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Abstract. The object of the present paper is to study para-Kenmotsu
manifolds satisfying different conditions of semi-symmetric type.

1 Introduction

Recently, A. A. Shaikh and H. Kundu [8] studied the equivalency of various
geometric structures. They have proved that the conditions

i) R-R=0,R-C=0and R-P =0 are equivalent and we call such a class
Gi;

ii) C-R=0,C-C=0and C-P =0 are equivalent and we call such a class
Ga;

iii) C-R=0,C-C=0and C-P =0 are equivalent and we call such a class
Gs;
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iv) H-R=0,H-C =0 and H-P = 0 are equivalent and we call such a class
Gy;

v) R-C =0 and R-H =0 are equivalent and we call such a class Gs;

vi) C-H=0and C- C =0 are equivalent and we call such a class Gg;

vii) C-H=0and C-C =0 are equivalent and we call such a class G
viii) H-H =0 and H - C = 0 are equivalent and we call such a class Gg,
where R, C, C, H and P are the Riemannian, conformal, concircular, conhar-

monic and projective curvature tensors, respectively.

In an n-dimensional Riemannian manifold (M", g) (n > 3), the conformal
curvature tensor C [2], conharmonic curvature tensor H [3], concircular curva-
ture tensor C [13] and projective curvature tensor P [7] are defined respectively
by

CX\YIZ = RIX,VIZ— —5[S(%,Z)X~S(X,2)Y (1)
+ g(%,2)QX —g(X,2)QY]
+ m[g(xZ)X—g(x,zm,

H(X,Y)Z = R(X,Y)Z—%Z[S(Y,Z)X—S(X,Z)Y (2)

CX,Y)Z =R(X,Y)Z — [9(Y, Z)X = g(X, Z2)Y], (3)

nn-—1)

POGY)Z = RIX,Y)Z — L [S(%, )X — S(X, Z)Y), (4)

where Q, S and r are the Ricci operator, the Ricci curvature tensor and the
scalar curvature of M™. The Ricci operator Q and the (0,2)-tensor S? are
defined as

S(X,Y) = g(QX,Y) and S*(X,Y) = S(QX,Y) = g(Q*X,Y).

The present paper is structured as follows. In Section 2, we briefly recall
some known results for para-Kenmotsu manifolds. In Section 3, we study para-
Kenmotsu manifolds belonging to the class Gy (i = 1,2,...,8) and we prove
that a para-Kenmotsu manifold belonging to the class G is Einstein, whereas
such a manifold belonging to the class Gs is n-Einstein.



470 N. Sarkar, K. K. Baishya, A. M. Blaga

2 Para-Kenmotsu manifolds

The notion of almost paracontact structure was introduced by I. Sato. Ac-
cording to his definition [9], an almost paracontact structure (®,&,n) on an
odd-dimensional manifold M™ consists of a (1,1)-tensor field @, called the
structure endomorphism, a vector field &, called the characteristic vector field
and a 1-form n, called the contact form, which satisfy the following conditions:

D=0, Mo ® =0, rank ® =n—1. (7)

Moreover, if g is a pseudo-Riemannian metric satisfying

for any vector fields X and Y on M™, then the manifold M™ [9] is said to
admit an almost paracontact Riemannian structure (@, &,n,g). Remark that
from the above conditions we get

9(X, &) =n(X), (9)

for any vector field X on M"™. Examples of almost paracontact metric structures
are given in [4, 1].
An analogue of the Kenmotsu manifold [5] in paracontact geometry will be

further considered.

Definition 1 [6] The almost paracontact metric structure (@, &,m, g) is called
para-Kenmotsu if the Levi-Civita connection V of g satisfies

for any vector fields X and Y on M™,.

The para-Kenmotsu structure was also considered by J. Welyczko in [12] for
3-dimensional normal almost paracontact metric structures. A similar notion
called P-Kenmotsu structure appears in the paper of B. B. Sinha and K. L. Sai
Prasad [11]. We shall further give some immediate properties of this structure.
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Proposition 1 If (M™, ®, & n,g) is a para-Kenmotsu manifold, then [11]:

S(X, &) = —=(n—1)n(X), (10)
R(X,Y)E =n(X)Y =n(Y)X, (11)
n(R(X,Y)Z) = g(X, Z)n(Y) — g(Y, Z)n(X), (12)

where S is the Ricci curvature tensor and R is the Riemannian curvature ten-
sor.

In view of (12), one can easily bring out the followings:
9(C(X,Y)Z,&) = n(C(X,Y)Z)) (13)

1 T
) Kn — T D% Zn(X) — g(x,zm(v))

- <S(Y,Z)n(X)—S(X,Z)n(Y)>}

g(H(X,Y)Z,&) = n(H(X,Y)Z)) (14)

1
= 5 ZmX) —g(X, Z)n(Y)

— (S Zn(X) = S(X, Z)n(Y))],

g(C(X,V)Z,&) = m(C(X,Y)Z)) (15)
T
_ (Mn_” T 1) 190X, ZIn(Y) - g(¥, ZIn(X),
9(PX,V)Z,E) = n(P(X,Y)Z) (16)

= 9(X,Zn(Y) = g(Y, Z)n(X)

— ——=(S(; Z(X) — S(X, Zn(Y)].
n—1

Definition 2 [10] An almost paracontact Riemannian manifold M™ is said to
be an n-FEinstein manifold if the Ricci curvature tensor S is of the form

S=ag+bnen,
where a and b are smooth functions on M™ andn is a 1-form.

In particular, if b =0, then M™ is said to be an Finstein manifold.
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3 Main results

In this section we consider different types of semi-symmetric para-Kenmotsu
manifolds, namely, para-Kenmotsu manifolds belonging to the classes G; (i =
1,2,...,8).

3.1 Para-Kenmotsu manifolds belonging to the class G;

We consider para-Kenmotsu manifolds admitting the condition
(R(X,Y) - R)(Z, W)V =0,
which implies

g(R(&, YIR(Z, W)V, &) — g(R(R(E, Y)Z, W)V, €) (17)
—9g(R(Z,R(, Y)WV, &) — g(R(Z, U)R(E, V)V, &) = 0.
PuttingY = Z = e; in (17), where {e1, ez, €3, ..., en_1, €y = &} is an orthonormal

basis of the tangent space at each point of the manifold M™ and taking the
summation over i, 1 <1i < mn, we get

D 9(R(E e)R(e, WV, E) — D g(R(R(E, ei)ei, L)V, €) (18)
i=1 i=1
— > g(R(e;, R(E, &)UV, E) — > g(R(ei, WR(E, &)V, &) =0

i=1 i=1

Using (10)-(12) we obtain

Y g(R(E e)R(e, UV, E) = —g(U, V) +n(Un(V) = S(W,V),  (19)
i=1
Y g(R(R(E er)er, WV, £) = —(n— D)[—g(U, V) +n(Un(V)],  (20)
i=1
> g(Res, R(E, e)U)V, &) = —g(U, V) +n(Wn(V), (21)
i=1

D g(R(ey, WR(E, ei)V, &) = (n—Tin(Wn(V). (22)

i=1
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By virtue of (19), (20), (21) and (22), the equation (18) yields
SU, V) == —Tg(l,V). (23)
Thus, we state the following theorem.

Theorem 1 A para-Kenmotsu manifold belonging to the class Gy is always
an Einstein manifold with the Ricci curvature tensor given by (23).

3.2 Para-Kenmotsu manifolds belonging to the class G,
We consider para-Kenmotsu manifolds admitting the condition

which implies
9(C(&, YIR(Z, W)V, &) — g(R(C(E, V) Z, W)V, €) (24)
—9(R(Z, C(&, Y)WV, &) — g(R(Z, U)C(E, V)V, &) = 0.

Putting Y = Z = e; in (24) and taking the summation over i, 1 <i < n, we
get

D 9(C(&e)R(e;, WV, E) — > g(RC(E, ei)es, WV, E) (25)
i=1 i=1
— > 9(R(ei, C(§, )W)V, E) — ) g(R(e;, U)C(E, €1V, &) = 0.

i=1 i=1

Using (10)-(12) and (1) we obtain

Z 9 En ei)R el,U)V, &)

;s

wal (5
n - < > R(&, W)V )],

D 9(R(C(E e, WV, E) =0, (27)

i=1

> U, V) — S?(U, V]26)

> glRles, CleeUe) = |- (1 + 1 )aRIEWY) (29

i=1
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Z g(R(e;, U)C(E, )V, &) = (29)

By virtue of (26), (27), ( 8), (29) and using (12), the equation (25) yields

T
(n_] )S(U,V) = —(n—1g(U,V)+S*U,V). (30)
Thus, we state the following theorem.

Theorem 2 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gy satisfies (30).
3.3 Para-Kenmotsu manifolds belonging to the class G;
We consider para-Kenmotsu manifolds admitting the condition
(CX,Y)-R)(Z, W)V =0,
which implies
9(C(& YIR(Z, W)V, &) — g(R(C(E, Y)Z,U)V, &) (31)
—g(R(Z,C(E, Y)WV, &) — g(R(Z, U)C(E, VIV, E) = 0.

Putting Y = Z = e; in (31) and taking the summation over i, 1 <i < n, we
get

n n

D g(Cl&, eR(e;, WV, E) — Y g(R(C(E, er)ei, UV, ) (32)
i=1 i=1
—> 9(R(e;, C(&,e)U)V,E) — Y g(R(es, UC(E,e)V, &) =0.

i=1 i=1

Using (10)-(12) and (3) we obtain

3 9(ClE e)R(ex, UV, ) = (TL(TL‘"U+1>[—g(u,V)+n(um(V)—S(u,vn,

i=1

3 g(RIC(E, ees, WV, E) = (n(nr_” N 1)(n— Dlg(U, V) —n(Wn (V)

i=1
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Y g(Rle;, ClE, e)WV;E) = (n(n*’” + 1)[—g(u,V) +nWn(V)], (35)

i=1
n

3 gRlen UC(E, eV, ) = (Tl(n"_” +1>(n—1)n(u)n(V)- (36)

i=1

By virtue of (33), (34), (35) and (36), the equation (32) yields

T
<n(n_n “)[S(U»V) +(n—1)g(U, V)] =0. (37)

Thus, we state the following theorem.

Theorem 3 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class G3 satisfies (37).

3.4 Para-Kenmotsu manifolds belonging to the class G,

We consider para-Kenmotsu manifolds admitting the condition
(H(X,Y)-R)(Z,U)V =0,

which implies

g(H(& YIR(Z, UV, &) — g(R(H(E, Y)Z, W)V, €) (38)
—9g(R(Z,H(&, YJU)V, &) — g(R(Z, WH(E, Y)V, &) = 0.

Putting Y = Z = e; in (38) and taking the summation over i, 1 < i < n, we
get

D g(H(E e)R(e, )V,E) — D g(R(H(E, er)er, W)V, ) (39)
i=1 i=1
— Y g(R(e;, H(& e WV, &) — Y g(R(es, UH(E, &)V, £) =0.

i=1 i=1

Using (10)-(12) and (2) we obtain

n

Y olH& e)R(e, WV E) = —ing(U,V) —mn(Wn(V)  (40)

i=1

+ S(ua V) - SZ(U,V)],
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- 1
; g(R(H(&, ei)e;, WV, E) = — [rg(U, V) —m(Un(V)], (41)
- 1
; 9( (eu (E,, e‘l,) )V) E,) = ﬁ[g(u, V) — nn(U)n(V) _ S(u) V)]) (42>
2_9(Rlen, WH(E eV &) = 1_2m(u)n(V)- (43)

i=1

By virtue of (40), (41), (42) and (43), the equation (39) yields

m v+ s v, (14)

Thus, we state the following theorem.

S(U,V) = —

Theorem 4 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gy satisfies (44).
3.5 Para-Kenmotsu manifolds belonging to the class Gs

We consider para-Kenmotsu manifolds admitting the condition
(R(X,Y)- C)(Z,U)V =0,
which implies

9(R(&,Y)C(Z,U)V; &) — g(C(R(E, Y)Z, U)W, €) (45)
—9(C(Z,R(E, YUV, &) — g(C(Z, W)R(E, V)V, &) = 0.
Putting Y = Z = e; in (45) and taking the summation over i, 1 <1 < n, we
get

n n

D 9(R(&e)Cle;, WV, E) = Y g(C(R(E, er)ei, W)V, ) (46)
i=1 i=1
— > 9(Cley, R(E, e)U)V,E) — Y g(Cles, WR(E, €)V, &) = 0.

i=1 i=1

Using (10)-(12) and (1) we obtain

n

> 9(R(E,e)Clei, WV, E) = n(C(E,W)V), (47)

i=1
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n

> g(C(R(, ei)ei, WV, E) = —(n— T)n(C(E, U)V), (48)
i=1
> 9(Cle, R(E, e W)V, €) = n(C(E,W)V), (49)
i=1
> g(Cle;, WR(E, &)V, &) =0. (50)

i=1

By virtue of (47), (48), (49), (50) and using (13), the equation (46) yields

T T
S(U, V) = <n_]+]>9(u)v)_ <n—1 +n>n(U)n(V)- (51)
Thus, we state the following theorem.

Theorem 5 A para-Kenmotsu manifold belonging to the class Gs is always
an n-FEinstein manifold with the Ricci curvature tensor given by (51).

3.6 Para-Kenmotsu manifolds belonging to the class Gg

We consider para-Kenmotsu manifolds admitting the condition
which implies

9(C(& YIH(Z, WV, &) — g(H(C(&, Y)Z, W)V, €) (52)
—9g(H(Z, C(§, Y)WV, &) — g(H(Z, U)C(E, YV, &) = 0.

Putting Y = Z = ¢; in (52) and taking the summation over i, 1 < i < n, we
get

n n

D g(C(& e)H(e, WV, E) — Y g(H(C(E, ei)ei, W)V, €) (53)
i=1 i=1

— Y g(H(e;, C(&, e)U)V,E) — ) g(H(e;, U)C(&, )V, ) = 0.
i=1 i=1
Using (10)-(12), (1) and (2) we obtain

n

D g(C(&,e)H(es, WV, &) (54)

i=1
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1 [—r(Tli] + 1>g(u,V) —nS* (U, V) +rS(U, V)

(n—2)2
QI o V) = (=2 T ik, wvi |
D g(H(C(&, ei)ei, W)V, &) =0, (55)
i=1
> g(H(e;, C(&,e)U)V, £) (56)

i=1

B m_]z)z[‘(“‘z)<ni1 +1>n(H(a,u)V)—sz(u,w

©OS(UV) 4 n(n— 1)n(u)n(V)],

n

D g(H(e;, WC(E, &)V, €) (57)

i=1

2
- _(nlz)z [nr_1 +2r— | Q[ +nin— 1)}H(U)H(V)-

By virtue of (54), (55), (56), (57) and using (14), the equation (53) yields
(n+r—2)S(U,V) (58)
_ T - 2
= (5 1) el ety

+ (1@l =r( 1 +2) —nin— D] n(v) + (- 15UV,

Thus, we state the following theorem.

Theorem 6 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gg satisfies (58).

3.7 Para-Kenmotsu manifolds belonging to the class G-

We consider para-Kenmotsu manifolds admitting the condition
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which implies

g(é(&,Y)H(Z U)V &) — g(H( ( ) )Z U)V &) (59)

Putting Y = Z = e; in (59) and taking the summation over i, 1 <1 < n, we
get

n n

D 9(C(& e)Hle, WV, &) — Y g(H(C(E, er)e;, WV, ) (60)

i=1 i=1
n n

— > g(H(e;, C(&, &)UV, &) — Y g(H(es, U)C(E, &)V, &) =0.

i=1 i=1

Using (10)-(12), (2) and (3) we obtain

Y 9(C(& e)Her, WV, €) = (n(nr_]ﬁ 1) [n(H(a,u) )+ —59(W V)],
i=1

3 g(HC(E ees, WV, &) = —<n(nr_” i 1) (- Dn(HE WY, (62)

i=1

n

S glH(e, C(&,e)U )v,z,)—(n(n"_UH)n(H(a,U)V), (63)

i=1

n

3 g(H(en UC(E, eV, £) = (n(nr]) ¥ 1)nr2n(u)n(V)- (64)

i=1

By virtue of (61), (62), (63), (64) and using (14), the equation (60) yields

T - .
<n(n_”+1>[S(U,V) <_1+1)9(U,V) <n_1—“)ﬂ(u)ﬂ(Vﬂ=0-

Thus, we state the following theorem.

Theorem 7 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gy satisfies (65).
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3.8 Para-Kenmotsu manifolds belonging to the class Gg

We consider para-Kenmotsu manifolds admitting the condition
(HX,Y)-H)(Z,U)V =0,

which implies

g(H(E, YIH(Z, WV, &) — g(H(H(E, Y)Z, W)V, €) (66)
Putting Y = Z = e; in (66) and taking the summation over i, 1 <i < n, we
get

n n

D g(H(E e)H(e, U)V,E) — > g(H(H(E, ei)ei, W)V, E) (67)
i=1 i=1
— > g(H(e, H(E, e)U)V,E) — Y g(H(e;, H(E, &)V, &) = 0.

i=1 i=1

Using (10)-(12) and (2) we obtain
D g(H(E e)H(e, W)V, E) (68)
i=1

= (e 2n(HE WY) - S (U, V) 4+ rS(U, V)
(n 2

+ Q% g(U, V) —rg(U, V)],

Zg H(E ees, WV, ) = ———n(H(E, WV), (69)

n

> g(H(ey, H(E e) W)V, &) (70)
i=1

_ 1 2

= mogp (e INHE WY) - S V)
+S(U, V) +n(n— Tn(Wn(V)],

n

> g(H(e, WH(E, e) V&) = —

i=1

2r— || Q [|* 4n(n — )In(Wn(V).
(71)

(n—2)2
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By virtue of (68), (69), (70), (71) and (14), the equation (67) yields

(m—2)S(W,V) = [(n—1—]Q[*]glL,V) (72)
—nn—=1=m=2r — [ QI n(Wn(V)+ (n—1)S*U,V).

Thus, we state the following theorem.

Theorem 8 The Ricci curvature tensor of a para-Kenmotsu manifold belong-
ing to the class Gg satisfies (72).

We can conclude the followings.

Remark 1 Let M™ be a para-Kenmotsu manifold of dimension n > 3.

i) If M™ belongs to the class Gy, then M™ is an Einstein manifold of constant
negative scalar curvature v = —n(n—1).

ii) If M™ belongs to the class Gy, then the Ricci operator satisfies

1QI*= (n—1)7%

iii) If M™ belongs to the class Gs, then M™ is of constant negative scalar
curvature v = —n(n —1).
iv) If M™ belongs to the class Ga, then the scalar curvature satisfies

nn-—1) (n—1)

1 ;M
= — <
r=tE o Qs

n—2

v) If M™ belongs to the class Gs, then M™ is an n-FEinstein manifold.
vi) If M™ belongs to the class Gy, then M™ is of vanishing or constant
negative scalar curvature v = —n(n—1).
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