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Abstract. In this note, we investigate that a ring R is a right zip ring if
and only if skew monoid ring R+ G (induced by a monoid homomorphism
A: G — Aut(R)) is a right zip ring when R is a right (G, A)-McCoy ring,
where G be a u.p.-monoid. Moreover, we study the relationship between
right zip property of a ring R and skew generalized power series ring
R[[G, w]] (induced by a monoid homomorphism w : G — End(R)) over
R when R is (G, w)-Armendariz and G-compatible, where G is a strictly
ordered monoid, which provides a unified solution to the questions raised
by Faith [9].

1 Introduction

Throughout this article, R and G denote an associative ring with identity
and monoid, respectively. For any subset X of a ring R, rg(X) denotes the
right annihilator of X in R. Faith [8] called a ring R right zip provided that
if the right annihilator rg(X) of a subset X of R is zero, then there exists a
finite subset Y C X such that rg(Y) = 0; equivalently, for left ideal L of R
with rg(L) = 0, there exists a finitely generated left ideal 1y C L such that
TR(Ly) = 0. R s zip if it is both right and left zip. The concept of zip rings was
initiated by Zelmanowitz [31] and appeared in various papers [3, 4, 7, 8, 9] and
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references therein. Zelmanowitz stated that any ring satisfying the descending
chain conditions on right annihilators is a right zip ring, but the converse does
not hold. Beachy and Blair [3] studied rings that satisfy the condition that
every faithful right ideal I of a ring R (a right ideal I of a ring R is faithful if
Tr(I) = 0) is cofaithful (a right ideal I of a ring R is cofaithful if there exists a
finite subset I; C I such that rg(I;) = 0). Right zip rings have this property
and conversely for commutative ring R.

Extensions of zip rings were studied by several authors. Beachy and Blair
[3] showed that if R is a commutative zip ring, then polynomial ring R[x] over
R is a zip ring. Afterwards, Cedo [4] proved that if R is a commutative zip
ring, then the n x n full matrix ring Mat,(R) over R is zip; moreover, he
settled negatively the following questions which were posed by Faith [8]: Does
R being a right zip ring imply R[x] being right zip?; Does R being a right zip
imply Maty (R) being right zip?; Does R being a right zip ring imply R[G] being
right zip when G is a finite group? Based on the preceding results, Faith [9]
again raised the following questions: When does R being a right zip ring imply
R[x] being right zip?; Characterize a ring R such that Mat, (R) is right zip;
When does R being a right zip ring imply R[G] being right zip when G is a
finite group? Also he proved that if R is a commutative ring and G is a finite
Abelian group, then the group ring R[G] of G over R is zip.

In [14], Hong et al. studied above questions and proved that R is a right zip
ring if and only if R[x] is a right zip ring when R is an Armendariz ring. They
also showed that if R is a commutative ring and G a u.p.-monoid that contains
an infinite cyclic submonoid, then R is a zip ring if and only if R[G] is a zip ring.
Further, Cortes [7] studied the relationship between right (left) zip property of
R and skew polynomial extensions over R by using skew versions of Armendariz
rings and generalized the results of Hong et al. [14]. Later, Hashemi [10] showed
that R is a right zip ring if and only if R[G] is a right zip ring when R be a
reversible ring and G a strictly totally ordered monoid. In this paper, we
prove the above mentioned results to skew monoid ring R * G (induced by a
monoid homomorphism A : G — Aut(R)) and skew generalized power series
ring R[[G, w]] (induced by a monoid homomorphism w : G — End(R)).

This paper is organized as follows. In Section 2, we introduce the concept
of right (G,A)-McCoy ring and extend the above mentioned results proved
by Hong et al. [14], Cortes [7] and Hashemi [10] to skew monoid ring R * G
(induced by a monoid homomorphism A : G — Aut(R)). In Section 3, we
discuss a unification of the above extensions and prove that if R is (G, w)-
Armendariz ring and G-compatible, then skew generalized power series ring
R[[G, w]] (induced by a monoid homomorphism w : G — End(R)) is right zip
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if and only if R is right zip. This provides a unified generalization of the results
due to Hong et al. [14] and Cortes [7].

2 Right zip skew monoid rings

In this section, we study the fundamental concept of a skew monoid ring
and give the definition of right (G, A)-McCoy ring which is a generalization of
right G-McCoy ring. Moreover, we investigate a relationship between right zip
property of a ring R and skew monoid ring R x G over R, and we also extend
some results of [7, 10, 14].

Definition 2.1 A monoid G is called a unique product monoid (or a u.p.-
monoid) if for any two nonempty finite subsets A,B C G there exist a € A
and b € B such that ab # a’b’ for every (a’,b’) € A xB\{(a,b)}; the element
ab is called a u.p.-element of AB ={cd:ce€ A,d € B}.

The class of u.p.-monoids includes the right and left totally ordered monoids,
submonoids of a free group, and torsion-free nilpotent groups (for details see
[23, 24] ).

From [15, 22], let R be a ring and G a u.p.-monoid. Assume that there exists

a monoid homomorphism A : G — Aut(R). We denote by A9(r) the image of

v € Runder g € G. Then we can form a skew monoid ring R * G (induced

by the monoid homomorphism A : G — Aut(R)) by taking its elements to
n

be finite formal combinations ) aigi, where a; € R, gi,€ G for all i, with

i=1
multiplication rule defined by gr = A9(r)g.

It is well known that if R is a commutative ring and f(x) is a zero divisor
in R[x], there is a nonzero element r € R with f(x)r = 0, as proved by McCoy
[26, Theorem 2|. Based on this result, Nielsen [28] called a ring R right McCoy
if for each pair of nonzero polynomials f(x),g(x) € R[x] with f(x)g(x) = 0
there exists a nonzero element r € R with f(x)r = 0. Left McCoy ring can
be defined similarly. A ring R is McCoy if it is both right and left McCoy.
Thus every commutative ring is McCoy. Further, Hashemi [10] generalized the
concept of McCoy ring to monoid ring and called a ring R right G-McCoy ring
(right McCoy ring relative to monoid) if whenever 0 # & = ajg1+agz+-- -+
angn,0 # B = bihy +bohy + - + byhy € R[G], with a;,b; € R, gi,hj € G
satisfy a3 = 0 implies ar = 0 for some nonzero r € R. The left G-McCoy
ring can be defined similarly. If R is both right and left G-McCoy, then R is
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G-McCoy. Here, we extend the concept of McCoy ring to skew monoid ring
R G (induced by a monoid homomorphism A : G — Aut(R)) with the help of
a construction of skew monoid rings R x G.

Definition 2.2 Let R be a ring, G a u.p.-monoid and A : G — Aut(R) a

monoid homomorphism. A ring R is called right (G,A)-McCoy if whenever
n m

x = Z aigi, P = Z b)'h]' € Rx G, with ai,b]' € R, gi)hj € G satisfy a3 =0,
i=1 j=1

then ar =0 or A9 (a;)r = 0 for some nonzero v € R. The left (G,A)-McCoy

ring is defined similarly. If R is both right and left (G,A)-McCoy, then R is

(G,A)-McCoy.

Example 2.3 We give some special cases of right (G,A)-McCoy rings.

(1) Suppose G be trivial order monoid and A = 1 : G — Aut(R) a monoid
homomorphism. Then R is right (G,A)-McCoy if and only if R is right G-
McCoy. Thus right G-McCoy [10] is special case of right (G,\)-McCoy.

(2) Suppose G = (NU{0},+) and A =1:G — Aut(R). Then R is right (G, A)-
McCoy if and only if R is right McCoy. Thus right McCoy [28] is special
case of right (G,A)-McCoy.

In the following theorem, we extend the results of Hong et al. [14, Theo-
rem 11, Corollary 13, Proposition 14, Theorem 16 and Corollary 17 ], Cortes [7,
Theorem 2.8(i)] and Hashemi [10, Theorem 1.25 and Corollary 1.26] to skew
monoid ring R * G (induced by a monoid homomorphism A : G — Aut(R))
using right (G, A)-McCoy ring, and also provides a generalized solution to the
questions posed by Faith [9] for noncommutative zip rings.

Theorem 2.4 Let G be a u.p.-monoid and A : G — Aut(R) a monoid homo-
morphism. If R is a right (G,N)-McCoy ring, then R is right zip if and only if
R * G is right zip.

Proof. Suppose R is right zip and Y a nonempty subset of R * G such that

TReG(Y) = 0. Let V be the set of all coefficients of elements of Y and de-

fined by V = Cy = |J Cq such that C4 = {A7%(q;) : T < i < n}, where
xeY

n
o = ) aigi € Rx G. Take any a € rR(V) then a € rr(|J Cq) which im-

i=1 xeY
plies a € 1R(Cq) for all « € Y. Thus a € rTreg(x) = 0 for all x € Y.

Therefore Tr(V) = 0. Since R is right zip, there exists a nonempty subset
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= (A% (ai,), A" %2 (ay,),..., A9 (ay, )} such that rg(V;) = 0. For each
7\ 91 i(ay) € Vi, there exists ay; € Y such that some of the coefficients of
o are aj for each T < j < n. So we have Yy = {o4,, Xi,,...,xi,} be a
nonempty subset of Y whose some of the coefficients are aj; for each 1 <j <n.
Suppose Vy be a set of all the coefficients of Yy. Then Vi C Vy which im-
plies Tr(Vo) C 1r(V7) = 0. Now we will show that tg.g(Yy) = 0. Consider
TReG(Yo) # 0, s0 0 # B € TReg(Yp) which gives oy, B = 0 for all o; € Yo.
Since R is right (G,A)-McCoy, there exists a nonzero element r; € R with
oy;T1 = 0 for all oy, € Yp. Thus N (aij)n = 0 for each 1T < j < n, it fol-
lows that 11 € rg(V;7) = 0. Therefore 11 = 0, which is a contradiction and so
TR+G(Yo) = 0. Hence R * G is a right zip ring.
Conversely, suppose RxG is right zip and V a nonempty subset of R such that
1R(V) = 0. Then 1R4g (V) = 0. Since R* G is right zip, there exists a nonempty
subset Vj of V such that rr.g(Vi) = 0. Thus 1g(V7) = 1r«g (Vi) NR = 0. Hence

R is right zip. O

In 1974, Armendariz 2] proved that aib; = 0 for every i and j whenever

polynomials f(x Z aixt, g(x Z bjx) € R[x] over a reduced ring R (a
i=0

ring R with no nonzero nilpotent elernents) satisfy f(x)g(x) = 0, where x is
an indeterminate over R, following which, Rege and Chhawchharia [29] called
such a ring (not necessarily reduced) an Armendariz ring.
Recall for a ring R and a ring automorphism o : R — R, the skew polynomial
ring R([x; o] (skew Laurent polynomial ring R[x,x'; 0]) consists of polynomials
m

in the form f(x Z aix' (f(x) = Y bjx), where the addition is defined as
j=q

usual and Inultlphcatmn defined by the rule xa = o(a)x (x 'a = o' (a)x)
for any a € R. In [13], Hong et al. extended Armendariz property to skew
polynomial ring R[x; o] and defined that a ring R With an endomorphism o is

o-skew Armendariz if whenever polynomials f(x Z aixt, g(x Z b €

R[x; 0] satisfy f(x)g(x) = 0 which implies a;o (bj) = 0 for every i and j.
Further, Liu [21] introduced the concept of Armendariz ring relative to monoid
as is a generalization of Armendariz ring and called a ring R G-Armendariz
ring (Armendariz ring relative to monoid), if whenever elements « = ajg; +
ag2+...+angn, B =brhi+brho+...+bnhy € RIG] satisfy «ff = 0 implies
aib; = 0 for each 1 and j, where aj, b; € R, gi,hj € G and G is a monoid. Now
we define Armendariz ring to skew monoid ring R * G.

Definition 2.5 Let R be a ring, G a u.p.-monoid and A : G — Aut(R) a
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monoid homomarphism A ring R is called (G, \)-Armendariz if whenever o =

Zalgl, B = th € Rx G, with ai,b; € R, gi,hj € G satisfy «fp =0, then
i=1

aiA9(b;) =0 for all i,]j.

Notice that all the above mentioned classes of Armendariz rings are special
cases of (G, A)-Armendariz, whereas (G, A)-Armendariz ring is a special case of
(G, w)-Armendariz ring which was investigated by Marks et al. [24] (for details
see section 3). It is also clear from the definition 2.1 and definition 2.4 that
every (G,A)-Armendariz ring is a right (G,A)-McCoy ring. In the following
example, we show that converse need not be true.

Given a ring R and a bimodule rMyg, the trivial extension of R by M
is the ring T(R,M) = R@P M with usual addition and the multiplication
(r1, mq)(r2, my) = (11712, 7yMy + My72), where 1113 € R and mymy € M.

Example 2.6 There exists a right (G,A)-McCoy ring which is not (G,\)-
Armendariz.

Proof. Let Zg be a ring of integers of modulo 8 then its trivial extension is
T(Zs,Zg). Suppose A : G — Aut(T) defined by A9(a,b) = (b, a), for any g € G
and (a,b) € T(Zg,Zg), where G be a u.p.-monoid. It is easy to check that A is a
monoid homomorphism. Assume e, g € G with e # g and « = (4,0)e+(4,1)g,
B = (0,4)e + (1,4)g € R+ G. Then «fp = 0, while (4,0)A9(1,4) # 0. Thus
T is not (G,A)-Armendariz. Consider a nonzero element t = (4,0) € T, so
at = ((4,0)e+ (4,1)g)(4,0) = 0. Therefore R is a right (G,A)-McCoy ring. [J

Now, we get the following corollary.

Corollary 2.7 Let G be a u.p.-monoid and A : G — Aut(R) a monoid homo-
morphism. If R is (G, A)-Armendariz then R is right zip if and only if Rx G is
right zip.

Proof. Since R is a (G, A)-Armendariz ring so R is a right (G, A)-McCoy ring.
Thus by Theorem 2.4, R is right zip if and only if R * G is right zip. 0
We also deduce some important results as corollaries of above theorem.
Recall that a ring R is called reversible if ab = 0 implies ba = 0 for all
a,b € R. Let (G,<) be an ordered monoid. If for any g,g’,h € G,g < g’
implies that gh < g’h and hg < hg’, then (G, <) is called strictly ordered
monoid.
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Corollary 2.8 (Hashemi [10, Theorem 1.25]) Let R be a reversible ring
and G a strictly totally ordered monoid. Then R is right zip if and only if R[G]
18 Tight zip.

Proof. Since R is reversible ring and G a strictly totally ordered monoid, by
[10, Corollary 1.5], R is a G-McCoy ring. Suppose A = 1 : G — Aut(R) a
monoid homomorphism then R is right (G, A)-McCoy ring if and only if R is a
right G-McCoy ring. Thus by Theorem 2.4, R is right zip if and only if R[G] is
right zip. (|

Definition 2.9 A ring R is called right duo if all right ideals are two sided
ideals. Left duo rings are defined similarly, and a ring is called duo if it is both
right and left duo.

Corollary 2.10 Let R be a right duo ring and G a strictly totally ordered
monoid. Then R is right zip if and only if RIG] is right zip.

Proof. Since R be a right duo ring and G a strictly totally ordered monoid,
by [10, Theorem 1.8], R is a right G-McCoy ring. Suppose A =1: G — Aut(R)
a monoid homomorphism then R is a right (G, A)-McCoy ring if and only if R
is a right G-McCoy ring. Thus by Theorem 2.4, R is right zip if and only if
R[G] is right zip. O

The following definition is taken from [7].

Definition 2.11 (1) A ring R satisfies SA1’ if for f(x Z aixt and g(x) =

i=0
m .
2 bj¥) in R[x; 0], f(x)g(x) = 0 implies that ai(rl(bj) =0 for all i and j,
j=0
where o be an endomorphism of R.
(2) A ring R satisfies SA3" if for f(x Z axt and g(x Z b in
i=p i=q

Rix,x7'; 0], f(x)g(x) = 0 implies that ai(ri(bj) =0 for alli and j, where
be an automorphism of R.

Corollary 2.12 (Cortes [7, Theorem 2.8(i)]) Let o be an automorphism
of R and satisfies SA1’. The following conditions are equivalent:

(1) R is right zip;

(2) RIx; ol is right zip;



Unification of extensions of zip rings 175

(3) Rlx,x" ;0] is right zip.

Proof. (1) & (2) Given 0 be an automorphism of R and satisfies SA1/(R is a
o-skew Armendariz ring). Suppose G = (NU{0},+) and A(1) = 0. Then R is
a o-skew Armendariz ring if and only if R is a (G, A)-Armendariz ring. Thus
by Corollary 2.7, R is right zip if and only if R[x, o] is right zip.

(1) & (3) Given 0 be an automorphism of R and satisfies SA3’ then by [7,
Lemma 2.3] R satisfies SA1/(R is a o-skew Armendariz ring). Suppose G =
(ZU{0},+) and A(1) = 0. Then R is a o-skew Armendariz ring if and only if R
is a (G,A)-Armendariz ring. Thus by Corollary 2.7, R is right zip if and only
if R[x,x ;0] is right zip. O

Corollary 2.13 (Hong et al. [14, Theorem 11]) Let R be an Armendariz
ring. Then R is a right zip ring if and only if R[x] is a right zip ring.

Proof. Since Armendariz ring is a special case of (G,A)-Armendariz when
G =(NU{0},+) and A =1: G — Aut(R). Thus by Corollary 2.7, R is a right
zip ring if and only if R[x] is a right zip ring. O

Corollary 2.14 (Hong et al. [14, Propsition 2]) Let R be a reduced ring
and G a u.p.-monoid. Then R is right zip if and only if R[G] is right zip.

Proof. Since R be a reduced ring and G a u.p.-monoid, by [21, Proposition 1.1]
R is G-Armendariz. Suppose A = 1 : G — Aut(R) a monoid homomorphism
then R is a (G,A)-Armendariz ring if and only if R is a G-Armendariz ring.
Thus by Corollary 2.7, R is right zip if and only if R[G] is right zip. O

Corollary 2.15 (Hong et al. [14, Theorem 16]) Suppose that R is a com-
mutative ring and G a u.p.-monoid that contains an infinite cyclic submonoid.
Then R is a zip ring if and only if RIG] is a zip ring.

3 Skew generalized power series rings

In this section, we study the concept of skew generalized power series rings,
(G, w)-Armendariz rings and G-compatible rings which were introduced by
Mazurek et al. [25]. Moreover, we investigate a relationship between right zip
property of a ring R and skew generalized power series ring R[[G, w]] over R.
This relationship generalizes some of the results of [7, 14].
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Recall from [24, 25] that for a construction of skew generalized power se-
ries ring, we need some definitions. Let (G, <) be a partially ordered set.
Then (G, <) is called artinian if every strictly decreasing sequence of elements
of G is finite, and (G, <) is called narrow if every subset of pairwise order-
incomparable elements of G is finite. Thus, (G, <) is artinian and narrow if
and only if every nonempty subset of G has at least one but only a finite
number of minimal elements.

An ordered monoid is a pair (G, <) consisting of a monoid G and an order
< on G such that for all a,b,c € G, a < b implies ca < ¢b and ac < bc.
An ordered monoid (G, <) is said to be strictly ordered if for all a,b,c € G,
a < b implies ca < cb and ac < bc.

Let R be a ring, (G, <) a strictly ordered monoid and w : G — End(R) a
monoid homomorphism. For s € G, let w; denote the image of s under w,
that is, ws = w(s). Let A be the set of all functions & : G — R such that the
supp(a) ={s € G : «(s) # 0} is artinian and narrow. Then for any s € G and
x, 3 € A the set

Xs(ot, B) ={(x,y) € supp(e) x supp(p) : s = xy}

is finite. Thus one can define the product «f3 : G — R of &, 3 € A as follows:

(B)(s) = Y a«lx)-wBy)).

(x,y)€Xs (o, )

With pointwise addition and multiplication as defined above, A becomes a
ring, called the ring of skew generalized power series with coefficients in R and
exponents in G (see [25]), denoted by R[[G, w, <]] (or by [[G, w]]). The skew
generalized power series ring R[[G, w]] is a compact generalization of (skew)
polynomial rings, (skew) Laurent polynomial rings, (skew) power series rings,
(skew) group rings, (skew) monoid rings, Mal'cev Neumann Laurent series
rings and generalized power series rings.

The symbol 1 denote the identity elements of the multiplicative monoid G,
the ring R, and the ring R[[S, w]], as well as the trivial monoid homomor-
phism w =1 : G — End(R) that sends every element of G to the identity
endomorphism.

To each r € R and s € G, we associate elements ¢y, es € R[[G, w]] defined by

r if x=1 1 if x=s

Cr(x) = { . ) es(x) = { .
0 if xe G\ ({1} 0 if xe G\ {sh
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It is clear that r +— ¢, is a ring embedding of R into R[[G, w]] and s — ey is
a monoid embedding of G into a multiplicative monoid of ring RI[[S, w]], and
esCr = Cy, (r)€s- Moreover, for each nonempty subset X of R we put X[[G, w]] =
{ € RI[G, w]] : x(s) € XU{0} for every s € G} denotes a subset of R[[G, w]],
and for each nonempty subset Y of R[[G, w]] we put Cy ={B(t): p € Y,t € G}
denotes a subset of R.

In [18], Kim et al. studied a stronger condition than Armendariz and defined
a ring R is called powerserieswise Armendariz if whenever power series f(x) =
(o]
Y aix! and g(x) = Z]?io by in R[[x]] satisfy f(x)g(x) = 0 then ajb; = 0 for
i=0
all 1 and j. Further, Liu [20] generalized the definition of the powerserieswise
Armendariz to (untwisted) generalized power series ring [[RE=]] (particular
case of Skew generalized power series ring R[[G, w]]) and defined as follows: if R
is a ring and (G, <) is a commutative strictly ordered monoid, then R is called
G-Armendariz if whenever generalized power series o, 3 € RI[[G, 1]] satisfy
o =0 then o(s)(B(t)) =0 for all s,t € S. With the help of a construction of
skew generalized power series ring R[[G, w]], Marks et al. [24] introduced the
concept of Armendariz property to skew generalized power series ring R[[G, w]]
and gave a unified approach to all classes of Armendariz property.

Definition 3.1 Let R be a ring, (G, <) a strictly ordered monoid and w :
G — End(R) a monoid homomorphism. A ring R is called (G, w)-Armendariz
if whenever aff = 0 for «, B € RI[G,wl]], then «(s).ws(B(t)) = O for all
s,t € G. If G ={1} then every ring is (G, w)-Armendariz

We recall the definition of compatible endomorphism from [24, Definition 2.3].

Definition 3.2 An endomorphism o of a ring R is compatible if for all a,b €
R, ab=0 & aoc(b) =0.

Definition 3.3 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. Then R is G-compatible if ws is compatible
for every s € G.

To prove the main result of this section, we need Lemma 3.4 and Lemma 3.5
which were proved by Marks et al. [24]. Here we quote only the statements.

Lemma 3.4 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. The following conditions are equivalent:
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(1) R is G-compatible;

(2) for any a € R and any nonempty subset Y C R[[G, wl],

aeann®(Cy) & cq € annf[[G’wH(Y)-

Proof. See [24, Lemma 3.1]. O

Lemma 3.5 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. If R is G-compatible, then for any nonempty

subset X C R, annR(X)[[G, w]] = ann SV (X[[G, w])).

Proof. See [24, Lemma 3.2]. O

Now, we are able to prove the main theorem of this section. The following
theorem generalizes Corollary 2.7 (Section 2), Hong et al. [14, Theorem 11,
Corollary 13 and Proposition 14 |, Cortes [7, Theorem 2.8] and propose a
unified solution to the questions raised by Faith [9].

Theorem 3.6 Let R be a ring, (G, <) a strictly ordered monoid and w : G —
End(R) a monoid homomorphism. IfR is (G, w)-Armendariz and G-compatible
then R[[G, w]] is right zip if and only if R is right zip.

Proof. Suppose that R[[G, w]] is a right zip ring. We show that R is a right
zip ring. For this consider Y C R with mg(Y) = 0. Since Y C R, so we put
Y[[G,w]] = {a : «s) € R and s € G} C R[[G,w]]. Let any B € Tgg ]
(Y[[G, w]]). Then « = 0 which implies (s)B(t) =0 for all s,t € G since R is
G-compatible and (G, w)-Armendariz. Thus B(t) € rr(a(s)) = 0 for all x(s) €
R which implies § = 0 for all § € R[[G, w]]. It follows that Tgig oy (YIIG, w]])
= 0. Since R[[G, w]] is a right zip ring, there exists a subset V C Y[[G, w]]
such that Tg(g (V) = 0. Then we put Cy ={y(u):u € Sandy € V}is a
subset of Y. By Lemma 3.4, for any a € mr(Cv) & cq € Trig,wp(V) since R is
G-compatible. Thus we have rg(Cy) = 0. Hence R is a right zip ring.
Conversely, suppose R is a right zip ring and a subset U C R[[G, w]] with
TRG,w) (W) = 0. We put Cy = {B(t) : B € U and t € G} which is nonempty
subset of R. By Lemma 3.4, for any p € mr(Cu) & ¢p € TRy ey (U) since R
is G-compatible. Thus rg(Cy) = 0. Since R is a right zip ring, there exists a
nonempty subset X C Cy such that rgr(X) = 0. So we put X[[G,w]] = {« €
RIG, w]] : «(s) € XU{0} and s € G}. Thus by Lemma 3.5, Tg(ig, ) (XI[G, w]]) =
R(X)[[G, w]] = 0 since R is G-compatible. Therefore R[[G, w]] is right zip. O

Now, we get following result as corollary which was proved by Cortes [7].
To get Corollary 3.8, we need the following definition.
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Definition 3.7 ([7, Definition 2.2(ii)]) A ring R satisfies SA2' if for f(x) =
> aixt and g(x) = Z?io bjxj in R[x, oll, f(x)g(x) = 0 implies that ai(ri(bj) =

i=0
0 for all i and j, where o be an endomorphism of R.

Corollary 3.8 (Cortes [7, Theorem 2.8(ii)]) Let o be an automorphism
of R and R satisfies SA2'. The following conditions are equivalent:

(1) R is right zip;
(2) Rllx,oll is right zip.

Proof. Suppose G = (NU{0},+) and w(1) = 0. Then R satisfies SA2’ if and
only if R is (G, w)-Armendariz. Thus by Theorem 3.6, R is right zip if and
only if R[x, o] is right zip. O
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