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Abstract. In the paper, L,-harmonic addition, p-harmonic Blaschke
addition and L,-dual mixed volume are improved. A new p-harmonic
Blaschke mixed quermassintegral is introduced. The relationship between
p-harmonic Blaschke mixed volume and L,-dual mixed volume is shown.

1 Notation and preliminaries

The setting for this paper is n-dimensional Euclidean space R™. Let K™ de-
note the subset of all convex bodies (compact, convex subsets with non-empty
interiors) in R™. We reserve the letter u for unit vectors, and the letter B
is reserved for the unit ball centered at the origin. The surface of B is S™.
We write V(K) for the (n-dimensional) Lebesgue measure of K and call this
the volume of K. Associated with a compact subset K of R™, which is star-
shaped with respect to the origin and contains the origin, its radial function
is p(K,-) : S™1 — [0, 00), defined by (see e. g. [1] and [2] )

p(K,u) = max{A > 0:Au € K}.
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If p(K, -) is positive and continuous, K will be called a star body. Let S™ denote
the set of star bodies in R™. We write S(K) for the surface area of star body
K. If k > 0, then for all u € R™\{0}

Let & denote the radial Hausdorff metric, as follows, if K,L € S™, then (see e.

g [1]) )
O(K,L) = |p(K,u) — p(L, u)]oo-

1.1 Dual mixed volume
The radial Minkowski linear combination, A{K;+ - - - +A.K;, defined by (see [3])
A]K]iiv-- . "T‘ArKr :{7\1X1:i:- . "T‘)\rxr X € Ki, i= ],.. .,T},
for Ky,..., Ky € SMand Ay, ..., Ar € R. It has the following important property:
pU\K"T‘PLL) ) = Ap(K) ) + HP(L '))
for KL € 8™ and A, u > 0.
If Ki e S" (i =1,2,...,1r) and Ay (i = 1,2,...,7) are nonnegative real

numbers, then of fundamental importance is the fact that the dual volume of
AMKiF - - - FAK; is a homogeneous polynomial in the A; given by (see e. g. [3])

VMK F KD = ) A A Vi, (2)
1 yeenyin

where the sum is taken over all n-tuples (i7,...,1,) of positive integers not
exceeding 1. The coefficient V;, i, depends only on the bodies Kj,,...,K;
and is uniquely determined by (2), it is called the dual mixed volume of
Ki;y..., Ky, and is written as V(Ki,,...,K;, ). Let K; = ... = K,y = K
and K111 = ... = Ky = L, then the mixed volume \7(K1 ...Ky) is written
as Vi(K,L). If Ky = -+ = Kyt = K, Kyizq = -+ = Ky, = B, then the mixed

volumes Vi(K, B) is written as Wi(K) and is called the dual quermassintegral
of star body K and (n—i)WH] is written as S;(K) and called the mixed surface
area of K. The dual quermassintegral of star body K, defined as an integral by
(see [4])

—~ 1

WAlK) = | elkawrias(u). )



The L,-mixed quermassintegrals for 0 <p <1 521

It is convenient to write relation (2) in the form (see [5, p.137])
VMK F - FAKS)

n! ~
= > Y N APTVI(Ky e K e Ky K )

pittpr=n 1<y <<ir<s p1! . 'pT! ; P pr
(4)
Let s =2,A1 = 1,K; =K, K; = B, we have
n —
V(KFAB) = ) (FAW;(K),
i=0

known as formula “Steiner decomposition”. Moreover, for star bodies K and
L, (4) can show the following special case:

., K,B,...,B,L,...,L). (5)

n—i—j i j

n— 'L
W, (KFAL) = Z (MHAV(K
j=0

1.2 The p-radial addition and p-dual mixed volume
For any p # 0, the p-radial addition K+,L defined by (see [6] and [7])
p(K+pL,w)P = p(K,w)P + p(L, )P, (6)

for u € S™ " and K,L € S™. When p = oo or —oo, the p-radial addition is
interpreted as p(K+ooL,u) = KUL or p(K+_oL,u) =KNL (see e. g. [8]).
The following result follows immediately from (6).

P im ViRtpe D=V _ ]J p(Kauw)" Pp(Lu)PdS(u).
n -0t 3 gn—1

Let K,L € 8™ and p # 0, the p-dual mixed volume of star K and L, \N/p(K, L),
defined by

V (K,L) = 1 Ln ] p(Kaw)" Pp(Lauw)PdS(u). (7)

The Minkowski inequality for the p-radial addition stated that: If K,L € S™
and 0 < p < m, then (see [7])

V, (K, )™ < V(K™ PV/(L)P, (8)

with equality if and only if K and L are dilates.
The inequality is reversed for p >n or p <0
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2 The L,-dual mixed volume for 0 <p <1

For p > 1, Lutwak defined the L,-harmonic addition of star bodies K and L,
K+pe oL, defined by (see [9])

p(Kq—pEOL)')ip = p(K)')i‘p"_Ep(L)')i‘p' (9)

As defined in (9), K+pe o L has a constant coefficient p restricted to p > 1.
We now extend the definition so that K+,L is defined for 0 < p < 1.

Definition 1 (The L,-harmonic addition for 0 < p < 1) If K,L € 8™ and
0 <p <1, the Ly-harmonic addition of star bodies K and L, K+pe oL, defined
by
p(K"T'pEOI—»')_p = p(K)')_p+£p(L)')_p' (1())
From (10), it is easy that for 0 <p <1 (andp > 1)

Py VIKEpeo L) = VI 1J p(K, 1™ Pp(L, ) PdS(w).
M e50+ € n Jgn

Definition 2 IfK,L € 8™ and 0 < p < 1, the L,-dual mized quermassintegral
of K and L, V_,(K, L), defined by

VoKL i o[ e ol Pas ) (1)

Theorem 1 (L,-Minkowski inequality) If K,L € S™ and 0 <p < 1, then

V(K )™ > VK)™PV(L) P, (12)
with equality if and only if K and L are dilates.

Proof. This integral representation (11) and together with Holder integral

inequality, this yields (12). O
The case p > 1, please see literatures [10] and [11].

Theorem 2 (L,-Brunn-Minkowski inequality) If K,L € S™ and 0 < p < T,

then
V(Kdpe o L) P/™ > V(K) P/ 4 V(L) P/m, (13)

with equality if and only if K and L are dilates.

Proof. This follows immediately from (10) and (12). O
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3 The p-harmonic Blaschke addition for 0 < p < 1

Let us recall the concept, the harmonic Blaschke addition, defined by Lutwak
[12]. Suppose K and L are star bodies in R", the harmonic Blaschke linear
addition, K¥L, by

KAL A+l K. nt] L.t

p(KHL, )™ _ p(K )™ p(L, )™ (14)

V(KFL) V(K) V(L)
Lutwak’s Brunn-Minkowski inequality for the harmonic Blaschke addition was
established (see [12]). If K,L € 8™, then

V(KFD)V™ > v(K)/™ + v/, (15)

with equality if and only if K and L are dilates. More generally, for any p > 1,
the p-harmonic Blaschke addition K+,L defined by (see [13] and [14]).

P(KFpL, )™P _ p(K,)™*P L PGP
V(K¥pL)  VI(K) V(L)

The L, Brunn-Minkowski inequality for the p-harmonic Blaschke addition was
established ( see [13]). If K,L € S™ and p > 1, then

V(KF,L)P/™ > V(K)P/™ 4+ V(L) (17)

(16)

with equality if and only if K and L are dilates.
As defined in (16), K+,L has a constant coefficient p restricted to p > 1.
We now extend the definition so that K—T-pL is defined for 0 <p < 1.

Definition 3 (The p-harmonic Blaschke addition for 0 <p < 1) IfK,L €
St 0<i<nand 0 <p <1, the p-harmonic Blaschke addition of K and L,
K—T-pl_, defined by

p(KFpL, )P p(K, ) HP (L, )P

P = + . (18)
Wi (K+,L) W;(K) Wi (L)

Obviously, the case 1 =0 and p > 1, is just (16), and the case of p =1 and
1=0, is just (14).

Definition 4 Let K,Le SM 0<i<n, 0<p<1, and &, > 0 (not both
zero), the p-harmonic Blaschke liner combination of K and L, OLQK—T—p[SQL,
defined by

P(c#KF, BOL WP p(Ku)m P p(Lu)n P

— — =0—— +R—= . (19)
Wi(oc#K+,34L) W;(K) Wi(L)
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From (19) with $ =0 and (1), it is easy that

p(ocQK,u)“*Hp B ‘Xp(K,u)n—ier 7 p(ocVPK,u)“*iﬂJ

Wi (a4K) W;(K) W (o/PK)

Hence
x 4K = «!/PK. (20)

4 Inequalities for p-harmonic Blaschke mixed quer-
massintegral for 0 <p < 1
In order to define the p-harmonic Blaschke mixed quermassintegral for 0 <

p < 1 with respect to p-harmonic Blaschke addition, we need the following
lemmas.

Lemma 1 ([15] and [16, p.51]) If a,b >0 and A > 1, then
a +b* < (a+b)* <22 T(a* +bM). (21)
Lemma 2 Let O<p<1,0<i<mnand e >0. If K,LeS", then

p(K"T_‘pE‘L) u)nii _ p(K) u)nii

lim
e—0t £ (22)
i S: (K . Wi(K .
> (S gty W oy ot ).
n=1+p \Wi(K) Wi(L)
Proof. From (19) and in view of the L’Hopital’s rule, we obtain
li p(K‘?p&’L) u)nii * p(Ka u)nii
1m
e—0+ £
n—i+ n—i+ —~ n—i/(n—i+p) i
p(K,u) v p(L,u) v . n _ n—1i
I (2555 + 55— ) WalkTpeen)) P U
= lim
e—0+ £
: - —p/(n—i+p)
3 n—i+p n—i+p — N
Ly Y Lo PG Wi(KFpedl)
€0t M —14p Wi (K) Wi(L)
. n—i+p n—i+p . N n—i+p
« (Wi (kT cor) [P0 +ePhw) Wi (KT co) PBWTTRY
W;(K) Wi(L) W;(L)
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In the following, we estimate the value of the derivative Wi(K—T—pEQL)’ )

fi(t) = W;i(KFpteL) and from (5), (20) and (21), we obtain
fi(t+ &) = Wi(KFp(t + ¢)4B)
Wi (KT, (t+¢)'/PB)
(K_T_p(tVP + 81/p)3)
Wi((KF,t4B) + ¢B)

AV}
EIEIE

:

—i

(I Woyy (KT t4B)

I
_h\ﬂ.
o

((t) + e(n — YWip1 (KT, teB) + o(e?).

Further

~ f(t — f(t ~ ~
V(K+,t4L) = lim flt+e)—f(t) > (N —1)Wip (K+,t4B).
e—0T £

From (23) and (24) and in view of (n — Wi (K) = Si(K), we obtain

lim p(K:i:‘pE‘L) u)nii B p(K) u)nii

e—0t £

n—1i ( Si(K)

ok, w4+ WK o, u)“_ﬁp) ‘

n—i+p \Wi(K) W;(L)

Theorem 3 Let0<p<1,0<i<mnande >0.If KL e S", then
n—itp Wi (KT pe L, u) — W;(K)
n—1i e-o+ €

> (si(KH VNV“K“J p(K,u)Pp(L,u)“wdS(u)).
Wi(L) T Jsno

Proof. This follows immediately from Lemma 2 and (3).

Let

(24)

(25)

0

Definition 5 Let K,L € S™,0 <i<n and 0 < p < 1, we define the p-ith
harmonic Blaschke mized quermassintegral of star bodies K and L, denoted by

W, i(K, L), defined by

noip o WaKdpedlw) — WiK)

n—1i eoot £

W, (K, L) =

(26)
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When i = 0, the p-harmonic Blaschke mized quermassintegral Wp,i(K, L)
becomes the p-harmonic Blaschke mived volume V), (K, L) and

~ V(KFpedL,u)" — V(K"
Vo(k, 1) = P gy, VIKTpe®h ) = VIR

2
n  e—0* £ ( 7)

Theorem 4 (L,-Minkowski type inequality) If K,L € 8™, 0 < 1 < n and
0<p<1, then

—

(Wp (K, L) — Si(K)™ > Wi (K)™PW;(L)P (28)

Proof. This follows immediately from Theorem 3, (27) and Holder integral
inequality. O

Corollary 1 If K,LeS™ and 0 <p <1, then

(Vp(K, L) = S(K)™ = V(K)™ PV(L)P, (29)
Proof. This follows immediately from Theorem 4 with 1 = 0. O

5 The relationship between the two mixed volumes

In the following, we give a relationship between the p-harmonic Blaschke mixed
volume V, (K, L) and the L,-dual mixed volume V_p(K,L).

Theorem 5 If K,\LeS" and 0 <p <1, then

~

VoK L) Vop(L,K)
V(K) = V(L)

(30)

Proof. This follows immediately from (11), (27) and Theorem 3 with i = 0.
U

We give also a relationship between the p-harmonic Blaschke mixed volume

\A/p(K, L) and the p-dual mixed volume \7P(K, L).
Theorem 6 If K,LeS™ and 0 <p <1, then

Vo (K, L) >V, (K, L), (31)
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Proof. From (11), (12), (8), (25) and (27), we obtain

BolKoL) = i | (L ol w) Pas ()
V(K) -
= vty V(LK)
VIK) 1 nsp)/my () —p/n
> V(L)V(L) V(KR
— V(K)(nfp)/nv([_)v/n
>V, (K, L).

g

Finally, we establish the Brunn-Minkowski inequality for the p-ith harmonic
Blaschke addition.

Theorem 7 IfK,LeS™, 0<i<n,0<p<1and A\ n>0, then
Wi AKFp pL)P/ > AW (K)P/ ) - qaws (P9, (32)
with equality if and only if K and L are dilates.

Proof. This follows immediately from (3), (19) and Minkowski integral in-
equality. O

This case of A =pu=1,p > 1 and 1 = 0 is just (17). This case of p = 1,
A=p=1andi=0is just (15).
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