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Abstract. In this investigation, our main objective is to ascertain the
radii of k-uniform convexity of order « and the radii of strong starlike-
ness of the some normalized q-Bessel and Wright functions. In making
this investigation we deal with the normalized Wright functions for three
different kinds of normalization and six different normalized forms of g-
Bessel functions. The key tools in the proof of our main results are the
Mittag-Leffler expansion for Wright and g-Bessel functions and proper-
ties of real zeros of these functions and their derivatives. We also have
shown that the obtained radii are the smallest positive roots of some
functional equations.
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1 Introduction

Special functions have an indispensable role in many branches of mathematics
and applied mathematics. Thus, it is important to examine their properties
in many aspects. In the recent years, there has been a vivid interest on some
special functions from the point of view of geometric function theory. For
more details we refer to the papers [1, 2, 3, 4, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17, 18] and references therein. However, the origins of these studies
can be traced to Brown [20], to Kreyszig and Todd [22], and to Wilf [24].
These studies initiated investigation on the univalence of Bessel functions and
determining the radius of starlikeness for different kinds of normalization. In
other words, their results have a very important place on account of the fact
that they have paved the way for obtaining other geometric properties of Bessel
function such as univalence, starlikeness, convexity and so forth. Recently, in
2014, Baricz et al. [11], by considering a much simpler approach, succeeded
to determine the radius of starlikeness of the normalized Bessel functions. In
the same year, Baricz and Szdsz [15] obtained the radius of convexity of the
normalized Bessel functions. We see in their proofs that some properties of the
zeros of Bessel functions and the Mittag-Leffler expansions for Bessel function
of the first kind play a crucial role in determining the radii of starlikeness
and convexity of Bessel functions of the first kind. It is worth to mention that
some geometric properties of other special functions involving Bessel function
of first kind were investigated extensively by several authors. For instance,
in 2017, Deniz and Szész [21] studied on determining the radius of uniform
convexity of the normalized Bessel functions. And also, very recently, Bohara
and Ravichandran in [19] determined, by using the method of Baricz et al.
[11, 15, 16, 21], the radius of strong starlikeness and k—uniform convexity of
order o of the normalized Bessel functions.

Inspired by the above mentioned results and considering the approach of
Baricz et al. in this paper, we investigate the radius of strong starlikeness
and k—uniform convexity of order o« of the normalized Wright and q—Bessel
functions.

This paper is organized as follows: The rest of this section contains some
basic definitions needed for the proof of our main results. Section 2 is divided
into three subsections: The first subsection is devoted to the radii of k—uniform
convexity of order « of normalized Wright functions. The second subsection
contains the study of the radii of k—uniform convexity of order « of normalized
g—DBessel functions. The third subsection is dedicated to the radius of strong
starlikeness of normalized Wright and q—Bessel functions.
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Before starting to present our main results we would like to call attention to
some basic concepts, which are used by us for building our main results. For
r > 0 we denote by D, = {z € C: |z| < r} the open disk with radius r centered
at the origin. Let f: D, — C be the function defined by

flz) =z+ Z anz™, (1)

here 1 is less or equal than the radius of convergence of the above power series.
Let A be the class of analytic functions of the form (1), that is, normalized by
the conditions f(0) = f/(0) — 1 = 0. Let S denote the subclass of A consisting
of univalent functions.

In this paper, for k > 0 and 0 < « < 1 we study on more general class
UCV(k, ) of k—uniformly convex functions of order «. A function f € A is
said to be in the class UCV(k, «) if

zf"(z)
Re (1 + (2) > >k

The real number

f/ f”
Tw(f) = sup {r >0 ‘Re (Zf(z)) >k zf/((zz))

is called the radius of k—uniform convexity of order « of the function f.

Finally, let us take a look at the next lemma which is very useful in building
our main results. It is worth to mention that the following lemma was proven
by Deniz and Szész [21].

zf" (z)
f'(z)

‘—i—oc (z e D).

—|—ocf0rallZ€]D)T}

Lemma 1 (see [21]) Ifa>b>r1>|z|, and A € [0,1], then

T T
< —A . 2
“b—r a—r (2)

—A

z z
b—z a—z

The followings can be obtained as a natural consequence of this inequality:

Re<b7‘ N >< LI (3)

—z a—z) b—r a—r

z z
R <
e(b—z) - 'b—z

We are now in a position to present our main results.

and
T

< .
“b—r

(4)
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2 Main results

2.1 The radii of k-uniform convexity of order « of normalized
Wright functions

In this subsection, we will focus on the function

ZTL

*(0,8:2) = ) e 1B

n>0

(p>-1 2zpeC)

named after the British mathematician E.M. Wright. It is well known that
this function was introduced by him for the first time in the case p > 0 in
connection with his investigations on the asymptotic theory of partitions [26].

From [17, Lem. 1] we know that under the conditions p > 0 and > 0,
the function z — App(z) = $(p, B, —2?) has infinitely many zeros which are
all real. Thus, in light of the Hadamard factorization theorem, the infinite
product representation of the function A, g(z) can be written as

ZZ
FBMos(z) =]] (1 -2 )

T'LZ] p,[S,n

where A, g n is the nth positive zero of the function A, g(z) (or the positive

real zeros of the function ¥, ). Moreover, let C(J»B,n denote the nth positive

zero of ‘P(’J’B, where ¥, 5(z) = ZB)\p’ﬁ(Z), then the zeros satisfy the chain of
inequalities

CIP,B,] < Cp)ﬁa] = }\p»BJ < C/p,ﬁ,z < Cp)ﬁaz = }\pvﬁyz <...

One can easily see that the function z — ¢(p, B, —2z?) do not belong to
A, and thus first we perform some natural normalizations. We define three
functions originating from ¢(p, B, .):

fo(2) = (°T(B)0(p, B,—2")) ",

gp,ﬁ(z) = ZF(B)q)(p) B) _Zz)a
hp,ﬁ(z) = Zr(ﬁ)d)(D) B) _Z)'

Clearly, these functions are contained in the class A.
Now, we would like to present our results regarding the k—uniform convexity
of order « of the functions f, g, go s and hyp.
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Theorem 1 Let B,p > 0, o € [0,1) and k > 0. Then, the following state-
ments are valid:

a. The radius of k-uniform convexity of order o of the function f,p is the
real number Tttf“(fp’ﬁ) which is the smallest positive Toot of the equation

Wos(m) 1 W a(m)
T+kr—2 (42— 41— a=0
(T+K)r v + ([3 )(1+ )TWp,ﬁ(T) +1—«

in the interval (0, C;J,BJ)’ where W p(z) = ZBAp’ﬁ(Z) and Clp,[ﬂ,l stands for
the smallest positive zero of the function ‘P’p’ﬁ(z).

b. The radius of k-uniform convexity of order « of the function g, g is the

real number ri‘fa(gp,fg) which is the smallest positive root of the equation

" (T.)
(14 k)08

+1T—a=0
gp’B(T)

in the interval (0,9p5,1), where ¥,p1 stands for the smallest positive
zero of the function g; 5(z).

c. The radius of k-uniform convexity of order « of the function hy g is the
real number T};C“(hpyﬁ) which is the smallest positive root of the equation

h . (r
U+Mv%ﬂl+1—a:0
hp,B(T)

in the interval (0, 7Ty p,1), where Ty g1 stands for the smallest positive zero
of the function hj 4(z)

Proof.

a. We note that

zf" . (z

1+
fo5(2) Vo2

o) (1) Mol

E Wp,B(Z) ’

Using the following infinite product representations of ¥, g and ‘{’;’ﬁ [17,
Theorem 5] given by

2 2
F(B)Ye(z) =2 T <1 - z,zz) s TR, p(z) =P [ ] (1 - Cjﬁ ) ’
n>1 T

PR
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where Cppn and Cp B
respectively, we have

denote the nth positive roots of ¥, g and ‘P;’B,

¥, g V] 5 (2) 22
\{/ —B ZCZ 0 W/ ()_6_1 Z 2 2
p»B T1>1 p,ﬁ n z p)B T1>] pvﬁ»n z

Thus we arrive at
zf" . (z 1
1+ ,"’B( b 1o <—1>
f, (2 B

In order to prove the theorem we consider two cases 3 € (0,1] and B > 1
separately.

n>1 "p,Bmn n>1 "p,Bm

272 272
>aa X wm a

Case 1 B € (0,1].

Then A = % — 1 > 0. By making use of inequality (4) stated in Lemma
1 we conclude that the following inequality

|22 22
A, —lzf = e &
p,Bm NN

holds true for every p >0, >0, n € N and |z| < (g n. With the help
of (4), we get

zf” o (z) 1 Zrz 92
Re [ 1+ PP >1—<—1> _— T
rfg’ﬁ(r)

fop(t)’

=1+

where |z| =1 and z € Dy
p,B,1

Moreover, by using triangle inequality |z1 + z2| < |z1]+ |z3| together with
the fact that % —1>0, we get
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zf;’,B (z)
fo(2)

272
Z 2. —2

n>1 "p,Bmn

-2z = +<(15_]>

n>1 opBmn

_Z<pﬁn +<‘]3 )ﬁ)

n>1

1 ) 272 )
< S T I L
;<C’pz,f3n 2 <f3 Gpm —

From (5) and (6), we obtain
zf! . (z

Re (1 + 7,”5( )> —
fp,ﬁ(z)

Case 2 3 > 1. Then, we show that the same inequality is valid in this
case also. In this case, taking into consideration the inequality (3) stated
in 1 we get

zf) 5 (2) 1 212 2r2
P, N - .
Re<1+ f/p’ﬁ(Z)>Z] (B ]>;Cpﬁn 2 ;CIZ _ 2
o SR
iy 5(T)
f/pﬁ( r)

Also, with the aid of (2) stated in the same lemma, we have
272 1 272
_Zc'z Z— _(1_B>Zc —
n>1 n>1 "pBm
2
n>1 p rs no B Cp Bn (
9)

1) 212 )
<§ 1— _
n>1<CP[3Tl_ < P Cpﬁn

o)
fo,8 (1)

zf”yﬁ( z)

f” 5(T)
£l 5(2)

—a>14+(T+K)r f’ (r) x, )

/
lzl <7v < Copr-

=1+

zf:)”[5 (z)
fo8(2)
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From (8) and (9), we deduce
zf! o (z

Re 1+ ﬂM) —k
fp,ﬁ(z)

Due to the minimum principle for harmonic functions, equality holds
if and only if z = r. Now, the above deduced inequalities imply for
TC (O Cp B, 1)

zf” o (z
inf {Re 1+ 0.8 %) —k
ZeDr fi) ﬁ (Z)
On the other hand, the function u,g : (0, Clp,fﬂ,]) — R is defined by

f" 6(1)

zfg’[5 (2)
fo6(2)

f” (r)
f’ (r)_"" (10)

—a>T1+(1T+K)r

/
lzl <7< Cop-

// (T)

(1)

zfg’[3 (z)

o p(2)

oc}:1—oc—|—(1—l—k)

Upp(r) =1T—a+ (1+K)r

V p(1)
21‘2 1 212
T1>] 7 TL>] 7

Then,

1

! Cg,ﬁ»nr

n>1

3 el
—4k+1) )y PP <0
(12

for all B € (0,1] and z € ]D)c; o Moreover, we consider that if p > 1,
then 0 < 1 — ]/ [5 < 1 and t’aking into consideration the inequality
CZBn(Cpﬁn )2 < Cpﬁn(Can—rz)Z for r < C;’ﬁmwe get

CopnT CopnT
B 4(k+1) ek
2 (G pn—T2)? 2 (g — T2

n>1 n>1

Copn” Gy rsn
p) )n

n>1 n>1

up p(r) = —4(1 4+ k) (;3 — 1)

<4(1+k)<
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Consequently, u, g is strictly decreasing function of r for all § > 0. Also,

limu =1—«a and lim u = —00.
™0 pp(1) = v o pplT) =
This means that
zf" . (z) zf” . (z)
Re (1 + f,""“ - f,"’ﬁ —a>0
p,ﬁ(z) p,B(Z)

for all z € ID)TEfa(fp‘ 5) Where T}jfa(fp’[g) is the unique root of the equation

fl/‘ (T)

T—a+ (T+kr2 - —0
o+ (14 )rf:),[s(")
o W () ¥ ()
0,6\T 1 o,6\T _
(T+¥K)r v +(E_”(]+k)r‘l’p,[5(f)—H_(X_O

in (0, Cg)m).

. Let 9, n be the nth positive zero of the function gg’ﬁ(z). In view of the
Hadamard theorem we get the Weierstrassian canonical representation

(see [17])
22
94/%[3(Z) - H (1 92 ) :

TLZ] p»ﬁ)n

Logarithmic derivation of both sides yields

Application of the inequality (4) implies that

Re <1+ “9ps! >>1—Z S — (11)
906() n>1 p,ﬁn_T
where |z| = r. Moreover,

22
=Zﬁ<z

le] pvﬁyn T1>]

272

ﬁénzzf

Zg‘l)/,[s ()
9{,’[5(2)

ng)ﬁ(r)
9‘/, ﬁ(r) ’

)

Izl <1 < 39’5‘1.
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Taking into considering the inequalities (11) and (12) we arrive at

20" (2 za” "o(r
Re<1 + g,p,ﬁ( )> —k 9,"’6( )—ocz1—oc+(1+k)rg‘,”ﬁ( ! 2l <7 <Dpp.
Jo,6(2) 9o,6(2) 9p,6(T)

In light of the minimum principle for harmonic functions, equality holds
if and only if z = r. Thus, for v € (0,9,,1) we get

z " z z " z " -
int { e (1 2928020} 2900 B L g o, ST
i< 9p,6(2) 9p,6(2) 9p.5(7)

The function w, g : (0,955,1) — R, defined by

9o (1)
Wos(r) =1 —a+ (1 +K)r ‘,’>‘3( 1
Yo,617
is strictly decreasing and
li =T—a>0 li = —00.
Hm wo,p(7) x>0, Hm wop(r) =—oo
Consequently,
(z) zg, 5(2)
Re (15 2008 12005
for all DTE%( s) Where i vC.(gp,p) is the unique root of the equation
(r)
T—oa+(1+K)r g"’ =0

in (O,ﬁp’ﬁ’]).

c. Let Ty pn denote the nth positive zero of the function h/ 0,6 By using
again the fact that the zeros of the Wright function A, g are all real and
in view of the Hadamard theorem we obtain

(@) =TT (1- ).

n>1 Tp,ﬁ,n

which implies that

h//
el ez
h, a(2) S e — 2
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By using again the inequaliy (4) we get

zh! . (z) hop(r)
p’B(Z’) TlZ] Tp,ﬁ,ﬂ -T D»B (T)
Also,
zh! . (z ho gl
@ |y 2 oy
he s(2) o1 eBn T2 = Topn T Pro,6(7)

Considering the inequalities (13) and (14) we have

z " z z " z " T
Re (1 + 9,"’[3( )> —k 9,"’[3( ) —a>1 —oc+(1+k)rg§”ﬁ( ).
gp)ﬁ(z’) gp)ﬁ(z’) gp‘ﬁ(r)

In view of the minimum principle for harmonic functions, equality holds
if and only if z = r. Thus, for r € (0,7, ,1) we have

zh!” . (z zh!” . (z
inf {Re [ 1+ ,p’ﬁ() —k ,P»ﬁ()
lzl<r h; 5(2) h; 5(2)

Now define the function @, : (0,9p8,1) — R,as

op(T)
hop(r)”

—oc}:1—oc+(1+k)

1 4 wgries )
(pp,ﬁ (T) - - O(_’_ ( + )rh‘/)’ﬁ(_r)

is strictly decreasing and

lim (r)=1—a>0, lim (r) = —oc0.
BN @p,p N @op,p

Consequently,

) where 11¢ (h,, ) is the unique root of equation

for all ]D)T\licoc(ho\ﬁ

h” . (r
1—a+ (1+K)r o (1)

B g
hos(r)

in (0,7,p,1). This completes the proof. O

Remark 1 It is clear that by choosing k = 0 in the above theorem we obtain
the earlier results given in [17, Thm. 5, p. 107]. Moreover, fork =1 and o =0
in the above theorem we get the results given in [5, Thm. 2.2].
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2.2 The radii of k-uniform convexity of order « of normalized
g—Bessel functions

In this subsection, we shall concentrate on Jackson’s second and third (or
Hahn-Exton) q—Bessel functions which are defined by

2) q' “( )" )
v (Z; ) = OO ey
iz Té) (4 (@5 q)n
and +1 ny2n+
3) 4 " q) oo Y Tama)
(Z; ) = 2 )
M ED =G = q T )

where z€ C, v>—1,q € (0,1) and

@@=, (@@ =11 (1-aa""), (aa=]](1-ag").

k=1 k>1

These functions are q—analogue of the classical Bessel function of the first

kind [23] N o s
Mo =(3) L e ()

since

. 12) L @ (1=q_ .\ _
él}q]v ((1—-2)g;q) = Jv(2), él;qlv ( 5 Z»q>—lv(2)-

Obviously, the functions ]E,z (.;q) and ]V (., ) do not belong to A, and thus
first we perform some natural normalization. We consider the following six
normalized functions, as given by [10], originating from ]E,z) (;;q) and ](V3)(.; q):
For v > —1,

2=

Piza) = (a@PEza),  Fza= (@), v £0

9P (zq) = 2'cv(q)z HJ(VZ)(Z'q) “)(z-q) = ¢,(q)2"1Y (2 9),
h(z:q) = 2V¢y(q)z Y (Vzq), (zq) = v (q)2" 11 (Vz: q),

where ¢y (q) = (q; q)oo/(q"“; q)co- It is clear that each of the above functions
belong to the class A.
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In view of [10, Lem. 1, p.972], we know that the infinite product represen-
tations of the functions z — ].(VZ) (z;q) and z — j£,3)(z; q) are of the form

v

P AN __z Dza) = 2 _Z2>
W (Z’q)_zm(q)l_[(] J‘%,n(q))’ Mz cv(q)H<] Bn(a)

>1 n>1

Where jy,n(q) and Ly (q) denote the nth positive zeros of the functions j£,2) (z;q)
and jv ( ; q), respectively.

Also from [10 Lem. 8] we observe that the functions z — gV 'z 1q), 2

y (z,q),z+—> gV ( ;q) and z — hv ( ; q) are of the form

dgy’(z,q) < z? ) dgy’ (% q) ( 22 >
BT ¢ S U D o NP

dz TE[] oZn(q))’ dz g Vi@ (15)
dhi?(zq) z ah® (z q) .
dz:g<1— B%,n(‘ﬂ)’ dz :g<1_w> (16)

where &y n(q) and v (q) represent the nth positive zeros of z — z. d](f)( q)/
dz+ (1=)]P(zq) and z = z.d] ¥ (z,q) /dz+ (2— )] (z; q), while yvn(q)
and 8y n(q) are the nth positive zeros of z — z.d]£,3) (z;q)/dz+(1— )]y (z;q)
and z — z.d]£,3)(z; q)/dz+ (2 — v)](vs)(z; q).

Now, we are ready to present our results related with the radius of k—uniform
convexity of order o of the normalized q—Bessel functions:

Theorem 2 Let v > —1, s €{2,3} and q € (0,1). Then, the following asser-
tions holds true

a. Suppose that v > 0. Then the radius of k—uniform convezity of order

o of the function z — f (Z q) is the real number Tt‘fa(fg,s)) which is the
smallest positive root of the equation

1—a+ (1+K)r

n (0,7,,1(q).

b. The radius of k-uniform convezity of order o« of the function z — g(f) (z;q)
(s)

1s the real number r (gV ) which is the smallest positive root of the
equation
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(-0 + o= (10w )
+ (1 — a4 2(1+K)(1 —V))r (J(j)(r;q))'
+ (14107 (W) =0
in (0, &y, (q)).

c. The radius of k-uniform convexity of order « of the function z — hE,s] (z,q)

s the real number T‘ﬁfa(hg,s)) which is the smallest positive root of the
equation

(v=2 w1419 - 20— ) )¢
+ ((3 —2v)(1+ %) +2(1 — cx))ﬁ (o

+ 0+ (1) =0

in (0,321(q)), where |5 = (V71 q).

Proof. Since the proofs for the cases s = 2 and s = 3 are almost the same we
are going to present the proof only for the case s = 2.

a. In [10, p. 979] it was proven that the following equality is valid

(f(vz) (z;q )) ’ 1 272 272
Tz =T (=1 -
+Z<f£/2)(z;q))/ <V );j%,n(q)_zz ;jli,n(q)_zz,

where jyn(q) and j(,’n(q) are the nth positive roots of the functions
Z ](vz) (z;q) and z — d](vz)(z; q)/dz, respectively.

Now, suppose that v € (0, 1]. Taking into account the inequality (4), for
zE ]D)jq (q) We obtain the inequality
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(2) "
v (z9) 1 212
(=) Vo mhala e
Y (1)
112] jl%’)n(q) —Tz

(f£/2) (T; q)) ’

=1 +T<f(vz)(r;q)), ’

where |z| = r. Moreover, by using triangle inequality along with the fact

that %—1 > 0, we get

(V)| (Prma)

(Pea) | (Pma)

(18)

On the other hand, observe that if we use the inequality (3), then we
obtain that the above inequalities is also valid for v > 1. Here we used
tacitly that the zeros jvn(q) and j} ; (q) interlace according to [10, Lem.

9., p. 975]. The above inequalities imply for r € (O,ji,J (q))

e (1 . (f(vz) (z: q))l,)_ . |Z (fgll)(z; q))u

(=) (P za)

The function u. : (O,j;y] (q)) — R defined by

inf
|lzl<T

2r? 1 2r?
>1 ]vn(q) -T v ]V»n(q) -T

is strictly decreasing since

, 4ri'% . (q) ( 1) 412 (q)
M=—+k Y [—Pend (") @
o ‘r; (()I%,n(q) _rz)z v (]%,n(q) _TZ)Z

('
—a|=1—a+(1T+K)r .
(2)

)
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for r € (O,j;y] (q)). Also, it can be observed that

Iimuy(r)=1—oxand lim u,(r)=—o0.
() v/, 1 (a) ()

Consequently, it is obvious that the equation

@ 3\
(9 (r,q))/ »

(f[f) (7; q))

has a unique root Tlli,coc (f(VZJ (z;q)) in D(o,j;)](q)), where ri‘fa (f(vz) (z;q))

T—a+ (14+K)r

is the radius of k—uniform convexity of order o« of the function z +—
(2)
v (zq).

Taking into account Equ. (15) and (16), the rest of proof is obvious and follows
by considering a similar way of concluding process as in the previous theorem.
This is why we omit the rest of proof here. O

Remark 2 It is obvious that by taking k =1 and & = 0 in the above theorem
we obtain the results given in [5, Thm. 2.1].

2.3 Radius of strong starlikeness of normalized Wright and
g—Bessel functions

In this subsection, our aim is to present the radius of strong starlikeness of
normalized Wright and q—Bessel functions. It is well known from [19] that a
function f € A is said to be strong starlike of order vy, 0 <y < 1, if

zf'(z) 19%
— D
‘rg B <5 zE€
and the real number
f/
Ty (f) = sup {r > 0: |arg Zf(z) 7[271/) Vz € Dr}

is called the radius of strong starlikeness of f.
The following lemma have an important place for finding our main results:
Lemma 2 [19] If a is any point in largw| < B and if
s s
Ra < Rela] sin % — Im[a] cos %, Im[a] > 0,
the disk lw — a| < Ry is contained in the sector largw| < % O0<y<1.In

particular when Im[a] = 0, the condition becomes Ry < asin %



Radii problems for normalized q—Bessel and Wright functions 219

We are now in a position to present our main results related with the radii
of strong starlikeness of normalized Wright and q—Bessel functions. Upcoming
theorem is related with normalized Wright functions.

Theorem 3 Let p >0 and B > 0. The following assertions are true:

a. The radius of strong starlikeness of f,p is the smallest positive Toot of
the equation

2 (2
2 T (Apﬁn—Fr s1n2) oy
Bl N g sy =0
n>1 p,B,m

m (0,7\p,[5’1).

b. The radius of strong starlikeness of g, p is the smallest positive root of
the equation

2 (12 2
T (Apﬁn—i-r sm%) oy
ZZ —sin— =0

n>1 pﬁn - 2

in (0,Ap,p,1)-

c. The radius of strong starlikeness of hy g is the smallest positive root of
the equation

(?\pﬁn—l—rsin%) oy
X 5 — sin 5 = 0
le] p)ﬁvn -T

n (0,?\&611).
Proof. For |z] <1 < 1, |z¢| = R > r, we have from [19]

z Tz

z—zx R&—12

Rr
= RZ_q2°

(19)
. . 2
Since the series ) <4 Azlfirz and } 54 e T— are convergent, we arrive at
- P,

zf’ (

W [5 Z 71‘4 = (3 Z 4 1‘4 (20)

n>1 an n>1 p,Bn
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19:) [5(2) 27 o’
=R 1=y ]| <2) Nopa™ (21)
7 1 A
90.8(2) =1 Mo T =1 Mopon -
zh’
1= <y Mo (22)
N 2 A
hp’ﬁ( =1 Mopon - =1 Mopon —r?
for z € Dy, ;, where |z| =T and Aj g stands for the nth positive zero of the

function A, g. Thanks to Lemma 2, it is obvious that the disk given in (20) is
contained in the sector [argw| < &Y, if

7T
2y el 2y e

n>1 an n>1 pﬁn

is satisfied. This inequality reduces to P (r) < 0 where

2 <?\§ g+ 17sin m//Z) Ty
Y(r) :g X 1 —sinT.
le] p»ﬁyn -T
We note that
Z 2r7\p pn T 21‘57\p pn T 4T3}\é,[?>,n siny/2 -0
4 Ay =
B T1>] (}\p»B n T )

Moreover, limxo(r) < 0 and lim; =, W(r) = co. Thus P(r) = 0 has a
unique root say R, , in (0,Ap s 1). Hence the function fy g is strongly starlike

in |z] < pr 6
The disk given in (21) is contained in the sector largw| < Z¥ if
()\‘2) g T 17sin 7ry/2> v
T‘)ZZZ —— —sm7§O.
TlZ] p,ﬁ,Tl

Also, the proof of part (b) is completed by considering the limits lim,\ o ¢(r) <
0 and lim, =, ., &(1) =
The proof of part (¢) is obvious and follows by considering the same con-
cluding process as in the proof of part (b).
]

Since it can be obtained desired results by repeating the same calculations
in the previous theorem we present the following theorem without proof.
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Theorem 4 Letv > —1,s €{2,3} and q € (0,1). Moreover, letnyn(q) be the

nth positive root of the function z — ]E,S)(z; q). Then the following assertions
are true:

a. The radius of strong starlikeness of the function fg,s)(z; q) is the smallest
positive root of the equation

2 Y mia(q)+risin®) my

Vn21 Tli‘/,n(Q)—Tl‘ 2

n (0,Mv,1(q)), whereny,1(q) is the smallest positive zero of the function
(s)
Jv'(z9).

b. The radius of strong starlikeness of gg,s)(z; q) is the smallest positive root
of the equation

2 .
ZZ (M2 (@) + s:n%) Ty
n>1 nvn q)—r

n (0,mv,1(q)).

c. The radius of strong starlikeness of hs,s)(z; q) is the smallest positive root
of the equation

y! (Min(q) +1siny) my

—sin— =0

4 — 12
= mald-r 2

n (0,n7(q)).
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