 1 1— 1
N(r,f) + 2N <r, F) + 2N <r, G) + 2N (1‘, F> + S(r, f)

_ 1
N(r, f) + 1Ny (r wp; f) + (M +n—p)T(r, f) + 2dMm N4 <r, f)

()]

N —

<

Y N N N

<
+ 2AN(r, f) + E{N(T’ wp; T) + (M +n—p)T(r,f) + S(r,f)}
(m+n)T(r,f) < (Z +2?\> (1 —0O(oco, ) + wa(1 — 6u;(wp,f)) + %(m—l—n—p)

+ 2dm (T = 814x(0, ) + = (1 — O(wp, f)) + S(r, ).

N —

7 1
{(2 + 27\> O(o0, f) + H2dys (wp, T)) + 2dmS14k(0, f) + 2®(wp;f)}

7 3
< <2+27\+u2+

1
2(m+n—p)—|—2dM+2—m—n—i—e)T(r,f)—i—S(r,f)

1 1 3
< @M +4+w + om+ on—op)T(r,f) + S(r,f)
which violates (2).

Subcase 1.2. When 1 = 0. Then, we have

1 1
NQ(nF_]>:NQ<nG_1>+SHJL

(2 T e |
NE (T)F]> _NE <T,G1>+S(T,f),
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and also from (4), we have

< 6N (1, f) + Ny (1,0;F) + (M +n —p)T(r, f) + 3(dmN14k(r, 0; )
+ AN(T, ) 4+ 2{N(r, wp; f) + (m+n—p)T(r, f)} + S(r, f)

(Mm+n)T(r,f) < (64 3A)(1 —0O(o0,T)) + uy(1 —éuﬁ(r,f)) +3(m+n—p)
+3dm (T — 814 (0, ) + 2(1 — O(wy, f)) + S(r, f).

{(6+3A)O(o0, f) + 28,5 (1, f) + 3dm14k(0, f) + 20(wy, ) — e}T(r, f)
<(6+3A+w+3m+3n—3p+3du+2—m—n)T(r,f) + S(r,f)
<@BMm+w+2m+2n—3p+8—¢€)T(r,f) + S(r,f)

which violates (3).

Case 2. Let H=0.
On Integration we get

where A(s# 0), B are complex constants.

It is clear that F and G share (1,00). Also by construction of F and G we see
that F and G share (00, 0) also.
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So using Lemma 1 and condition (2), we obtain

NZ(T, O; F) + NZ(r) O; G) + N(T) o5 F) + N(T) o5 G) + NL(T) SN F)
+ Ni(1,00;G) + S(r) < 2N(r,0;F) + 2N(r,0; G) + 3N(r, 00; f) + S(1)

S 2(N(rywp; f) + (m+n—p)T(r, f)) + 2(dmNix <T, l) +AN(T, )

+ 3N(r,f) + S(r) < 2(1 — O(wp, ) + 2dm (T — 814x(0, ) (12)

+ 3+ 2A)(1 — (o0, f)) +S(r) + (M +n—p)T(r, )
B+2A+2dm+24+m+n—p)—3+2A+2dm +2 —p)T(r, f) + S(r)

<
< (m+n)T(r,f)+ S(r) < T(r,F) + S(r).

Hence inequality (1) of Lemma 4 does not hold. Again in view of Lemma 3,
we get FG # 1. Therefore F = G i.e., P(f) = MIf]. O
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