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Abstract. In this paper, we introduce the use of a powerful tool from
theoretical complex analysis, the Blaschke product, for the solution of
Riemann-Hilbert problems. Classically, Riemann-Hilbert problems are
considered for analytic functions. We give a factorization theorem for
meromorphic functions over simply connected nonempty proper open
subsets of the complex plane and use this theorem to solve Riemann-
Hilbert problems where the given data consists of a meromorphic func-
tion.

1 Introduction

Approximation of holomorphic functions of a complex variable by a sequence
of polynomials has a long history [23], some notable theorems in this regard
are the Runge theorem [20], the Mergelyan theorem [19], and the Arakelyan
theorem [2]. A different approach to approximation of a holomorphic function
is to find and truncate an expansion or a factorization.

Since holomorphic functions are complex analytic, they admit Taylor ex-
pansion on an open disk. Furthermore, they admit Fourier expansions on the
unit circle. Over the open unit disk, a holomorphic function can be written
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formally as a series of Blaschke products [9]. Moreover, entire functions can
be factorized by Weierstrass factorization theorem [25]. In this paper, we give
a factorization of meromorphic functions by Blaschke products over simply
connected nonempty proper open subsets of the complex plane and use this
theorem to solve Riemann-Hilbert problems with meromorphic functions.

One of the shortcomings of the classical solutions to Riemann-Hilbert prob-
lems is their dependence on the index of the coefficients and the Holder conti-
nuity requirement in the application of Sokhotski-Plemelj formula. In [16], we
proposed solutions to overcome these shortcomings. The current work can be
considered as a sequel to [16], focusing on the complex variable case.

This paper is organized as follows. In Section 1, we define the classical
Riemann-Hilbert problem, recall results on Blaschke products and state the
Riemann Mapping Theorem. In Section 2, we use Blaschke products and the
Riemann Mapping Theorem to give factorization theorems for meromorphic
functions of bounded type over simply connected nonempty proper open sub-
sets of the complex plane. In Section 3, we define a Riemann-Hilbert problem
with meromorphic data and give a general solution by employing the results of
Section 2. In Section 4, we give several results for positive definite functions on
absolutely convex subsets of the complex plane. Our main results are Theorem
(3), Theorem (4) , Theorem (7) and their applications which are discussed in
Section 3.

1.1 Riemann-Hilbert problems with analytic functions

The Riemann-Hilbert problem was first introduced by Bernhard Riemann in
connection with the Riemann’s Monodromy problem which later was general-
ized to the Riemann-Hilbert problem by Hilbert [1, A.1.3].

Definition 1 [10, 14.1.] Suppose that we are given a simple smooth closed
contour L dividing the plane of the complex variable into an interior domain
D" and an exterior domain D™, and two functions of on the contour, G(t)
and g(t) which satisfy the Héolder condition, where G(t) does not vanish. It is
required to find two functions: ®*(z), analytic in the domain D ; and ®(z),
analytic in the domain D™, including z = oo, which satisfy on the contour L
either the linear relation

or



Solving Riemann-Hilbert problems with meromorphic functions 119

The function G(t) will be called the coefficient of the Riemann problem, and
the function g(t) its free (inhomogeneous) term.

The following theorem is of particular importance in the solution of analytic
Riemann-Hilbert problems.

Theorem 1 [10, 13.2, Generalized Liouville’s Theorem] Let the function f(z)
be analytic in the entire complex plane, except at the points ay = oo, i (k:=
1,2,...,n), where it has poles, and suppose that the principal parts of the
expansions of the function f(z) in the vicinities of the poles have the form:
at the point ag

Golz) =z + 2% +... + cﬁozno

at the point ay

1 ck ck ck
G =1 > b e,
O<z—ak> z—ak+(z—ak)2+ +(z—ak)mk

Then the function f(z) is a rational function and is representable by the relation

f(z) = C+ Go(z) + ) _ Gyl 1
k=1

Z—ay

In particular, if the only singularity of the function f(z) is a pole of order m
at infinity, then f(z) is a polynomial of degree m.:

f(z) =co+ciz+...+cmz™

1.2 Blaschke products
Definition 2 [11] A Blaschke product is a function of the form

B(Z) _ eiocZKH @ Z’n__Z
zZn 1 —Znz
n>1
in which « € R, K € Ny, and {z1,2,,...} is a sequence (finite or infinite) in
{0 < |z| < 1} that satisfies the Blaschke condition

D (1= lz]) < co.

n>1
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Finite Blaschke products can be considered as generalizations of polynomials
in the unit disk because of their remarkable similar properties to polynomials
[18, p. 249]. We only mention few of these similarities:

Proposition 1 The following hold:

(i) Let f be analytic in C and suppose that lim |f(z)] = oo then f is a

|z|—00

polynomial [18, Theorem 3.

(ii) Let f be analytic in D and suppose that Illiml If(z)] = 1 then f is a finite
z|—
Blaschke product [18, Theorem 13].

(iii) Let P be a polynomial of degree n with zeros zi,...,zn in C. The critical
points of P lie in the convex hull of the set{z1,...,zn} [18, Theorem 9.

(iv) Let B be a finite Blaschke product of degree 1 with zeros zi,...,zn in D.
Then B(z) has exactly n — 1 critical points in D and these all lie in the
hyperbolic conver hull * of the set {z1,...,zn} [18, Theorem 19].

1.3 Riemann Mapping Theorem
We recall the Riemann Mapping Theorem.

Theorem 2 [3, 14.2] For any simply connected domain R(# C) and zy € R,

there exists a unique conformal mapping ¢ of R onto U such that ¢(z9) = 0
and ¢’(zg9) > 0.

Example 1 The map f(z) = %ﬁ is a conformal map of the unit disk to the
upper half plane H. In fact, all conformal maps from the upper half plane to

the unit disk take the form ew% where © € R and $ € H [22, Chapter 8,
Exercise 14].

For simple domains such as polygons, one can construct a Riemann map by
using the Schwarz-Christoffel formula. The construction of a Riemann map for
a general simply connected domain has been studied extensively and numerous
algorithms are known rm [13, 6, 5, 8, 7].

'Recall that the Poincaré disk provides a model of the hyperbolic plane in the disk |z| < 1;
we refer to a line in the Poincaré model as a hyperbolic line and to the associated subregions
as hyperbolic half-planes. The hyperbolic convex hull of a point set is the intersection of all
hyperbolic half-planes containing the point set [24].
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2 Factorization of meromorphic functions

In this section, we give some theorems on factorization of meromorphic func-
tions satisfying certain boundedness conditions in terms of (finite or infinite)
Blaschke products.

Lemma 1 Let f: X C C — C be a holomorphic function where X is a simply

connected bounded open set. If hH‘l ‘ If(z)| # 0 for all a € 0X, then f has finitely
many zeros in X.

Proof. Since f is holomorphic on X, it is continuous on X. Assume that f has
infinitely many zeros. The zero set Z = {zy} of f is bounded; therefore, it has
an accumulation point by the Bolzano-Weierstrass Theorem. The accumula-
tion point of zeros of f does not belong to 90X because kllrgo [f(z)] = 0 but

hIIll ‘ [f(z)] # 0. Therefore, the accumulation point must belong to X. By the

Identlty Theorem, f = 0, on X which is a contradiction. O

Lemma 2 Let f : X € C — C be holomorphic on X where X is a simply
connected open set. If f has no zeros in X, then there exists a holomorphic
function h on X such that f = e™. Furthermore, if X is bounded, f is continuous
on X, and constant on 0X then f is constant on X.

Proof. The first part of the lemma is a standard result and its proof can be
found in [17, XIII, Theorem 2.1]. For the second part, we note that if f has no
zeros in X, then % is holomorphic on X. By the maximum modulus principle,

the maximum of the harmonic function ( 1 is on the boundary of X. But also

[f(z)]
the maximum of the [f| is on the boundary. If |f| is constant on the boundary
then |[f(z)] = ¢ for all z € X. O

Theorem 3 Let f : X C C — C be a meromorphic function where X is a
simply connected bounded open Jordan domain. If ‘ 1|1H‘1 ‘If(x)I where a € 0X
X|—|a

exists and it is not zero or infinity, then

= Z mpi_z
ol H1—212H1—pj
j

z

where ¢ : D — X is a Riemann map, q : D — C is a holomorphic function,
{zi}l; is the set of zeros and {‘pj}}‘;] s the set of poles of o .
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Proof. By the Riemann mapping theorem, there exists a conformal bijective
map ¢ : D — X. By Carathéodory’s theorem, there exists a homeomorphism
¢ : D — X that extends ¢. Therefore, if |z| — |1| then |$p(z)] — |a| where
a € 0X and hence hmlf( (z))] # 0,00. Since g = fod : D — C is mero-

morphic, it is the ratlo of two holomorphic functions, i.e. g = % where h and
k are holomorphic. Since linll]‘Ig(z)I = 0, 00, we conclude \l\inh\|h(Z)| # 0 and
Z|—

hm |k z)| # 0. By Lemma (1), h and k have finitely many zeros in I, denoted

by {74} ', and {p]} e respectlvely
The function hy := E where Bp(z) = []iL; &%=, is holomorphic in D

i=1 T—zz>
and has no zeros in D. By Lemma (2), there exists a holomorphic function
gn such that h, = er. Therefore, h = eqhBh and we can proceed similarly

to prove k = e9By. Hence, g = e~ ax B B Since Bk( ) = Bk](z)’ we have

9(z) = €9 By (2)By (1) where q(z) = qn(z - az) O

Definition 3 A function defined on a simply connected open subset X of the
complex plane is said to be of bounded type if it is equal to the ratio of two
analytic functions bounded in X. The class of all such functions is called the
Nevanlinna class for X.

Lemma 3 [22, p. 156] If f is holomorphic in the unit disk, bounded and not

identically zero, and z1, z3y...,Zn, ... are its zeros (1zx| < 1), then
D (1—lzl) < o0
n

Lemma 4 [14, p. 64] Let {xn} be a sequence of non-zeros complexr numbers
in the open unit disc D. A necessary and sufficient condition that the infinite
product

Cr [ (an—2)
Bl _E [lcxnlu - &nz)}

should converge wuniformly on compact subsets of the unit disc is that
o0

Z(] —|anl) < oco. When this condition is satisfied, the product defines an

n=1
ner function whose zeros are exactly o1, %, ...

We now obtain a factorization theorem that has useful applications to the
Riemann-Hilbert problem. This is discussed further in Section 3.
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Theorem 4 Let f : X C C — C be a meromorphic function where X is a
simply connected open set. If f is of bounded type then

o0 =1
Zi zi—z Ip;l Py — 3

f

($lz) H|74|1—217~HP]]—&

z

where ¢ : D — X is a Riemann map, v, s € Ny, q is a bounded holomorphic
function without zeros, {zi} is the set of zeros and {p;j} is the set of poles of

fod.

Proof. By Riemann mapping theorem, there exists a conformal bijective map

®:D — X. Since g =fod : D — C is meromorphic of bounded type, it’s

the ratio of two bounded holomorphic functions, i.e. g = % where h and k

are holomorphic and bounded. The functions h and k can be factorized as

h(z) = z'hy(z) and k(z) = z°k;(z) where hy(0) # 0 and k;(0) # 0. Let {z;}

and {p;} be the zeros of h; and k;. By Lemma (3), Z(] — |zi]) < oo and
1

Z(] — [pjl) < co. By Lemma (4), the following products are convergent:
j

[z (zi—2) ]

B Z) = —

miz =11 Bl
1P (i —2) }

By, (z) = T =

v =TI [P

j=1
Hence, we can write hi(z) = u(z)By,(z) and ki(z) = v(z)By,(z) where

u(z) = B}:](( and v(z) = k1 (f‘z)) are bounded holomorphic functions. Therefore,
_u(z) By, (2) _ _ 1
f — =7 1 — LTS B B =
(0(z) =2 S g = 2 (2B (2B )
where q(z) = % is a bounded holomorphic function. O

3 Applications in Riemann-Hilbert problems with
meromorphic functions

In engineering, a transfer function is a representation of the relation between
the input and output of a linear time-invariant (LTI) system and it is a primary
tool in classical control engineering. In this section, we employ Theorem (4)
to find the transfer function of a differential system.
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Lemma 5 [4, Theorem 5.1] Suppose f : R — C is continuous, supp(f) C
[M, 00), and has exponential order a, i.e. |f(t)] < Ke® for all t € R. Then the
Laplace transform £(f)(z) := fiooo e #'f(t)dt is holomorphic in the half plane
{z | R(z) > a}. The derivative is

(£(f)(2) = —J et (1)t

and the Laplace transform satisfies the estimate

eM(afER(z))

(R(z) —a)’

Remark 1 IfR(z) > a+ € > a and M > 0 where € > 0, then |[£(f)(z)] <
ee%, i.e. the Laplace transform is bounded.

1£(f)(z)] <K R(z) > a

Lemma 6 [21, Theorem 2.12] Suppose that f(t), f(t), ., f=1(t) are contin-
wous on (0,00) and of exponential order, while f™ (t) is piecewise continuous
on [0,00). Then £(fM(t)) = s™L(f(t))—s"£(0T)—s"2f(0F)—...—F=1D(0T).

Theorem 5 Suppose fy,gx : R — C are continuous, have left bounded sup-
port on the positive real line, and have positive exponential orders ay and by.
Furthermore, assume that w,y : R — C are n-times continuously differen-
tiable, with nth derivative of exponential order. Then the transfer function of
the following differential system with zero initial conditions, i.e. u®¥(0) = 0,

y!¥(0) =0,
u(t) ¢ d*y(t)
ka dtk =kZ_ng(t) i

s a meromorphic functwn of bounded type of the form

T(d)( H Zi Zi—Z ﬁ|p]|]§1 ]E
|zi| 1 —zlz

p; 1

where & : D — X is defined by d(z) = HZ“ whereX—{zeCI%( ) > o,

Z 0(,
o = min{ay, by} + €, € > 0 is suﬂ‘iczently small, v, s € Ny, q is a bounded

holomorphic function without zeros, {zi} is the set of zeros and {p;} is the set
of poles of Tod. The transfer function T : X — C appears as the coefficient of
the Riemann-Hilbert problem ®*(z) = G(z)® (z) where
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HZI -
|zi| 1 — Ziz

and

(0.0) _
Pi Pj—
z) =2 —
]:][ sl T —
]7
Proof. The transfer function is defined as the ratio of the Laplace transform

of the output signal to the Laplace transform of the input signal, i.e. T(s) :=

£y)(s)
Lu)(s)
(6), and the properties of Laplace transform with respect to convolution and

addition, we derive the following equation

(Zskﬁfk ) <Zsk£gk )(ym

Therefore, the transfer function is of the following form

. If we take Laplace transform of the differential system, apply Lemma

3 s*€(f)(s)
1oy EWls) _ 2ot
Lu)(s n .
s"£(gi)(s)
é K

On the domain X = {z € C | R(z) > «}, where o« = min{ay, by} + €, and
€ > 0 is sufficiently small, the transfer function

sETME(fi) (s)

s“2(gi)(s)

is a meromorphic function of bounded type by Lemma (5). It suffices to apply
Theorem (4) to the transfer function T. O
4 Positive definite functions of a complex variable

In this section, we give some results on positive definite functions over abso-
lutely convex subsets of C. It is interesting to see whether one can factorize
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a meromorphic positive definite function; in the sense of Definition (4), such
that all factors are positive definite. Unfortunately, it is difficult to determine
positive definiteness of Blaschke products; even the determination of hermi-
tianness is difficult because it requires finding all the zeros of the equation
B(—z) — B(z) = 0. Nevertheless, we give a theorem (Theorem (7)) that can
simplify the determination of positive definiteness for holomorphic hermitian
functions.

Definition 4 A set X C C is called absolutely convez if for any points x1, X
in X and any numbers Ny, Ay in C satisfying |[A1|+|Az2] <1, the sum A1xq1+A2x2
belongs to X.

If X C C is absolutely convex then rX is absolutely convex for all r € C.

Definition 5 A function f : X — C is positive definite, where X C C 1is
absolutely convex, if Z;kZ] f(szi)éj &x > 0 for every choice of X1y...,Xn in

X and &1y...,& in C.

If we set w*=[&1,...,&] and A = [f(szxk)]j,k then we can rewrite the
above condition as w*Aw > 0, i.e. A is positive-semidefinite. In the following
proposition, we review some of the properties of positive definite functions.

Proposition 2 If f : X — C is positive definite, where X C C is absolutely
convex, then the following hold:

(i) £(0) >0, f(=5) =f(5), and [f(5)* < f(0)*.

(i1) Iff,g: X — C are positive definite then fg and c1f+c,g where ¢c1,c; € N
are positive definite.

(iii) If X =R, f and g are integrable and positive definite then f* g is positive
definite.

(iv) If X = R, and f is integrable then x***'f(x) with k € N is not positive
definite.

(v) If X =R, and f is C"-differentiable then dZZEZ‘) is positive definite only
if n =4k where k € N.

(vi) If X =R, and f is integrable then e"*f(x) is positive definite.
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Proof. (i) If we set n = 1 in Definition (5) then f(0)|&;> > 0 which implies
f(0) > 0. If we set n = 2 and consider the set of points {z,0} then o =
F0)2(I&117 + 1€21%) + F(—5)&1 &2 + F(5) €281 > 0. Since & = &, we have f(—§) =

f(3). Since the following matrix is positive-semidefinite, its determinant is
nonnegative, i.e. |f(%)|2 < £(0)2.

A:< 10)  1(3) )
f(5*) f(0)

(ii) Since positive linear combination and product of positive definite func-
tions correspond to positive linear combination and Hadamard product of
positive-semidefinite matrices, positive-definiteness is preserved under these
operations. -

(iii) By convolution theorem fx g = % § which is positive by Bochner’s
theorem. .

(iv) The Fourier transform of x***'f(x) is (ﬁ)2k+1 % which is purely
imaginary by Bochner’s theorem.

(v) The Fourier transform of dg)ﬁ?) is (27ti&)"f(£) which is positive only if
n =4k, ke N.

(vi) The Fourier transform of e!**f(x) is fl& — 77 O

Proposition 3 If the Mébius transform f(z) = ‘Clzig s positive definite and
not identically zero on CU{oco} then a = 0.

Proof. Assume a # 0 then we can set z = %b in the condition f(—3) = f(%)
which implies b = 0. Therefore, the condition |f(%)|2 < £(0)? implies that f is
identically zero which is a contradiction. O

Lemma 7 The function f(z) = e
positive definite.

i“% where zx,z € D, and a € R is not

Proof. For the set {ie;a ,0}in D, the determinant of the associated matrix A is

a_
2 =1 The numerator of det(A) is negative for z; € D, but the denominator

44zZe2la"
is not negative for any value of zx € D, and a € R. Therefore, det(A) is not
nonegative for all zy € D, and a € R. O

Theorem 6 A conformal map from D to D is not positive definite.

Proof. A conformal map from D to D is of the form eiak% which is not

positive definite by Lemma (7). O
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Lemma 8 [15, Exercise 1.1.8], [12, Lemma 24] For any nontrivial holomorphic
function f: U — C where U C C™ is open and connected, U—Z(f) is connected
and dense in U where Z(f) denotes the zero set of f.

Theorem 7 Let X C C be an absolutely convexr simply connected set and
f: X C C — C be a holomorphic hermitian, i.e. f(—z) = f(z), function. Define
the function Wy (f) : X™ — My (C) by Wa(f)(x) = [f(xj?k)]j,k. If there exists a
point x € X™ at which Wy, (f) is positive definite for alln € N then f is positive
definite on X.

Proof. For simplicity, we denote W, (f) by g. Since det(g) is a polynomial of f
and f is holomorphic, det(g) is holomorphic. By Lemma (8), S = supp(det(g))
is connected, open and dense in X™. Since f is hermitian, Spec(g) ={Ax € C| A
is an eigenvalue of g(x), x € X"} is in R. By definition of S, g is invertible on S.
Therefore, 0 ¢ Spec(gjs). We claim that either Spec(gjs) € Ry or Spec(gis) C
R_. Assume otherwise, then there exist x,y € S such that Ay € R4 and
Ay € R_. Since S is path connected, there exists a path in S that connects x
toy in S. But, there is no path that connects Ax to Ay because 0 ¢ Spec(gs)
which gives a contradiction. If there exists a point xg € X™ for which g is
positive definite, then either xg € S or x¢ is a limit point of S because S is
dense in X". In either case, Spec(g;s) € R and by density of S we conclude
Spec(g) C Ry for all n € N, i.e. f is positive definite on X. O
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