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Abstract. In this article, we consider a Lamé system with a delay term
in the internal fractional feedback. We show the existence and uniqueness
of solutions by means of the semigroup theory under a certain condition
between the weight of the delay term in the fractional feedback and the
weight of the term without delay. Furthermore, we show the exponential
stability by the classical theorem of Gearhart, Huang and Pruss.

1 Introduction

In this article, we consider the initial boundary value problem for the Lamé
system given by:

U — AU — (L+A)V(div u)
+a;0P u(x,t — 1) + axue(x,t) =0  in Q x (0, +00),

u=0 in T x (0,+00), (P)
u(x,0) =uo(x), w(x,0)=w(x) inQ,
u(x,t —1) =fo(x,t — 1) in Q x (0, 1),
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Stability result of the Lamé system 337

where p,A are Lamé constants, w = (uj,Uz,...,un)’. Here Q is a bounded
domain in IR™ with smooth boundary I' = 0Q. Moreover, a; > 0, a; > 0
and the constant T > 0 is the time delay. The notation 9" stands for the
exponential fractional derivative operator of order o. It is defined by

1 t

AP w(t) = J (t—s) oo I

F =0 Jo ds(s)ds O<o<l, kK > 0.

Delay effects arise in many applications and pratical problems because, in most
instances, physical, chemical, biological, thermal, and economic phenomena
naturally depend not only on the present state but also on some past occur-
rences. In recent years, the control of PDEs with time delay effects has become
an active area of research, see for example [1], [17], and references therein. In
many cases it was shown that delay is a source of instability and even an
arbitrarily small delay may destabilize a system which is uniformly asymp-
totically stable in the absence of delay unless additional conditions or control
terms have been used.The stability issue of systems with delay is, therefore, of
theoretical and practical importance. In particular, consider the wave equation
with homogeneous Dirichlet boundary condition

u’(x,t) — Avu(x, t) + pu'(x, t)

+uu/(x,t—1) =0 in Q x (0, 4+00),

u(x,t) =0 on ' x (0,+0c0), (PW)
u(x,0) = up(x),u'(x,0) =w(x) inQ,

uw(x,t—1) =fo(x,t — 1) in Q x (0,71).

For instance in [13] the authors studied the problem (PW). They determined
suitable relations between p; and pp, for which the stability or alternatively
instability takes place. More precisely, they showed that the energy is expo-
nentially stable if w; < @y and they also found a sequence of delays for which
the corresponding solution of (PW) will be instable if wy > w;. The main ap-
proach used in [13] is an observability inequality obtained with a Carleman
estimate.

Noting that the case of the wave equation with internal fractional feedback
(without delay) have treated in [8] where it is proven global existence and
uniqueness results. As far as we are concerned, this is the first work in the
literature that takes into account the uniform decay rates for Lamé system
with delay term in the internal fractional feedback.

The remainder of the paper falls into five sections. In Section 2, we show
that the above system can be replaced by an augmented one obtained by cou-
pling an equation with a suitable diffusion, and we study of energy functional
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associated to system. In section 3, we state a well-posedness result for prob-
lem (P). In section 4, we prove the strong asymptotic stability of solutions. In
section 5 we show the exponential stability using the Gearhart-Huang-Pruss
theorem.

2 Preliminary

This section is concerned with the reformulation of the model (P) into an
augmented system. For that, we need the following claims.

Theorem 1 (see [12]) Let w be the function:
w(E) =E]2 2 —00 < &< +00, 0< T <. (1)
Then the relationship between the “input’ U and the ’output’ O of the system

Qe (&, 1) +(E2+ k)W (E, 1) —U(t)w(E) =0, —o0 < & < 400,k > 0,t> 0, (2)

P(E,0) =0, (3)
+00
omzw)ﬁmWﬂ w(ENP(E 1) dE 4)
s given by
0 =1""9Uu = DU, (5)
where
[198F] (1) = ]Jt(t $)o Te *ts)f(s) ds
I'(o) Jo

Proof. From (2) and (3), we have

waﬂ=ﬂwmeW““”mgw. (6)

Hence, by using (4), we get

0O(t) = (m) 'sin(om)e Jt

+00
[ZJ e e B ) dE | esU(s)ds.  (7)
0 0
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Thus,

O(t) = (m) 'sin(om)e ™ J: [(t—s)"°T(0)] e*U(s)ds .

= () 'sin(om) E [(t—s)T(o)] e < U(s)ds ”
which completes the proof. Indeed, we know that (7)~'sin(om) = F(G)F(]1—cr)
Lemma 1 (see [5]) If A € D =@\] — o0, —«] then

J*‘” w?(&) U

Oo?\—i-K—Fcizda:sincm

A+ K)o,
We make the following hypotheses on the damping and the delay functions:
a1k < ay. 9)

We are now in a position to reformulate system (P). As in [13], we introduce
the new variable

z(x,p,t) = w(x,t—p1), x€Q, pe (0,1), t>0.
Then the above variable z satisfies
Tze(X, Py t) + 2p(x,p,t) =0, x€Q, pe(0,1), t>0.
Consequently, by using Theorem 1, the system (P) is equivalent to
uy — pAUL— (L +A)V(div u)
+CJ+OO w(Ep(x, &,t) dE + arue(t) =0  in Q x (0, +00),
P, £,1) + (£ + )0l &, 1)

—z(x, I, t)w(&) =0 in Q x (—o0,00) x (0,400),
Tz (%, p, t) +2p(%, p, 1) = 0 in Q x (0,1) x (0,+00),  (P)
u(x,t) =01 on I' x (0,+00),

Z(X)O)t) = ut(x)t)) in Q x (O) +OO))
u(x,0) =up(x), w(x,0) =w(x) on Q,
II)(X)E)O) =0 on Q x (_OO)OO)>

Z(X> P, O) = fO(X) _pT) in Q x (O) ])3
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where ¢ = (7) ' sin(om)a;.
We define the energy of the solution by:

n —+00
Z(Hunhz Vg + | |wj(x,a,t)|2dadx)

: | (10)
2 A
zzj J 25(%, 0, )P dpdx + T div wlf

where Vv is a positive constant verifying

400 Z(E) 400 Z(E,)
¢ (J_oo ;+K d&) <v<t <2a2—c<Lo E‘;+Kda>> RNCEY

Remark 1 Using Lemma 1, the condition (11) means that

N \

o—1

T < v <t2a; — k).

Lemma 2 Let (w,\,z) be a reqular solution of the problem (P’). Then there
exists a positive constant C such that the energy functional defined by (10)

satisfies
n

E'(t) < —CZJQ (u§ +z(x,1,t)2) dx. (12)

Proof. Multiplying the first equation in (P) by Uj;, integrating over Q and
using integration by parts, we get

1d

_ 0, . _
2dt||u.;t||z uiﬁj Aujujtdx—(u—k?\)iﬁJ ~— (div w)i dx
Q

fe) aX]

+oo
+ch ujtj W(E)D;(x, &, 1) dE dx + az L i (D) dx = 0.

—00
Then
d

n
(LA,
20 2 (el + BVl ) + 255 ldiv itz g,
j=1

N —

n (13)
+a2) [tz g +(:9%ZJ u)tj w(E);(x, & 1) dEdx =0
j=1
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Multiplying the second equation in (P’) by Cﬁj and integrating over Q X
(—o0, +00), we obtain:

d i n +00
%E D IWilE2(ax(—oonroon T ED_ JQ J (82 + K)j (x, &, 1) d& dx
i —Jol)
(14)

n +o00

~erY | monu]  w(@fingdidx=o.

—00

=1

Multiplying the third equation in (P’) by vz; and integrating over Q x (0, 1),
we get:

i‘Z)”LZQXM Tzij ( (x,1,t) — 2(X,‘t)):O. (15)

j=1

N =
Q—l‘g

From (10), (13) and (15) we get
n n +oo
(0 == ) fuglf = Y| | (kb8 OF dkax
j=1 j=1 e
n +oo
~erY [ w|  wlEwixgded
j=1 Q —00

N CCAE | wlemine s ax
. Q
—1

ZJ utxt X—T J zjz(x,ht)dx.
Q Q

j=1 =1

Moreover, we have

1 1

+00 +00 2 2 400 2
J w(a)wj(x,a,t)da‘sg “’(a)da) (J (52+K)|wj(x,a,t)|2da>

—00 —00 ‘22 K —00

Then

+o00
U Zj(X,],t)J w(E)ﬁj(x, E,,t) dE,dX
Q

—0Q

1 1

< (|7 &2 ae) im0l (][ e o e vravas)
> 7OOEVZ+K jLAy Ty L2(Q) 0l o IV S
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and
400
L wilx,t) | (et dedx
oo 2 % +o00 %
S <J_oo ;; —(i_ai da) Hu]'t(x) t) HLZ(Q) <JQ J_oo (&2 + K)N)) (X) a) t)|2 dx dE,) )

Applying the Cauchy-Schwarz inequality we obtain

I 1 &
E'(t) < (-az + % + Vﬂ;) Z JQ ujzt(x,t) dx

=1

1 n
+ (Czl — VE) ZJ z)-z(x,ht) dx,

j=1 70
+o0 2
where [ = J_Oo ; —(|—£|)< d¢, which implies
n
E(t) < —C ZJ (w060 + 20, 1,1)) dx
7 J0

with

—1 —1
oo §-7).(4:73))

Since v is chosen satisfying assumption (11), the constant C is positive. This
completes the proof of the lemma. O

3 Well-posedness

In this section, we give the existence and uniqueness result for system (P’)
using the semigroup theory. Let us denote U = (u,v,\,z)", where v = u;.
The system (P’) can be rewrite as follows:

{ u’ = Au, t >0,
U(0) = (uo, w1, o, fo),
where A: D(A) C H — H is the linear operator defined by

(17)

AY)
+o00
MAL+ (14 AV (div w) — cJ W(END(x, £) dE — av
(24 )b+ 200 w(E)

_T_] Zp (X’ p)

(18)

N e g
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and H is the energy space given by
"= (Hg(Q))“ X (LZ(Q)>n « (LZ(Q % (=00, +oo))>n X (LZ(Q X (0,1)))n

For any U = (u,v,\,2)7 € H,U = (,v,,2)" € H, we equip H with the
inner product defined by

n

< U,u >q= ZJ (vﬁj + LLVLL]‘VEJ‘) dx + (p+ A)J (div u)(div ﬁ) dx
j=1 Q Q

n czj j Py (%, E) )dadx+czj f (x, )5 (x, p)dpdx.

0Jo

The domain of A is given by

(v, 2)Tin H:iu e (HAH(Q) N HY(Q)™,v e (H'(Q))",
—(E2+ K +z(x, 1, Hw(E) € (L2(Q x (—00,+00)))"
ze (L2 (Q;H'(0,1))"

Ehp € (L2(Q x (—o00,+00)))", v =2(.,0) in Q

D(A) = . (19)

We show that the operator A generates a Co semigroup in H. We prove that A
is a maximal dissipative operator. For this we need the following two Lemmas.

Lemma 3 The operator A is dissipative and satisfies for any U € D(A),
n
ROAU, Uy, < —CZJ (v + 206 177) ax (20)
=170

Proof. For any U = (u,v,\{,z) € D(A), using (17), (12) and the fact that
1
E(1) = 2UJB, (21)
estimate (20) easily follows. O

Lemma 4 The operator (Nl — A) is surjective for A > 0.

Proof. For any G = (Gy,G32,G3,G4)" € H, where G; = (gl,g%,...,g{‘)T, we
show that there exists U € D(.A) satisfying

(AI— AU = G. (22)
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Equation (22) is equivalent to

A —v =G (x),
AV — pAu — (p+ A)V(div u) —i—CJ E(x, &) dE + av = Ga(x),
Gs(x,

7\1b+(£2+|<)1l) z(x, Nw(&) = &),
Az(x, p) + T2y (x, p) = Ga(x, p)

(23)

Suppose u is found with the appropriate regularity. Then, (23); and (23)3
yield

v=Ru-Gi(x) € (H! (Q))” (24)
and
_ G3(x, &) + w(&)z(x, 1)
b= 24 K+ A (25)

We note that the last equation in (23) with z(x,0) = v(x) has a unique solution
given by

~ ~ P ~
2(x,p) = V(x)e V" +Te“”J Ga(x, 1) dr. (26)
0

Inserting (24) in (26), we get

s - < <P <
z(x, p) = Au(x)e PT—G; (x)e}‘pT+Te7‘pTJ Ga(x,1)eNTdr, x e Q,pe (0,1).
0

(27)
In particular,
z(x, 1) =Au(x)e M+ z5(x), xe€Q (28)
with zo € L?(Q) defined by
B} ol )
zo(x) = —Gy(x)e M + TCMJ Ga(x,1)eMTdr, x € Q. (29)
0
Inserting (24) in (23)2, we get
_ ~ +o00
(¥ Rz = wbu = (o MV (v ) +ya | wl€hp0 €) de )

= Ga(x) + (A + a2) Gy (x).
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Solving system (30) is equivalent to finding u € (Hz N Hé(Q))n such that

n
o - d
ZJ ((?\2 + Aaz)uwy; — uAujo) dx — (L + ?\)J ~— (div uw)wjdx
. Q Q aX]
j=1
n

n +0oo ) ~ .
_ . _ ] S
+C ]E_] JQWJJOO w(E)j(x, &) dEdx ;Jﬂ(gz(x) + (A + a2)g) (x))wjdx

(31)

for all w € (Hé(Q))n. Inserting (25) in (31) and using (28), we obtain that

ZJ ( (A% +Aay) ww;+uVy Vw; dx) (L+A) Jﬂ(div u)(div w) dx
ey J, e ax= Y | (o) + i+ a2lg)x)) ; x (32)
j=1 j=1
o [ ([ @®edE J
C;JQW] <.[oo 24+ Kk+A ) Z wizolx
+o00o 2
where 0 = CJ_OO E,zcj—l(f’j—i\ dé. Problem (32) is of the form
B(u,w) = L(w), (33)

where B : (Hé(Q))n X (H(])(Q))n —C is the sesquilinear form defined by
n ~ ~
Bluw) = Y J (32 + Aa2)wyw; + uVi Vi d)
j=1°¢

+ (L+A) J (div u)(div W) dx + A© Z J ujoe*;‘T dx
Q — Ja
j=1

and L : (Hé(Q))n — € is the antilinear functional given by

n

ZJ ( )\+az)91( ))W] dx
j=1
iJ' <Joooo ;zaigi(j_ i‘) d&) dx —GZJ W]Z() dx.

j=1

!\l
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It is easy to verify that B is continuous and coercive, and L is continu-
ous. Consequently, by the Lax-Milgram theorem, we conclude that for all
w e (H(])(Q))n, the system (33) has a unique solution u € (H(])(Q))n. By the
regularity theory for the linear elliptic equations, it follows that u € (HZ(Q))n.
Therefore, the operator (Al —A) is surjective for any A > 0. Consequently, us-
ing Hille-Yosida theorem, we have the following existence result:

Theorem 2 (Existence and uniqueness)

(1) If Uy € D(A), then system (17) has a unique strong solution

Ue CO(R,,D(A) N C IR, H).

(2) If Uy € H, then system (17) has a unique weak solution

Ue C(IR.,H).

4 Strong stability

One simple way to prove the strong stability of (17) is to use the following
theorem due to Arendt-Batty and Lyubich-Va (see [2] and [10]).

Theorem 3 ([2]-[10]) Let X be a reflexive Banach space and (T(t))t>0 be a
Co—semigroup generated by A on X. Assume that (T(t))t>o is bounded and
that no eigenvalues of A lie on the imaginary axis. If v(A) NiR is countable,
then (T(t))t>o is stable.

Our main result is the following theorem

Theorem 4 The Co-semigroup e is strongly stable in H; i.e, for all Uy € H,
the solution of (17) satisfies

lim [le"Uolly = 0.
t—o0

For the proof of Theorem 4, we need the following two lemmas.
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Lemma 5 A does not have eigenvalues on iIR.

Proof.
Case 1: We will argue by contraction. Let us suppose that there A € IR, A £ 0
and U # 0, such that

AU = iAU. (34)
Then, we get
iAu—v =0,
AV — pAu — (L + A)V(div u) + J P(x, &) d&E + av =0,
A + (E2 + )b —z(x, Tw(E) =0, (35)
iAz(x, p) + T zp(x, p) = 0.
Then, from (20) we have
v=0, z(x,1)=0. (36)

Hence, from (35)3 and (36) we obtain
u=0, VY=0. (37)
Note that (35)4 gives us z = ve 0T = 0 as the unique solution of (35)4. Hence
! 1?0(3)\;' if A =0, inserting (35) into (35)2, we deduce that
{—pAu— (L +A)V(divu) =0,u=0in T (38)
Multiplying by u, integrating over (O we have
HVquz(Q) + [|div u’H%Z(Qj =0. (39)

Hence uw = 0. Then U = 0. O

Lemma 6 We have

iR C p(A).
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Proof. We will prove that the operator iAl — A is surjective for A # 0. For
this purpose, let G = (G1, G2, G3,G4)" € H, we seek X = (u,v,P,z)" € D(A)
of solution of the following equation

(IAl — A)X = G. (40)
Equivalently, we have
Au—v = Gr,
AV — pAu — (L + A)V(div u) + CJT: w(Ep(x, &) dE + av = Gy, (41)

Db+ (82 + k) — 2(x, Tw(2) = Gs,
iAz(x, p) + T 'zp(x, p) = Ga.
From (41); and (41)2, we have

+00

—qu—uAu—(uM)wdiqucJ W(ENW(x, &) d&+apv(t) = (G2 +iAGy)
h (42)

with wr = 0. Solving system (42) is equivalent to finding u € (H> N H}(Q))"
such that

Z JQ ( (A% + 17\a2)ujw] + uVu Vw; dx) +(L+A) L)(div u)(div w) dx

(gjz(x) + (iA + az)g% (X)) wj dx

‘= Jo — Jo
n
_ *° (5)93(7( E)
< Lo ([ 20
;Q ]< oo£2+K+1?\ Z ]
(43)
for all w € (Hé(Q))“. We can rewrite (43) as
— (W W g (ynm) + Ggapn (b w) = Uw) (44)

with the sesquilinear form defined by

n
Qi (Q) = uZJ Vi Vw; dx+17\azZL)uj wj dx

j=1

n
+ ij\e Z J ujo 67?\T dx
j=1 70
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and

32
(LW W) (11 () (MY (@) :ZJ A"wywj dx.

Using the compactness of the embedding from L*(Q) into H'(Q) and from
Hg)(Q) into L2(Q) we deduce that the operator L5 is compact from (L2(Q)™
into (L?(Q))". Consequently, by the Fredholm alternative, proving the exis-
tence of a solution u of (44) reduces to proving that there is not a nontrivial
solution for (44) for 1 = 0. Indeed if there exists u # 0, such that

(L?\u?WJ((H%(Q))“,((H&(Q))’)“) = a(Hé(Q))n (U,W) Yw € (H(])(Q))n$ (45)

then iA is an eigenvalue of A. Therefore from Lemma 5 we deduce that u = 0.
Now, if A = 0, the system (41) is reduced to the following system

v =—Gy,
+00

CpAu— (p+ AV (div ) + (:J W(END(x, £) dE + arv = Go,

(2 + K — z(x, Nw(E) = G3,
T*]zp(x,p) = Gy.

(46)

Solving system (46) is equivalent to finding u € (H? N Hé(Q))TL such that
n n
uZJ Vu;Vw; dx + (1 + A)J (div u)(div w) dx = ZJ ngWj dx
— Jao o) e

n

> w(§) -
+ <CJ 1 dE,—i—az)ZJQg]]wj dx
g

j=1

_TCJ a2+Kd£ZJ J g4x S dsw]dx

o [ o [P w(E)dh(x,E)
C;JQWJ Joo dg dx.

(47)

&2+ k
forallw e (Hé(Q))“. Consequently, problem (47) is equivalent to the problem
B(u,w) = L(w), (48)

where the sesquilinear form B : (Hé(Q))" X (Hé(Q))“ — € and the antilinear
form L : (Hé(Q))” — @ are defined by

w) = u; JQ Vu;Vwj dx + (u+ A) Jﬂ(div u)(div w) dx (49)
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and
n i 0o wz( n -
L(w)—ZJ ghw; dx + (:J S da+a ZJ g\ dx
j=1 Q j=1
00 wZ(E’) n 1 B
—1C JOO £ déZJQ L gy (x, s) dswj dx (50)

+ K -
v [ o [P @@ E)
C;LWJLO g dedx.

It is easy to verify that B is continuous and coercive, and £ is continuous.
So applying the Lax-Milgram theorem, we deduce that for all w € (H(])(Q))“
problem (48) admits a unique solution u € (Hé(Q))“. Applying the classical
elliptic regularity, it follows from (47) that w € (H?(Q))™. Therefore, the
operator A is surjective. ]

5 Exponential stability

The necessary and suficient conditions for the exponential stability of the Cy-
semigroup of contractions on a Hilbert space were obtained by Gearhart [7]
and Huang [9] independently, see also Pruss [15]. We will use the following
result due to Gearhart.

Theorem 5 ([15]- [9]) Let S(t) = et be a Co-semigroup of contractions on
Hilbert space H. Then S(t) is exponentially stable if and only if

p(A) 2{if: B € R} =1IR (51)

and
lim [|(iBI—A) "l 3) < 0. (52)
IBl—o0

Our main result is as follows.

Theorem 6 The semigroup S 4(t),~, generated by A is exponentially stable.

Proof. We will need to study the resolvent equation (iA—A)U = G, for A € IR,
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namely

iAu—v = Gy,
+o00

AV — pAU — (p+ A)V(div u) + CJ w(EWP(x, &) dE + arv = Gy,

iZ\q) + (2 + ) —z(x, Nw(E) = G;Oo
i}\Z(X) p) + Ti]zp(x) p) = G4a

(53)

where G = (Gy, Gz, G3,G4)". Taking inner product in H with U and using
(20) we get
[Re(AU, W)| < [[U[[3|[Gll%- (54)

This implies that

n

Y | vixay Y| Fenax<clulbdel.  (9)

j=1 74 j=1

From (53)3, we obtain
z(x, w(&) + G3

= = . 56
N+ E2+k (56)
Then
w(&)
N | z(x, 1
W ll2(0 % (—00,+00)) Bt 224 k2 ooso0) 1z(x, Dll2(q)
G
X 4 52
AN+ &5+« LZ(QX(foo,Jroo)]) (57)
Tt Y —2\2
< (2(1 —0)—— (Al +x)° ) 120, NIz
V2
—_ G3 2 —00.+00))*
|7\|+KH lL2(Qx (—00,400))
Similarly, we have
Ew(E&)
& ootoo)) S| z(x, 1
&P Nli2(0x (—o0,t00)) =] B 1z(% Dll2(q)
£G3
i§\+£2+K L2(Qx(—00,+00
(Qx( ) (58)

1
Tt 3 —1\2
g(zcsinm(wﬂ)c ) 1206 D210

V2

———1G3l2( % (—00,+00)) -
\/IAl 4+«

+
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Let us introduce the following notation

=3 (MO + WV 0R) + (4 Nldiv u(x)P?
j=1

and

]
Lemma 7 We have that
Eu < cl|GI3; + clIG U1 - (59)
for positive constants ¢ and c’.
Proof. Multiplying the equation (53); by U, integrating on Q we obtain
= ou
—J vj(iAyy) dx + uj IVujlzdx+(u+A)J (div u)=—= b dx
Q Q Q 0x;
+ CJ W (J w(&E)Wj(x, &) d&) dx + aZJ wyv; dx = J ug) dx.
Q —o0 Q Q
From (53)7, we have ii\uj =Vvj+ gj]. Then
2 2 Ny
—| Mmlfdx+p| IVyl~dx+ (u+A) | (divu)—— dx
Q Q Q an
+00
+ CJ ; <J w(E)P5(x, &) d£> dx + azJ v dx (61)
Q —00 Q

:J L‘ngjzdx—i—J v)-g% dx.
Q Q

Hence

I\’l:

J Iv)lzdx—i—uZJ |Vuj|2dX+(u+7\)J |div ul? dx
Q Q

+o00 n
JQ ve <J w(&)j(x, &) dcﬁ) dx + az ]; JQ vy dx (62)

1 —00

n _

1. o) j
w;g, dx + E J vigy dx

L) 2 =1 JQ 7

1

—.

I +
M- 115

1

—.
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We can estimate

+00
J j (J w(E)W;(x, &) d&) dx
o

—00

+oo (2 % +0o %
< Jwillzia <J w18) d£> (LJ (&2+K)|¢j(x,a)|2dadx>

N o
€ +o00 wZ(a) 5 1

€ +o00 wZ(a) 1 +o00
< 5C0) (J_oo S d&) IV lE2 oy +2£L J_oo(az+ k)b (x, £)F° d& dx,

+o00
J (€2 + Wb (x, £) dE dx

—00

1
CQ)Vyllf2q) + ZHVJ'H%Z(Q)a

NI o

< llz@)lvjliiziq) <

JQ

Choosing € small enough, we conclude (59).
Moreover, the equation (53)4 has a unique solution

- R I
z(x, p) = e Pz(x,0) + Te_”)‘pj e N Gy(x, 1)
0

= e
= e ™y(x) + Te_”)‘pJ e NGy (x, 1) dr.
0

Then
12(%, P)lIL2(ax(0,1)) < V) L2y + TGa(x,y P)lL2(Qx(0,1))- (63)
Finally, (57), (59) and (63) imply that

Ul < ClIGlln

for a positive constant C. The conclusion then follows by applying Theorem
5. O

Remark 2 We can extend the results of this paper to more general measure
density instead of (1), that is w is an even nonnegative measurable function

such that
r" w(E)?
oo 14+ E2

dé < oo. (64)
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