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Abstract. Spaces of all entire functions f represented by vector val-
ued Dirichlet series and having slow growth have been considered. These
are endowed with a certain topology under which they become a Frechet
space. On this space the form of linear continuous transformations is char-
acterized. Proper bases have also been characterized in terms of growth
parameters.

1 Introduction

Let
o0
f(s) = Z ane’™, s =0+ it (o,t are real variables), (1)
n=1
where {an} is a sequence of complex numbers and the sequence {A,,} satisfies
the conditions 0 < A} <Ay < A3...<Ap..., Ay 2 o0 asn — oo and

) n
nh—{go sup N D < oo, (2)
lim sup(Ani1 —An) =h >0, (3)
n—oo
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and
log |an| _

—00. (4)

By giving different topologies on the set of entire functions represented by the
Dirichlet series, Kamthan and Hussain [2] have studied various properties of
this space.

Now let an € E,n =1,2,..., where (E, | - ||) is a complex Banach space
and (4) is replaced by the condition

lim sup

n—oo n

1
lim sup log lan = —o0. (5)

n—o0 An

Then the series in (1) is called a vector valued Dirichlet series and represents
an entire function f (s). In what follows, the series in (1) will represent a Vector
valued entire Dirichlet series.

Let for entire functions defined as above by (1) and satisfying (2), (3) and
(),

M (o,f) = M (o) = sup [[f(oc+1it)].
—oo<t<oo
Then M (o) is called the maximum modulus of f(s). The order p of f(s) is
defined as [1]
log log M (o)

= i _ <p<
) (}LH;OSUP - ) 0<p<oo (6)

Also, for 0 < p < oo the type T of f(s) is defined by [1]

T = lim sup 7108: M(0)

0—00 eop

, 0<T< 0.

It was proved by Srivastava [1] that if f (s) is of order p (0 < p < c0) and (2)
holds then f (s) is of type T if and only if

A
T= lim sup —2|an|?/?.
n—oo pe

This implies
nILHQO811137\1]1/9||Cln||'/An = (Tpe)'/?. (7)

We now denote by X the set of all vector valued entire functions f (s) given by
(1) and satisfying (2), (3) and (5) for which

lim sup
0—00

W§T<oo, 0<p<oo.
eopP
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Then from (7), we have
lim supAr/®llan '/ < (Toe) /P . (8)
n—oo

From (8), for arbitrary ¢ > 0 and all n > ng (¢),

An ]A“/"d

llanll. [W

Hence, if we put

A An/p
= _ >
L e A RS

n>1

then [|f]|q is well defined and for q1 < q, [[fllq; < [[fllq,- This norm induces a
metric topology on X. We define

1=l
Mg =Y oA dle
2520 T+ gl

We denote the space X with the above metric A by X,. Various properties of
bases of the space X, using the growth properties of the entire vector valued
Dirichlet series have been obtained in [3]. These results obviously do not hold if
the order p of the entire function f (s) is zero. In this paper we have introduced
a metric on the space of entire function of zero order represented by vector
valued Dirichlet series thereby obtaining various properties of this space.

2 Main results

The vector valued entire function f (s) represented by (1), for which order p
defined by (6) is equal to zero, we define the logarithmic order p* by

. . loglog M (o)
p* = lim sup —————

< p* < 0.
0—00 log o ) lse"=00

For 1 < p* < oo the logarithmic type T* is defined by

T = lim supm

0—00 oP !

0<T" < 0.
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In [4] the authors have established that f(s) is of logarithmic order p*, 1 <
p* < 00, and logarithmic type T*, 0 < T* < oo, if and only if

. MbA) — p”
um sup

_ sy /(07 =1)
A SUP g Tl o= P T ©)

where ¢(t)is the unique solution of the equation t = o —1. The above formula,
can be proved on the same lines as for ordinary Dirichlet series in [5]. Let Y
denote the set of all entire functions f (s) given by (1) and satisfying (2), (3)
and (5), for which

log M (o)
oP

lim sup <T* < o0, 0<p*<oo.

0—00

Then from (9) we have

M) _

A SUP ol T = Tor = P T (10)

where ¢(A,) = 7\11/9*_]. From (10), for arbitrary € > 0 and all n > ng (¢),

And(An)
K pH(Tr s)}]/(p*”] ) -

llanl] < exp

where K = {p*/(p* — 1)} 7V be a constant. For each f € Y, we define the
norm

AP (A
Il =Y lallexp B ey
n>1 {K-p*(Tr + 1)} /P

then [|f||« is well defined and for o1 < &3, |[flle; < [[fll«,. This norm induces a
metric topology on Y defined by

21 gl
469 =0 2 T4 gl

We denote the space Y with the above metric d by Y4. Now we prove

Theorem 1 The space Yq is a Frechet space.
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Proof. Here, Y4 is a normed linear metric space. For showing that Yy is a
Frechet space, we need to show that Yq is complete. Hence, let {f,} be a
Cauchy sequence in Yq. Therefore, for any given ¢ > 0 there exists an integer
ny = ng (&) such that

d(fp, fq) < €V p,q>mno.

Hence [[f, —fglla <€ V Pp,q>mnp, x> 1.
Denoting by fp (s) = ) oo, a?)e”‘”, fqls) =272, a%q)es'kn, we have therefore

[e @]

And (A
> llag’ — al?ll - exp ndl 111) T | <€ (12)
n=1 {K-p*(T* + o™ 1)}

for all p,q > ng, « > 1. Since A, — oo as n — oo, therefore we have
IIa](f’) — a%q)II <eVp,q>ng,and n=1,2,..., ie. for each fixed n=1,2,...,
{aﬂo )} is a Cauchy sequence in the Banach space E.

Hence there exists a sequence {an} C E such that

plLrgloagf) =a, n2>1.

Now letting ¢ — oo in (12), we have for p > ny,

S lal?! = anll- exp [ ALY ] <e (13)
n=1

{K-p(T# 4 o)}/

Taking p = ngp, we get for a fixed « in (12)

lan | exp A (An)
n *
{K . p*(T* + (X—] )}]/(p _])
lai™ || exp MO

Now f(to) = 5", allesAn ¢ Y4, hence the condition (11) is satisfied. For

And(An)
(Kep= (Trp= 1))/ (07!

arbitrary o < 3, we have, HaT(an)H < exp { )} for arbitrarily

large n. Hence we have,

And(An) ]

llanll exp -
" {K . p*(T* + Cx—])}]/(p =1)

1 1
eXp[ )\nd)g}\n11{ N /(o —1) i *1H+£
(K- p)V/e*=1) | (T* 4 o)1/ le*=1)  (T* 4 g—1)1/(p*—1)
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Since ¢ > 0 is arbitrary and the first term on the right hand side — 0 as
n — oo, we find that the sequence {a,} satisfies (11) and therefore f(s)
=y, anes™ belongs to Y4. Using (13) again, we have for a=1, 2...,

Ifp — fllo < e.

Hence

= 1 |Ify — flls £ = 1
d(f,, f) = — 7P < — < &,
(fp, f) ;2“1+|lfpfll(x—1+s ;za &

Since the above inequality holds for allp > ng, we finally get f, — fasp — oo
with respect to the metric d, where f € Y4. Hence Yy is complete. This proves
Theorem 1. O

Next we prove

Theorem 2 A continuous linear transformation \ : Yq — E is of the form
oo
P (f) = Z anCn
n=I1

if and only if

And (A
ICol < A -exp n¢(An) — foralln>1,0>1, (14)
{K . p*(T* + o(,])} /(p
where A is a finite, positive number, f = f(s) = Y 7, anes™ and Ay is

sufficiently large.

Proof. Let P : Y4 — E be a continuous linear transformation then for any
sequence {f;} C Yq such that f,,, — f, we have { (f,) — P (f)as m — oo.
Now, let f(s) = 3 22| anes™ where a/;s € E satisfy (11). Then f € Y4. Also,
let fy (s) = Zi:] ane™. Then fi € Yq for k = 1,2.... Let « be any fixed
positive integer and let 0 < ¢ < oc ', From (11) we can find an integer m such
that

“And(An)
K- p*(T + )}/

llanll < exp , Vn>m.
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Then
m o0
f—Zanes.An == Z anes')\n
n=1 « n=m-+1 «
= Y llanll exp M) Vi)
S {K-p*(T* + 1)} /7P
o And(An) e | —1y=1/(p*—1) £ o —1/(p"=1)
<n§ﬂeXp[(K.p*)ww{(T o) —(Te) b <e

for sufficiently large values of m.
Hence

=1 If — fmllo £
f,fm) = — <
d(f, fm) ;2“1+|If—fm||“ S Tre "0

i.e. f, = f as m — oo in Yg. Since VP is continuous, we have
lim P (fm) =¥ (f).
m—o0o

Let us denote by C, =¥ (65'7‘“) . Then

VP (f) = i an (esj‘“> = i anCh.
n=I1 n=1

Also |Ch| = U (657\”) |. Since 1 is continuous on Yq it is continuous on Y,
for each o« = 1,2,3.... Hence there exists a positive constant A independent
of o such that

W (™) = ICal <Alply a1
where p (s) = e**. Now using the definition of the norm for p (s), we get

A (An)
(K- p*(T* + a—])}V(P**]J

ICn| < Aexp

], n>1, «a>1.

Hence we get P (f) = Y 7 anCr, where the sequence {Cy} satisfies (14).
Conversely, suppose that P (f) = Y °; anCn and C;s satisfy (14). Then for
oa>1,

W < AY llanlexp [ A (An) ]
n=1

(K pr(Te /e
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Le. ()l < Allfllq o« > 1.
Now, since d (f,g) = 2021 2% . %, therefore 1\ is continuous. This
completes the proof of Theorem 2. O

3 Linear continuous transformations and proper
bases

Following Kamthan and Hussain [2] we give some more definitions. A subspace
X of X is said to be spanned by a sequence {a,,} C X if Xy consists of all linear
combinations Y 2 cnotn such that Y 7, cnan converges in X. A sequence
{otn} € X which is linearly independent and spans a subspace Xo of X is said
to be a base in Xy. In particular, if e, € X, en (s) = e™, n > 1, then {e,} is
a base in X. A sequence {o,} C X will be called a ‘proper base’ if it is a base
and it satisfies the condition:

“for all sequences {an} C E, convergence of Y 7 llanll &, in X implies the
convergence of ) 7 ; anen in X”. As defined above, for f € Y, we put [|If, T* +
An@(An)
(Kp*(T=+8)}"/ (0" 1)

o = Zn21 llanllexp ] . We now prove

Theorem 3 A necessary and sufficient condition that there exists a contin-

wous linear transformation F:Y — Y with F(e,) = on, n = 1,2,..., where
on €Y, is that for each 6 > 0
LT 1/An * .
lim sup log flown : T* + < <p 1) (p*T*)_]/p -1, (15)
n—00 ©(An) *

Proof. Let F be a continuous linear transformation from Y into Y with F (e;,) =
on, n=1,2,... Then for any given & > 0, there exists a 6; > 0 and a constant
K" =X’ (8) depending on & only, such that

IF (en); T+ 811 < K'llen; T* + 811l = llown; T + 8|
Kop{ e
(T +81) 77 ((pr)e7/e"T)
= log llotn; T 4 || /A
©(An)(p* = 1)
(T= 481" ((pr)o/o1)

. log [lotn; T + 8||'/*n (p* = 1)
lim s < .
= nl_)rglo sup o) = p*(p*T*)VF’**]

<o(1)+
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Conversely, let the sequence {ay} satisfy (15) and let « =} °; anen. Then

we have .
i An 9(n) 0¥ (p"T)!/P
im sup — =< "
n—oo log|lanl (p*—1)

Hence, given 1 > 0, there exists Ny = N (1), such that

*

@(An) < P

< ST+ VP v > No.
og lan] 7 = (pr =7y P (T 40l 0

Further, for a given ny > 1, from (15), we can find Ny = Ny (1) such that for
n >N,

log [Jotn; T* + 8||1/An 1\, e
gllon I §<p : >{p (T* +1y)} —M/0" 1),
@ (An) P

Choose n > max(No, N1). Then

10g||ocn;T*—|—5||]/?‘“ - T* +1 1/(p*—1)
logllan[/ ="M = \T*+m;

= llanl llown; T* 4811 < [lanl =TT 000 — g 18 (say)
where 3 =1— (T* +n/T* +11)/P" Y > 0. Now from (5) we can easily show
that for any arbitrary large number K > 0, [lan|| < e .
Hence we have for all large values of n, ||an||Joe; T* + 8|l < e
Consequently the series ) 7, |lanll [lotm; T* + 8| converges for each § > 0.
Therefore ) o2, |lan|| &n converges to an element of Y. For each « € Y, We
define F(a) = Y 774 an &y . ThenF(en) = otn. Now, given 5 > 0, 387 > 0 such

that "

log ||otn; T* + 8|/ * ] N s

8 llom < (1) e gy e
@ (An) P

for all n > N = N(§, 81). Hence

—KPBAn

/ =1 A (A
L e T 4 6] < Kexp{ (0" = D) A @(An) }

p* {p* (T +87))/°"

where K" = K'(8) and the inequality is true for all n > 0. Now

IF(o; T 4811 < Y llanllllow; T + 8]

n=1

<K' Z llan|lexp { Ep (_T”j;(p)(}?ﬁ)] } =K' [Jan; T* + 5|I.
f— p* p* * 1
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Hence F is continuous. This proves Theorem 3. 0

We now give some results characterizing the proper bases.

Lemma 1 In the space Yq, the following three conditions are equivalent:

1 3 logHocn;T*-i-Slll/)‘“ p*—1 *T*) —1 *—1
(i) For each & > 0, TL11_)1(Igosup ) < ( o (p*T*) V=1 |

(ii) For any sequence {an} in E, the convergence of Y 17| anen in 'Y implies
that lim ||lan]locn =0 in Y.
n—oo

(iii) For any sequence{an} in E, the convergence of } 2, anen in 'Y implies
the convergence of Y oo llanllotn in Y.

Proof. First suppose that (ii) holds. Then for any sequence {an} > 7 ; anen
converges in Y implies that } 27 ; [lan|| & converges in Y which in turn implies
that ||an|lon — 0 as 1 — oco. Hence (ii) = (iii).

Now we assume that (iii) is true but (i) is false. Hence for some & > 0, there
exists a sequence {ny} of positive integers such that Vnyi,k=1,2,...,

log llotn, ; T* + 5|'/ A <p*—1>{ 1 }1 o)
> p*(T* 4+ —) b /=1,
(P()\nk) * k

Define a sequence {a,} as follows:

o T +07", n=n
mwzwf ” : (16)

0; n # ng
Then, we have for all large values of k,

(P(Ank) — (P()\nk) < ( p* > {p*(T*—i— ])} 1/(9*7]).
10g||ank||7]/?‘nk log [[otn, ; T* +6||‘/7‘nk p*—1 k

Hence,

A * x
klim sup Ll “E])/A < ( *p_]> (p*T*) V("1
70 loglan, [T/ e

Thus {a,} defined by (16) satisfies the condition

. @ (An) p* 1/(p*—1)
ﬁﬁwﬁ%mmwm—<m—0(p)

which in view of Theorem 1 above is equivalent to the condition that ) anen
converges in Y. Hence by (iii), lim [|lan|lan = 0. However
n—oo

[Nan llon; T+ 8[| = llan, Il - llon, s T+ 8l = 1.
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Hence lim [lan|loy # 0in Y(p*, T*,8). This is a contradiction. Hence (iii)=(1i).
n—oo

In the course of proof of Theorem 3 above, we have already proved that

(i)=(ii). Thus the proof of Lemma 1 is complete. O

Next we prove

Lemma 2 The following three properties are equivalent:

(a) For all sequences{an} in E, nh_}rrgo anon = 0 in Y implies that ) 77 anen
converges in Y.

(b) For all sequences{an} in E, the convergence of >_
the convergence of ) 2, Aneén.

(c) lim{ lim infw} > (;)p;l) (p*T*) /(")

5—0 In—>oco @(An)

o

ro g llanlleen in'Y dmplies

Proof. Obviously (a)= (b). We now prove that (b)= (c). To prove this, we
suppose that (b) holds but (c¢) does not hold. Hence

1 ST+ 8|1/ F-1 .
lim < lim inf 0g llown; T + | < (° (p*T*) M=),
50 | n—oo ©(An) *

Since log ||otn; T + 8| increases as & decreases, this implies that for each & > 0,

LT 1/An * .
{hm | }< (pp* 1> (o7T%) M/,

n—00 ©(An)

Hence, if 1 > 0 be a fixed small positive number, then for each r > 0, we can
find a positive number n, such that Vr, we have n,; > n; and

. log o, ; T + 17 1|1/ nr (p* —1
n—oo (P(}\n)

lim inf o ) {p*(T* +m)} /1 (17)

Now we choose a positive number 17 < 1, and define a sequence {a,} as

A
T 4m \' _ (p*=1 An@(An) _
llanll = (T*+n> eXp{ (p* ){p*(T*m)}]/“’*_”}’ mem

0, n#n,

Then, for any & > 0

> lanl - low; T* 480 = 3 llan, I - llotn,; T* + 8]l (18)

n=1 r=1
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For any given & > 0, we omit from the above series those finite number of
terms, which correspond to those number n, for which 1/r is greater than 6.
The remainder of the series in (18) is dominated by > 2, llan, || -[lom,; T* +r7.
Now by (17) and (18), we find that

o0
D llan, - lloa; T+ 71|

r=1
— p* —1 A @ (An,) T +m A
< exp § — " T/(p*—1) T*
=1 P {p*(T*+m)} l
* 1 A @ (A X /T Any
% eXp <p - > nr(p( T;r) — SZ( *+TH> .
P {p*(T* +n)}/(P_) - T +n
Since 17 < 1, therefore the above series on the right hand side is convergent.
For this sequence {an}, > °°; |lan|| oy converges in Y (p*, T*,8) foreach & > 0

n=1
and hence converges in Y.
But we have,

lim su
ntoo P log [lan |1/

(M) :( o*

- ) {p™(T™ /00

which contradicts (10). This proves (b) =(c).

Now we prove that (c)=(a). We assume (c) is true but (a) is not true. Then
there exists a sequences {a,} of complex numbers for which ||an|loc, — 0in 'Y,
but } ~°; anen does not converge in Y. This implies that

. (M) p* 1/(p*—1)
1 > *74)1/(p
noo " P og a1/ (p*—1> (PT")

Hence there exists a positive number ¢ and a sequence {ny} of positive integers
such that

©(An) _( p*

logllan—™  \p _1> (T + )}/ D yn=n,
118

We choose another positive number 11 < ¢/2 . By assumption we can find a
positive number 6 i.e. § = & (n) such that

g )

* 1/An *
log [lotn, T* + 81"/ (p p:1) (T =)V
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Hence there exists N = N (), such that

log [lotn, T* + 8|[1/An . (p* —1
(P(}\n) -

*

) T 2 s N

Therefore
max || || anlog; T* + 8| = max {llanl| - [lon; T* + 8/}
> max {[|an, || - [Jotn,; T + 8lI}

> exp _}\nk(p()\nk)(p* - ])
= o* {p*(T* + ¢) }1/(9**1)

X exp Ank(P(Ank)(P*—U > 1
o {p* (T -+ 2n) /101

for ny > N as € > 2n.

Thus {||an|| on} does not tend to zero in Y (p*, T*,8) for the & chosen above.
Hence {||an|| on} does not tend to 0 in Y and this is a contradiction. Thus
(¢)=(a) is proved. This proves Lemma 2. O

Lastly we prove:

Theorem 4 A base {xn} in a closed subspace Yy of Y is proper if and only if
the conditions (i) and (c) stated above are satisfied.

Proof. Let {an} be a proper base in a closed subspace Yy of Y. Hence for
any sequence of complex number {a,} the convergence of > 2, |lan|l oy in
Yo implies the convergence of )} 7, anen in Yo. Therefore (b) and hence (c)
is satisfied. Further the convergence of fo; anen in Yy is equivalent to the
condition

. (P()\n) p* 1/(p*—1
1 — *T* /(P ).
ntoo T log lan 1/ (p* —i > (P"T")

Now let @ = ) 7, anen. Then proceeding as in second part of the proof of
Theorem 1, we can prove that ) -2, |lan|lan converges to an element of Yy
and thus (ii) is satisfied. But (ii) is equivalent to (i). Hence necessary part of
the theorem is proved.

Conversely, suppose that conditions (i) and (c) are satisfied, with {o,} being
a base in a closed subspace Yy of Y. Then by Lemma 2, we find that for any
sequence {an} in E, convergence of }_° ; |lan|| &n in Yy implies the convergence
of 3 22, anen in Yy. Therefore {an} is a proper base of Yy. This concludes the
proof. O
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