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Abstract. In this paper we introduce and study the split Horadam
quaternions. We give some identities, among others Binet’s formula, Cata-
lan’s, Cassini’s and d’Ocagne’s identities for these numbers.

1 Introduction

Let C be the field of complex numbers. A quaternion x is a hyper-complex
number represented by

H={Xx=ay+aii+aj+ak:a; €R,s=0,1,2,3},

where {1,1,j,k} is an orthonormal basis in R*, which satisfies the quaternion
multiplication rules:
2= =K =ijk=—1,

ij=k=-ji, jk=i=—kj, ki=j=—ik.

The quaternions were introduced by W. R. Hamilton in 1843.
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Another extension of the complex numbers is the algebra of split quater-
nions. The split quaternions were introduced by J. Cockle in 1849 [2]. The set
of split (or coquaternions) can be represented as

A ={y =bo+bii+bsj+bsk:bseR, s=0,1,2,3}
where {1,1,j, k} is the basis of H satisfying the following equalities
==t =-1, (1)
ij =k =—ji, jk=—1=—kj, ki=j =—ik. (2)
The split quaternion can be rewritten as
y = (bo + bri) + (b2 + b3i)j = z1 + 22§, z1,22 € C.

The split quaternions contain nontrivial zero divisors, nilpotent elements
and idempotents. The conjugate of a split quaternion y = by +b1i+byj+ bsk,
denoted by 1, is given by § = by — bji — byj — bsk. The norm of y is defined
as

N(y) =yy = bj + bf — bj — b3. (3)

Let y1,y2 € A, y1 = a1 + bri + ¢1j + dik,y2 = az + bai + c2j + dyk. Then
addition and subtraction of the split quaternions is defined as follows

yrtyz=(ar £ ay)+ (by £b2)i+ (¢ £c2)j + (dy = dy)k.
Multiplication of the split quaternions is defined by

Y-y =aray —biba+cicp + dydy + (a1by + bra; —cidy + dico)i (4)
+ (ajc2 +crap —bydy + diby)j + (arda + draz + bicz — c1ba)k.

For the basics on split quaternions theory, see [5].

2 The Horadam numbers
In [3] Horadam introduced a sequence {Wy} defined by the following relation
Wy =a,W; =b, Wy =pW,_1+qW;_, forn >2 (5)

for arbitrary a, b, p, q € Z. This sequence is a certain generalization of famous
sequences such as Fibonacci sequence {F,} (a =0,b =1, p = q = 1), Lucas
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sequence {Ly} (a =2,b =1, p = q=1), Jacobsthal sequence {J,} (a =0,b =
1, p =1,q = 2), Pell sequence {P,} (a =0,b =1, p =2,q = 1), Pell-Lucas
sequence {PL,} (a =b =1, p = 2,q = 1). The sequences defined by (5) are
called sequences of the Fibonacci type.

The characteristic equation associated with the recurrence (5) is

¥ —pr—q=0.
Assuming that p? 4 4q > 0, the equation has the following roots

B0 VA e ter: N VA i (©)
2 V2T

™ 3 .
Note that
412 =p, (7)
T — 12 =/ p? +4q, (8)
mr2 = —d(. 9)

The Binet’s formula for the sequence {Wy} has the following form

(b —ar)r} — (b —ary)ry

W, =
TN —T2

Let

b—anr b—an

o= , B = . (10)

L Bl ] n—"n
Then

Wy = arf — pry. (11)

In the next section we will use the following result.

Theorem 1 Let n,p, q be integers such that n > 0, p> +4q > 0. Then

n—1
ZWIZWTd—an_]—i—a(p—U—b' (12)
1=0

p+q—1
Proof. Using formula (11), (7) and (9), we get
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o— B — (ory — Bry) — (o — Br) + oot — pry )
1—(r1+1)+rm
o« — B —(ory — Br) = Wi — qWng
1-p—q '

By simple calculations we have « — 3 = a, ar; — 317 = ap — b. Hence

js Wy + qWony +a(p—1) —b
> wi- -
1=0 ptq—l

g

Numbers of the Fibonacci type appear in many subjects of mathematics.
In [4] Horadam defined the Fibonacci and Lucas quaternions. In [1] the split
Fibonacci quaternions Qn and split Lucas quaternions T,, were introduced by
the following relations

Qn = Fn + iFn1 +jFng2 + kFnas,
TTI — I—TI + iLn_;,_] + jLTL-‘rZ + kLn+3,

where F,, L, is nth Fibonacci and Lucas number, resp. and {i,j, k} is the
standard basis of split quaternions. In the literature there are many gener-
alizations of the Fibonacci and Lucas sequences, among others k-Fibonacci
sequence {Fyn}, k-Lucas sequence {Ly}, defined for k € N in the following
way

Fk,O = 0, Fk’] = ], Fk,n = ka’n,] + Fk’nfz for n > 2,

Lo =2,Lx1 =k, Lyn =klxn-1+ Lgna forn > 2.

Some interesting results for the split k-Fibonacci and split k-Lucas quaternions
can be found in [6]. In [7] the authors studied split Pell quaternions SP, and
split Pell-Lucas quaternions SPL,;, defined by

SPn =P+ iPnH + an+2 + kPn+3>
SPLn = PLn + iPLn+] + jPLn+2 + kPLnJrg,

where P, and PL,, is nth Pell and Pell-Lucas number, resp.

We will focus on split Horadam quaternions. We will present some identities
for the split Horadam quaternions, which generalize the results for the split
Fibonacci quaternions, the split Lucas quaternions, the split Pell quaternions
and the split Pell-Lucas quaternions.
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3 The split Horadam quaternions
For n > 0 define the split Horadam quaternion H;, by
Hn = Wn + iWini1 + W2 + kWoys, (13)

where W,, is the nth Horadam number and 1i,j, k are split quaternionic units
which satisfy the multiplication rules given by (1) and (2).
By (5) and (13) we obtain

Ho = a + bi+j(pb + qa) + k(p*b + pga + qb)
Hy = b +i(pb + qa) +j(p’db +pqa + gb) + k(p®b +p’qa + 2pqb + g%a)
H; = pb + qa +i(p?b + pga + qb) +j(p°b + p*qa + 2pgb + g%a)

+k(p*b +p3qa + 2pq(pb + qa) + p*qb + ¢*b). (14)

For any n > 0 we obtain the norm of H;.
Proposition 1 Let n,p, q be integers such that n > 0, p> +4q > 0. Then
N(Hn) = (1 —¢* = p* g )Wy + (1 —p* — (p* + ¢V
—2pq(1 +p* + QW W 1.
Proof. Using formula (3) and (13), we get
N(Hn) = Wa +Wp 1 = Waiy — Wi s
2 2 2 2 2
= Wn + Wn+1 - (pwn-H + an) - ((P + q)Wn—H +qun))

= Wi + Wiy — (PP Waiy + 2pqWaWa 1 + ¢°W3)
— ((p* + q)*Wa, +2pq(p* + Q) WaWyig + p*q*Wa).

By simple calculations we get the result. O

By (13) we get a recurrence relation for the split Horadam quaternions.

Proposition 2 Let n,p, q be integers such that n > 2, p> +4q > 0. Then
Hn = pHn—1 + an—Z)

where Ho, Hy are given by (14).
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Proof. By formula (13) and (5) we get

PHn1 + qHp 2 = p(Who1 + Wy + Wi + kW)
+ q(Wn—2 +iWn_1 + Wy + kWy 1)
=pWh 1+ qWy 2 +i(pWn + qWy 1)
+3(pWh+1 + qWh) + k(pWhi2 + qWhi1)
= Wn + Wi + Wi + kWi = Ha,

which ends the proof. O

Theorem 2 Let n,p, q be integers such that n > 0, p> +4q > 0. Then
(i) Hp + Hp = 2W,,

(ii) N(Hn) = 2WyH, — H3

ne

Proof. (i) Using the definition of the conjugate of a split quaternion we obtain
the result.
(ii) By formula (13) we have

Hi = WTZI - W121+1 + Wr21+2 + Wr21+3
+ 2iW Wit + 2Wa Wi + 2kW, Wi 3
= - WTzl - Wrzwrl + W121+2 + WT21+3
+ 2(W2 + iWa Wit + jWaWa o + kW Wi 3)
= 2Wn(Wh + W + W2 + kWig3)
—WE Wi + WA, +WE
= 2W,oHn — N(Hp).

Hence we get the result. U

The next theorem presents the Binet’s formula for the split Horadam quater-
nions.

Theorem 3 (Binet’s formula) Let n,p,q be integers such that n > 0, p* +
4q > 0. Then
Hy = O‘ﬁﬂl - B{‘\Z‘r?> (15)

where 11,72, B are given by (6), (10), resp. and i = 1+ iry + jr5 + k3,
5 =1+1iry +jr5 + k3.
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Proof. By (11) we have

Hy = Wi + iWoi1 + Wi + kWi
= or] — B} + (o™ — B3 4 (T — pritE)
+ k(o3 — pr3)
= ary (1 +iry 4 jr 4 kr?) —Bry (1 +irp 4 + kr%)
= afjry — vy,
]

Using the Binet’s formula (15), we can obtain some new identities for the
split Horadam quaternions. We will use the following lemma.

Lemma 1 Let f = 1+1ir +jrf + ki3, 5 = 1+1iry +jrd + kr3, where r1,7,
are given by (6). Then
fify =1+q+ > — ¢’ +i(p + 4’ V/p? +4q)
+j(pz+2q—pqm +k(p® +3pqg +qV/p?+4q),  (16)
6 =14 q+ ¢? — ¢*Vp?+4q)
+i(p? +2q+pqm )+ k(p® +3pg —qv/p?+4q). (1)

Proof. Using formula (4), we have

2 () Al o+ (rim)? () —12)

(A =1—r1im 4 (112) )

+i(rt 15 rra(rf —13) F k(13— (v —12),
BF =1 —1m + (m2)? 4 (1112)® + iy + 12 — (1712)% (11 — 12))
(

+i(T 415 =1 (rf — 1) + k(] 413+ 12Ty —12)).
By (7) and (9) we get

T% +T§ = (11 +12)* — 2111, = p* + 2q,
r? ‘H"% = (1 +T2)3 —3rry(r 1) = p3 +3pq.

Hence

fify =14+ q+q" = ¢ +ilp+q°Vp? +4q)

+§(p* +2q — paV/p? +4q) + k(p® + 3pq + qv/p? +4q),
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i =1+ q+q — ¢’ +ilp — ¢’ Vp? +4q)

+j(p? +2q +pqy/p2 +4q) + k(p® +3pqg — qv/p2 +4q).

Corollary 1
ity + 7 =201+ q+ 9> — ¢* + pi+i(p> +2q9) + k(p® +3pq)).  (18)

Theorem 4 (Catalan’s identity) Let n,m,p,q be integers such that n > m,
p? +4q > 0. Then

Hn—mHn+m - Hﬁ = “B(—q)nfm[(—q)m(ﬁf\z + f\214\1) - T%mﬁTAz - T%mf\Zﬁ]a
where &, B, Fi15 + 1HF, i3, £ are given by (10), (18), (16), (17), resp.
Proof. By (15) we get

HumHnm — H2 =(ofir ™ — By ™) (e i ™ — Brar} ™)
— (e} — By} (afir] — Brard)
—aB (1) () (A + )

R — .
Using formula (9), we obtain
HamHaim — HE = 6B(—q)" ™ ((—q) (AR + BA) — Mk — rimhn ).
U

Corollary 2 (Cassini’s identity) Let n,p, q be integers such that n. > 0, p? +
4q > 0. Then

HotHn — HE = —aB(=q)™" (q(A + 1) +13A7 + 16 ).

Note that for p = q = 1 we get the Cassini’s identity for the split Fibonacci
quaternions Qr and the split Lucas quaternions T, ([1]).

Corollary 3 Let n > 1 be an integer. Then
(i) Qn-1Qns1 — Q2 = (—1)™(2Qy — 2i — 3k),
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(i) To1Tner — T2 =5(=1)"1(2Q7 — 2i — 3k).
Proof. (i) Using Lemma 1, for p =q = 1 we get

At =2+ (1+V5)i+ (3—V5)j+ 4+ V5)k,
B =24 (1—=V5)i+ (3+V5)j+ (4 —V5)k,
ity +Hf =4+ 21+ 6j + 8k.

Hence and by Corollary 2 we have

Qu1Quit — Q4 = — 5 (1" T+ 21+ 6 + 8k
3 _2\/5(2+ (1+V5)i+(3—V5)j+ (4 +V5)k)
.3 +2ﬁ(z+ (1= VB)i+ (3+V5)j + (4 — V5)K)]
— (SN2 4+ 3K) = (—1)M(2Q) — 2 — 3K).
We omit the proof of (ii). 0

Proposition 3 Let n,p, q be integers such that n > 0, p> +4q > 0. Then
HuiHoor — H = —aB(—a)™" (A +#A) + i + 136 ).
For p =2 and q = 1 we get the Cassini’s identity for the split Pell quater-
nions SP,, and the split Pell-Lucas quaternions SPLy ([7]).
Corollary 4 Let n > 1 be an integer. Then

SPs1SPh1 — SP2 = (—1)™(2 + 41+ 2j + 16k),
SPL.1SPLy_1 — SPL2 = (—1)™ (4 4 8i + 4j + 32k).

Theorem 5 (d’Ocagne’s identity) Let m,n,p, q be integers such that n > 0,
p? +4q > 0. Then
(—q)™(b—arz)(b—ary)

HnHm+1 - Hn+1 Hm = " —T) (T?imﬁf\z - Tgimﬁﬁ) )

where 115, £33 are given by (16), (17), resp.
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Proof. By (15) we get
HnHmi1 — HopiHn = (01} — Brard) (afy ! — praryt)
— (i — By (ot — BrarT)
= aB(ry —72) (171 — 'y 0n)
= oB(r —12)(r1m2)™ (77T — 1) AT
_ (b—am)(b—ar)(—q)™

(rF R - TRA)
T —T

O
In the next theorem we give a summation formula for the split Horadam
quaternions.

Theorem 6 Let n,p, q be integers such that n > 0, p?> +4q > 0. Then

iHl _ Hoi1+qHn + (ap—a—Db)(T+i+j+k)

pt+q—1
—ia—jla+b)—k(a+b+pb+ qa).

Proof. By formula (12) we get

n n n n n
ZHI ZZHHriZHm +jZHl+2+kZHL+3
1=0 1=0 1=0 1=0 1=0

1
Cp+q-—1
+iWn3 + qWhni2 +alp—1) = b) + k(Whys + qWri3 +a(p — 1) — b)]
—iWo —j(Wo + W1) — k(Wp + Wy + W,).

Hence we obtain

Wit +qWn+alp—1) = b+ i(Wn2 +qWyy +alp—1) —b)

1 . .
Z Hy = ——— [Wn+1 + W2 +iWhis + kWigg

+ q(Whn +iWni1 + Wi + kWoi3 + (ap —a—b)(T +i+j + k)]
—ia—jla+b)—k(a+b+pb+qa)
Hyp1 +qHn + (ap—a—Db)(1 +i+j+k)
p+q—1
—ia—jla+b)—k(a+b+pb+qa).

O
Forp=q=1and a =0,b =1 we get the result for the split Fibonacci
quaternions Qn ([1]).
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n
Corollary 5 > Qi = Qni2— Q2.
1=1

Now we will give the generating function of the split Horadam quaternions.

Theorem 7 The generating function of the split Horadam quaternions is

_ Ho+ (Hi —pHo)x

fix) 1 —px — gx?

Proof. Let f(x) = Ho + Hix + Hyx?* + ... + Hyox™ 4 .... Then
pxf(x) = pHox + pHix? + pHox3 + ...+ pHux™ + . ..
qx*f(x) = qHox? 4+ qH1x® + qHx* + ... 4+ qHp X + ...
Hence, by Proposition 2, we get
f(x) — pxf(x) — qxzf(x)

=Ho 4 (Hy — pHo)x 4+ (Hy — pHy — qHo)x? + ...
=Hp + (Hy — pHo)x.

Thus
_ Ho+ (Hi —pHo)x

1 —px — gx?

f(x)
Moreover, by (14) we obtain

Hy = a +1ib +j(pb + qa) + k(p?b + pqa + gb),
H; —pHo =b —pa +iqa+jqb + k(pgb + g*a).
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