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email: benczemihaly@yahoo.com

Abstract. In the paper, Lp-harmonic addition, p-harmonic Blaschke
addition and Lp-dual mixed volume are improved. A new p-harmonic
Blaschke mixed quermassintegral is introduced. The relationship between
p-harmonic Blaschke mixed volume and Lp-dual mixed volume is shown.

1 Notation and preliminaries

The setting for this paper is n-dimensional Euclidean space Rn. Let Kn de-
note the subset of all convex bodies (compact, convex subsets with non-empty
interiors) in Rn. We reserve the letter u for unit vectors, and the letter B
is reserved for the unit ball centered at the origin. The surface of B is Sn−1.
We write V(K) for the (n-dimensional) Lebesgue measure of K and call this
the volume of K. Associated with a compact subset K of Rn, which is star-
shaped with respect to the origin and contains the origin, its radial function
is ρ(K, ·) : Sn−1 → [0,∞), defined by (see e. g. [1] and [2] )

ρ(K,u) = max{λ ≥ 0 : λu ∈ K}.
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If ρ(K, ·) is positive and continuous, K will be called a star body. Let Sn denote
the set of star bodies in Rn. We write S(K) for the surface area of star body
K. If k > 0, then for all u ∈ Rn\{0}

ρ(kK, u) = kρ(K,u). (1)

Let δ̃ denote the radial Hausdorff metric, as follows, if K, L ∈ Sn, then (see e.
g. [1])

δ̃(K, L) = |ρ(K,u) − ρ(L, u)|∞.
1.1 Dual mixed volume

The radial Minkowski linear combination, λ1K1+̃ · · · +̃λrKr, defined by (see [3])

λ1K1+̃ · · · +̃λrKr = {λ1x1+̃ · · · +̃λrxr : xi ∈ Ki, i = 1, . . . , r},

for K1, . . . , Kr ∈ Sn and λ1, . . . , λr ∈ R. It has the following important property:

ρ(λK+̃µL, ·) = λρ(K, ·) + µρ(L, ·),

for K, L ∈ Sn and λ, µ ≥ 0.
If Ki ∈ Sn (i = 1, 2, . . . , r) and λi (i = 1, 2, . . . , r) are nonnegative real

numbers, then of fundamental importance is the fact that the dual volume of
λ1K1+̃ · · · +̃λrKr is a homogeneous polynomial in the λi given by (see e. g. [3])

V(λ1K1+̃ · · · +̃λrKr) =
∑
i1,...,in

λi1 . . . λinṼi1...in , (2)

where the sum is taken over all n-tuples (i1, . . . , in) of positive integers not
exceeding r. The coefficient Vi1...in depends only on the bodies Ki1 , . . . , Kin
and is uniquely determined by (2), it is called the dual mixed volume of
Ki1 , . . . , Kin , and is written as Ṽ(Ki1 , . . . , Kin). Let K1 = . . . = Kn−i = K

and Kn−i+1 = . . . = Kn = L, then the mixed volume Ṽ(K1 . . . Kn) is written
as Ṽi(K, L). If K1 = · · · = Kn−i = K, Kn−i+1 = · · · = Kn = B, then the mixed

volumes Vi(K,B) is written as W̃i(K) and is called the dual quermassintegral

of star body K and (n−i)W̃i+1 is written as Si(K) and called the mixed surface
area of K. The dual quermassintegral of star body K, defined as an integral by
(see [4])

W̃i(K) =
1

n

∫
Sn−1

ρ(K,u)n−idS(u). (3)
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It is convenient to write relation (2) in the form (see [5, p.137])

Ṽ(λ1K1+̃ · · · +̃λsKs)

=
∑

p1+···+pr=n

∑
1≤i1<···<ir≤s

n!

p1! · · ·pr!
λ
p1
i1
· · · λprir Ṽ(Ki1 , . . . , Ki1︸ ︷︷ ︸

p1

, . . . , Kir , . . . , Kir︸ ︷︷ ︸
pr

).

(4)

Let s = 2, λ1 = 1, K1 = K,K2 = B, we have

V(K+̃λB) =

n∑
i=0

(ni )λ
iW̃i(K),

known as formula “Steiner decomposition”. Moreover, for star bodies K and
L, (4) can show the following special case:

W̃i(K+̃λL) =

n−i∑
j=0

(n−ij )λjṼ(K, . . . , K︸ ︷︷ ︸
n−i−j

, B, . . . , B︸ ︷︷ ︸
i

, L, . . . , L︸ ︷︷ ︸
j

). (5)

1.2 The p-radial addition and p-dual mixed volume

For any p 6= 0, the p-radial addition K+̃pL defined by (see [6] and [7])

ρ(K+̃pL, u)
p = ρ(K,u)p + ρ(L, u)p, (6)

for u ∈ Sn−1 and K, L ∈ Sn. When p = ∞ or −∞, the p-radial addition is
interpreted as ρ(K+̃∞L, u) = K ∪ L or ρ(K+̃−∞L, u) = K ∩ L (see e. g. [8]).

The following result follows immediately from (6).

p

n
lim
ε→0+

V(K+̃pε · L) − V(L)
ε

=
1

n

∫
Sn−1

ρ(K.u)n−pρ(L.u)pdS(u).

Let K, L ∈ Sn and p 6= 0, the p-dual mixed volume of star K and L, Ṽp(K, L),
defined by

Ṽp(K, L) =
1

n

∫
Sn−1

ρ(K.u)n−pρ(L.u)pdS(u). (7)

The Minkowski inequality for the p-radial addition stated that: If K, L ∈ Sn
and 0 < p ≤ n, then (see [7])

Ṽp(K, L)
n ≤ V(K)n−pV(L)p, (8)

with equality if and only if K and L are dilates.
The inequality is reversed for p > n or p < 0
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2 The Lp-dual mixed volume for 0 < p < 1

For p ≥ 1, Lutwak defined the Lp-harmonic addition of star bodies K and L,
K+̌pε � L, defined by (see [9])

ρ(K+̌pε � L, ·)−p = ρ(K, ·)−p + ερ(L, ·)−p. (9)

As defined in (9), K+̌pε � L has a constant coefficient p restricted to p ≥ 1.
We now extend the definition so that K+̌pL is defined for 0 < p < 1.

Definition 1 (The Lp-harmonic addition for 0 < p < 1) If K, L ∈ Sn and
0 < p < 1, the Lp-harmonic addition of star bodies K and L, K+̌pε �L, defined
by

ρ(K+̌pε � L, ·)−p = ρ(K, ·)−p + ερ(L, ·)−p. (10)

From (10), it is easy that for 0 < p < 1 (and p ≥ 1)

−
p

n
lim
ε→0+

V(K+̌pε � L) − V(K)
ε

=
1

n

∫
Sn−1

ρ(K,u)n+pρ(L, u)−pdS(u).

Definition 2 If K, L ∈ Sn and 0 < p < 1, the Lp-dual mixed quermassintegral

of K and L, Ṽ−p(K, L), defined by

Ṽ−p(K, L) :=
1

n

∫
Sn−1

ρ(K,u)n+pρ(L, u)−pdS(u). (11)

Theorem 1 (Lp-Minkowski inequality) If K, L ∈ Sn and 0 < p < 1, then

Ṽ−p(K, L)
n ≥ V(K)n+pV(L)−p, (12)

with equality if and only if K and L are dilates.

Proof. This integral representation (11) and together with Hölder integral
inequality, this yields (12). �

The case p ≥ 1, please see literatures [10] and [11].

Theorem 2 (Lp-Brunn-Minkowski inequality) If K, L ∈ Sn and 0 < p < 1,
then

Ṽ(K+̌pε � L)−p/n ≥ V(K)−p/n + V(L)−p/n, (13)

with equality if and only if K and L are dilates.

Proof. This follows immediately from (10) and (12). �
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3 The p-harmonic Blaschke addition for 0 < p < 1

Let us recall the concept, the harmonic Blaschke addition, defined by Lutwak
[12]. Suppose K and L are star bodies in Rn, the harmonic Blaschke linear
addition, K+̂L, by

ρ(K+̂L, ·)n+1

V(K+̂L)
=
ρ(K, ·)n+1

V(K)
+
ρ(L, ·)n+1

V(L)
. (14)

Lutwak’s Brunn-Minkowski inequality for the harmonic Blaschke addition was
established (see [12]). If K, L ∈ Sn, then

V(K+̂L)1/n ≥ V(K)1/n + V(L)1/n, (15)

with equality if and only if K and L are dilates. More generally, for any p ≥ 1,
the p-harmonic Blaschke addition K+̂pL defined by (see [13] and [14]).

ρ(K+̂pL, ·)n+p

V(K+̂pL)
=
ρ(K, ·)n+p

V(K)
+
ρ(L, ·)n+p

V(L)
. (16)

The Lp Brunn-Minkowski inequality for the p-harmonic Blaschke addition was
established ( see [13]). If K, L ∈ Sn and p ≥ 1, then

V(K+̂pL)
p/n ≥ V(K)p/n + V(L)p/n, (17)

with equality if and only if K and L are dilates.
As defined in (16), K+̂pL has a constant coefficient p restricted to p ≥ 1.

We now extend the definition so that K+̂pL is defined for 0 < p < 1.

Definition 3 (The p-harmonic Blaschke addition for 0 < p < 1) If K, L ∈
Sn, 0 ≤ i < n and 0 < p < 1, the p-harmonic Blaschke addition of K and L,
K+̂pL, defined by

ρ(K+̂pL, ·)n−i+p

W̃i(K+̂pL)
=
ρ(K, ·)n−i+p

W̃i(K)
+
ρ(L, ·)n−i+p

W̃i(L)
. (18)

Obviously, the case i = 0 and p ≥ 1, is just (16), and the case of p = 1 and
i = 0, is just (14).

Definition 4 Let K, L ∈ Sn, 0 ≤ i < n, 0 < p < 1, and α,β ≥ 0 (not both
zero), the p-harmonic Blaschke liner combination of K and L, α�K+̂pβ�L,
defined by

ρ(α�K+̂pβ�L, u)n−i+p

W̃i(α�K+̂pβ�L)
= α

ρ(K,u)n−i+p

W̃i(K)
+ β

ρ(L, u)n−i+p

W̃i(L)
. (19)
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From (19) with β = 0 and (1), it is easy that

ρ(α�K,u)n−i+p

W̃i(α�K)
= α

ρ(K,u)n−i+p

W̃i(K)
=
ρ(α1/pK,u)n−i+p

W̃i(α1/pK)
.

Hence

α�K = α1/pK. (20)

4 Inequalities for p-harmonic Blaschke mixed quer-
massintegral for 0 < p < 1

In order to define the p-harmonic Blaschke mixed quermassintegral for 0 <
p < 1 with respect to p-harmonic Blaschke addition, we need the following
lemmas.

Lemma 1 ([15] and [16, p.51]) If a, b ≥ 0 and λ ≥ 1, then

aλ + bλ ≤ (a+ b)λ ≤ 2λ−1(aλ + bλ). (21)

Lemma 2 Let 0 < p < 1, 0 ≤ i < n and ε > 0. If K, L ∈ Sn, then

lim
ε→0+

ρ(K+̂pε�L, u)n−i − ρ(K,u)n−i

ε

≥ n− i

n− i+ p

(
Si(K)

W̃i(K)
ρ(K,u)n−i +

W̃i(K)

W̃i(L)
ρ(K,u)−pρ(L, u)n−i+p

)
.

(22)

Proof. From (19) and in view of the L’Hôpital’s rule, we obtain

lim
ε→0+

ρ(K+̂pε�L, u)n−i − ρ(K,u)n−i

ε

= lim
ε→0+

((
ρ(K,u)n−i+p

W̃i(K)
+ ερ(L,u)

n−i+p

W̃i(L)

)
W̃i(K+̂pε�L)

)n−i/(n−i+p)
− ρ(K,u)n−i

ε

= lim
ε→0+

n− i

n− i+ p

((
ρ(K,u)n−i+p

W̃i(K)
+ ε

ρ(L, u)n−i+p

W̃i(L)

)
W̃i(K+̂pε�L)

)−p/(n−i+p)

×

(
W̃i(K+̂pε�L)

′

(
ρ(K,u)n−i+p

W̃i(K)
+ ε

ρ(L, u)n−i+p

W̃i(L)

)
+ W̃i(K+̂pε�L)

ρ(L, u)n−i+p

W̃i(L)

)
.

(23)
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In the following, we estimate the value of the derivative W̃i(K+̂pε�L) ′. Let

fi(t) = W̃i(K+̂pt�L) and from (5), (20) and (21), we obtain

fi(t+ ε) = W̃i(K+̂p(t+ ε)�B)

= W̃i(K+̂p(t+ ε)
1/pB)

≥ W̃i(K+̂p(t
1/p + ε1/p)B)

≥ W̃i((K+̂pt�B) + εB)

=

n−i∑
j=0

(n−ij )εjW̃i+j(K+̂pt�B)

= fi(t) + ε(n− i)W̃i+1(K+̂pt�B) + o(ε
2).

Further

V(K+̂pt�L)
′ = lim

ε→0+
f(t+ ε) − f(t)

ε
≥ (n− i)W̃i+1(K+̂pt�B). (24)

From (23) and (24) and in view of (n− i)W̃i+1(K) = Si(K), we obtain

lim
ε→0+

ρ(K+̂pε�L, u)n−i − ρ(K,u)n−i

ε

≥ n− i

n− i+ p

(
Si(K)

W̃i(K)
ρ(K,u)n−i +

W̃i(K)

W̃i(L)
ρ(K,u)−pρ(L, u)n−i+p

)
.

�

Theorem 3 Let 0 < p < 1, 0 ≤ i < n and ε > 0. If K, L ∈ Sn, then

n− i+ p

n− i
lim
ε→0+

W̃i(K+̂pε�L, u) − W̃i(K)

ε

≥

(
Si(K) +

W̃i(K)

W̃i(L)

1

n

∫
Sn−1

ρ(K,u)−pρ(L, u)n−i+pdS(u)

)
.

(25)

Proof. This follows immediately from Lemma 2 and (3). �

Definition 5 Let K, L ∈ Sn, 0 ≤ i < n and 0 < p < 1, we define the p-ith
harmonic Blaschke mixed quermassintegral of star bodies K and L, denoted by
Ŵp,i(K, L), defined by

Ŵp,i(K, L) =
n− i+ p

n− i
lim
ε→0+

W̃i(K+̂pε�L, u) − W̃i(K)

ε
. (26)
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When i = 0, the p-harmonic Blaschke mixed quermassintegral Ŵp,i(K, L)

becomes the p-harmonic Blaschke mixed volume V̂p(K, L) and

V̂p(K, L) =
n+ p

n
lim
ε→0+

V(K+̂pε�L, u)n − V(K)n

ε
. (27)

Theorem 4 (Lp-Minkowski type inequality) If K, L ∈ Sn, 0 ≤ i < n and
0 < p < 1, then

(Ŵp,i(K, L) − Si(K))
n−i ≥ W̃i(K)

n−i−pW̃i(L)
p (28)

Proof. This follows immediately from Theorem 3, (27) and Hölder integral
inequality. �

Corollary 1 If K, L ∈ Sn and 0 < p < 1, then

(V̂p(K, L) − S(K))
n ≥ V(K)n−pV(L)p. (29)

Proof. This follows immediately from Theorem 4 with i = 0. �

5 The relationship between the two mixed volumes

In the following, we give a relationship between the p-harmonic Blaschke mixed
volume V̂p(K, L) and the Lp-dual mixed volume Ṽ−p(K, L).

Theorem 5 If K, L ∈ Sn and 0 < p < 1, then

V̂p(K, L)

V(K)
≥ Ṽ−p(L, K)

V(L)
. (30)

Proof. This follows immediately from (11), (27) and Theorem 3 with i = 0.
�

We give also a relationship between the p-harmonic Blaschke mixed volume
V̂p(K, L) and the p-dual mixed volume Ṽp(K, L).

Theorem 6 If K, L ∈ Sn and 0 < p < 1, then

V̂p(K, L) ≥ Ṽp(K, L). (31)
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Proof. From (11), (12), (8), (25) and (27), we obtain

V̂p(K, L) ≥
V(K)

V(L)

1

n

∫
Sn−1

ρ(L, u)n+pρ(K,u)−pdS(u)

=
V(K)

V(L)
Ṽ−p(L, K)

≥ V(K)
V(L)

V(L)(n+p)/nV(K)−p/n

= V(K)(n−p)/nV(L)p/n

≥ Ṽp(K, L).

�

Finally, we establish the Brunn-Minkowski inequality for the p-ith harmonic
Blaschke addition.

Theorem 7 If K, L ∈ Sn, 0 ≤ i < n, 0 < p < 1 and λ, µ ≥ 0, then

W̃i(λ�K+̂pµ�L)
p/(n−i) ≥ λW̃i(K)

p/(n−i) + µW̃i(L)
p/(n−i), (32)

with equality if and only if K and L are dilates.

Proof. This follows immediately from (3), (19) and Minkowski integral in-
equality. �

This case of λ = µ = 1, p ≥ 1 and i = 0 is just (17). This case of p = 1,
λ = µ = 1 and i = 0 is just (15).
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