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Abstract. Graph coloring can be considered as a random experiment
with the color of a randomly selected vertex as the random variable. In
this paper, we consider the L(2,1)-coloring of G as the random experi-
ment and we discuss the concept of two fundamental statistical parame-
ters — mean and variance — with respect to the L(2, 1)-coloring of certain
fundamental graph classes.

1 Introduction

For all terms and definitions, not defined specifically in this paper, we refer to
[1, 5, 13, 14]. Moreover, for notions and norms in graph colouring, see [2, 6, 8].
Unless mentioned otherwise, all graphs considered here are undirected, simple,
finite and connected.

Graph coloring is an assignment of colors or labels or weights to the ele-
ments of the graph. A wertex coloring of a graph is a function ¢ : V(G) —
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C = {C],Cz, 3, ....cl}, where C is a set of 1 distinct colors. Unless mentioned
otherwise, by graph coloring, we mean a vertex coloring of G.

A proper coloring of a graph G is a coloring such that no two adjacent
vertices receive the same color. The chromatic number of a graph G, denoted
by x(G), is the minimum number of colors required in a proper vertex coloring
of the graph G.

Note that the color set C = {c1,c2,C3, .. .,cl} can also be written as C =
{1,2, 3. } Invoking this representation, we have

Definition 1 [4] The L(2,1)-coloring of a graph G is a vertex coloring which
assigns colors to the vertices of graph G satisfying the following two conditions:

> 2ifd(u,v) =1
V)] > Tifd(u,v)=2

where u and v are vertices of G.

The span of a L(2, 1)-coloring is its maximum label. The minimum span of a
L(2,1)-coloring of a graph G is called the L(2,1)-chromatic number of G. This
coloring scheme has significant applications in channel assignment problem
and many other fields.

A proper k-coloring of graph G be given by c¢: V(G) — C = {c1,¢2, -eee.. Ci}
We denote number of vertices of G receiving the color ¢; by 0(c;i) which is
called the color strength or color weight of the color ¢i. The coloring sum with

k
respect to a given color set C of G is defined as we(G) = > 10(cy) (see [7]).
i=1

Recently, some studies have been done by treating graph coloring as a ran-
dom experiment (see [12, 3, 11, 10, 9]) and the color of an arbitrarily chosen
vertex of G as the corresponding discrete random variable X. Then, the prob-
ability mass function (p.m.f) of this discrete random variable X is defined
as

Olci) oo
f(i,) _ m lfl— ],2,...k,
0 elsewhere.

where 0(c;) is the cardinality of the color class of G with respect to the color
¢i (c.f. [12]). If the context is clear, this p.m.f is referred as the p.m.f of G.
For mean and variance, we use the standard notation p and o. Therefore,
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for a graph G with color set C, the coloring mean is defined as

5 i0(c)
ue(G) = =2

1

X
0(cy)
-

and the coloring variance is defined as

k k
> i%0(cy) > i0(ci)y 2
2 _i=l [ i=
> 0(ci) 0(ci)
i=1 i=1
In general, the r-th moment is given by
k
Z ire(c-l)
er(G) = 5
> 0(ci)

i=1

where 1 is any positive integer. If context is clear, we say that pe(G) and Gé(G)
are the chromatic mean and variance of G.

Motivated by the above studies, in this paper, we extend the notions of
chromatic mean and variance to L(2,1)-coloring of graphs.

2 Discussion and new results

Throughout this discussion, we denote the L(2, 1)-color set of G with the min-
imum possible color by C(G). In view of this convention, we have the following
definitions:

Definition 2 Let C = {cj,c2,...c;} be the color set corresponding to an
L(2,1)-coloring ¢ of a given graph G. The coloring mean corresponding to
the L(2,1)- coloring having minimum chromatic sum is called L -chromatic
mean of G and is denoted by pe_ (G).

Definition 3 Let C = {cj,c2,...c;} be the color set corresponding to an
L(2,1)- coloring ¢ of a given graph G. The coloring variance corresponding
to the L(2, 1)- coloring having minimum chromatic sum is called L; -chromatic
variance of G and is denoted by 0%7(6).
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Definition 4 Let C = {cj,cz,...c;} be the color set corresponding to an
L(2,1)- coloring ¢ of a given graph G. The coloring mean corresponding to
the L(2,1)- coloring having maximum chromatic sum is called LT—chmmatic
mean of G and is denoted by pc, (G).

Definition 5 Let C = {cj,cz,...c;} be the color set corresponding to an
L(2,1)- coloring c of a given graph G. The coloring variance corresponding to
the L(2,1)- coloring having maximum chromatic sum is called LT—chmmatic
variance of G and is denoted by O'é+(G).

In view of the above notions, the chromatic mean and variance correspond-
ing to L, and LT coloring of complete graphs is discussed below:

Theorem 6 For a complete graph Ky, the coloring parameters, L -chromatic
mean and variance and LT—chmmatz’c mean and variance are given by

ue_ (Kn) = He, (Kn) =n

Proof. In a complete graph, each vertex receives distinct color and color
difference between any two vertices is at least 2. Therefore, we need at least
(2n — 1) colors say, {c1,c3,Cs5,...Con_1}, for coloring the vertices of K. We
cannot use the colors {cz,cy4,...Con} by the protocol of L(2,1)- coloring. For
illustration, see Figure 1. Hence, the corresponding p.m.f is given by

f(i) =

L fori=1,3,5..2n—1),
0 elsewhere.

Here, we observe that the minimum and maximum coloring sum remains the
same. Therefore,

T4+3454+..+(2n—1)

He (Kn) = HC+(KT1) =
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124324524+ ...+ (2n—1)2
0t (Kn) = 03, (Ky) = et IR
In2n—-12n+1)
= — —n
n 3
_n2—1
3
1
V3 Vi
V2
Figure 1

Theorem 7 For path Py, of lengthn = 1,2 (mod 3), The L] -chromatic mean
18

3n-2
on
and their Ly -chromatic variance is given by

ue_ (Pn)

2 —12
w ifn=1 (mod 3)

5 3n?
P =
o (Po) 8n? —4n —12 if n=2 (mod 3)
3n? e

Also, for n =0 (mod 3), the L -chromatic mean for path Py is

3 ifn =0 (mod 5),
2
e (Po) = 3“n fn=1,23 (mod 5)
n—1

ifn=4 (mod 5)
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and it’s Ly -chromatic variance is given by

2 ifn =0 (mod 5)
2nf+2n—4
ETNZT =1 (mod 5)
n
02 (Pn) = 2_
¢ (Pu) M ifn=2,3 (mod 5)
mn
2,
w if n=4 (mod 5)
mn

Proof. Note that according to the L(2,1)- coloring protocol, any three con-
secutive vertices of P, must receive distinct colors. L(2, 1)- chromatic number
of Pn is 3, thus we have the color set as {cy, ¢z, 3,4, ¢5}. Now let us consider
each case separately.

Case 1: When n = 1 (mod 3), we observe that (“T“) vertices receive the color
c, (“771) vertices each receive color ¢z and cs. In accordance with L(2,1)-
coloring protocol, ¢, and c4 cannot be assigned to any vertex. Then, the cor-
responding p.m.f is given by

n+2 ..
n ifi=1,
i) = —1
f(1) “Sn ifi=3,5,
0 elsewhere.

Therefore, the L -chromatic mean = (1 )2 4 (34 5)713—;1 =312 and

3n n
variance = (12)713—7;2 + (3% + 52)713—;] — (3nn_2)2 = Snzgi?_u (refer to Figure 2).
© ©) &, ©
V1 V2 V3 Vq
Figure 2

Case 2: When n = 2 (mod 3), we observe that (“TH) vertices each receive
the color ¢ and c3, ( “T_z) vertices receive color c¢s. In accordance with L(2,1)-
coloring protocol, ¢, and ¢4 cannot be assigned to any vertex. Then, the cor-
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responding p.m.f is given by

n+1 ..
TR ifi=1,3,
fi)=<{n—2 ..
(i) . =5
0 elsewhere.

Then, the L -chromatic mean = (1+3 )n+1 (5 )Tgnz 3“T and
variance = (]2+32)n+1 (52)71 2 (311 )2 8n?—4n—12

(refer to Figure 3).

3n 3n2
V1 V2 V3 V4 V5
Figure 3

Case 3: When n = 0 (mod 5), each color ¢y, ¢z, ¢3,c4 and cs is given to ()
vertices. Then, the corresponding p.m.f is given by

1 ep
= ifi=1,2,3,4,5
f(l) — 5 I Yy H Yy
0 elsewhere.
5
The L -chromatic mean = ) (i)% = §5 =3 and
i=1
5
variance = )_ (iz)% —(3%) =11 — 9 =2 (refer to Figure 4).

i=1

@@@@@@@@@@@@@@@

M V2 V3 V4 Vs vy Vo Vio Vi Mz VI3 Vig V15

Figure 4

Case 4: When n = 1 (mod 5), we shall see that (%) vertices receive color
¢y, and (“?*1) vertices each receive color ¢y, c3,c4 and cs. Then, the p.m.f is
given by

4
% =1
f)=¢"=1 i 2345
5n

0 elsewhere.
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The L; -chromatic mean = (1)n+4 +(2+3+44+5)% " = 1521:10 = % and
variance = (12)“5—14 + (22 +3+4+ SZ)W — (3“n 2) = 2“2T1%n_4 (refer to
Figure 5).

V21 V20 V19 Vig  Viz Vi Vis Vg Vi3

Figure 5

Case 5: When n = 2 (mod 5), we shall give (“;3 ) vertices each color ¢y and
c3; (“52) vertices each color ¢y, ¢4 and c5. Then, the p.m.f is given by

n+3 ...
? lf 1= 1)3,
=4n—2 ..
fli) = T =245
0 elsewhere.
The L -chromatic mean = (1 + 3)“+3 (2+4+ 5)“57 = ]521:10 = % and
variance = (12+32)“+3 +(22+42+52)“ 2 (3“n 12 — 271724 (refer to Figure 6).
v vz V3 V4 Vs Ve V7 Vs Vo Vip Vi Va2
Figure 6

Case 6: When n = 3 (mod 5), we observe that each (™2) vertices receive
the color c1,c4 and cz; and each (%5 3‘) vertices receive the color c¢3 and cs.
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Then, the p.m.f is given by

2
“51 ifi=1,4,2
f(i) = n—3 Fi—35
sn NPT
0 elsewhere.
The L -chromatic mean = (142 +4)n+z (3+ 5)“57 = 152‘;]0 = % and
variance = (12+22+42)T‘5—f+(32++52) ”5n3 (%)2 n . 4 (refer to Figure 7).

Vis V17 Vie V15 Vi4 Vi3 V12 V11

Figure 7
Case 7: When n = 4 (mod 5), we observe that (%5~ n_4)vertices receive color

C4, (“+1 ) vertices each receives color ¢y, ¢z, c3 and cs. Then, the p.m.f is given
by

1
L oi=1,2,3,5
5Sn
N—Jn—4 .
f(i) = e it i =4,

0 elsewhere.
The L} -chromatic mean = (1 42+ 3+ 5)““ +(4) %" 4 — 15;1 > 3nn and
variance = (12+22+32+52)“5+] (42)“5n4 (3T5‘n1 )2 = 2”2“1 1 (refer to Figure

8).

Figure 8
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Theorem 8 The I_T—chmmatic mean of path Py, of lengthn = 1,2 (mod 3) is

_3n+2
n

HC+(PTI)

and their LT—chmmatiC variance is given by

2 _
St =12 i =1 (mod 3)
o2 (P)=4 , "
| w if n =2 (mod 3)
3n? - )

Also, the L{ -chromatic mean for path Pn of length n =0 (mod 3) is

3 ifn =0 (mod 5)
Sl =1 (mod 5)
e (Pn) = 3nT:—2
- ifn=2,3,4 (mod 5)
0 elsewhere.

and it’s LT—chmmatic variance is given by

2 if n =0 (mod 5)
n?—n—1 .
T Zle = ] (mod 5)
n?—14
Ga(Pn) = nnz ifn=2,3 (mod 5)

n?—2n—4

2 if n =4 (mod 5)
0 elsewhere.

Proof. In accordance with L(2,1)- coloring protocol, any three consecutive
vertices of P, must receive distinct colors. L(2,1)- chromatic number of Py, is
3 and the corresponding color set is {cy, ¢z, 3,4, ¢5}. Considering each case
separately,

Case 1: When n = 1 (mod 3), we shall give color cs to (%2) vertices and

3
color ¢1 and c3 to (“T_]) vertices. ¢y and c4 cannot be assigned to any vertex

according to the L(2,1)- coloring protocol. Then, the corresponding p.m.f is
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given by
n—-1 . .
T lf 1= 1,3,
fi)=qnt2 i s
3n
0 elsewhere.

Then, the L -chromatic mean = (1 + 3)713—:1] + (5)7%2 = % and

variance = (1% + 32)“3—:11 + (52)“:,%:12 — (3T:r2)2 = 8“2;:?1'2‘_]2 (refer to Figure 9).
V1 A% V3 V4
Figure 9

Case 2: When n = 2 (mod 3), we shall give (“sz) vertices color c¢1 and (“TH

vertices each receive color c3 and c5. Then, the p.m.f is given by

2 =1,

3n
f(i) = ¢ Bt ifi=3,5,
0 elsewhere.

Then, the L{-chromatic mean = (1 )% + (3 +5)nt! = 302 5pg

3n n
variance = (12)713—;2 + (32 + 52)“3%21 — (3“n+2)2 = 8“2;4;2‘712 (refer to Figure 10).
©) ©) @ ©) ©
V1 V2 V3 Vq V5
Figure 10

When n = 0 (mod 3), the p.m.f is given by
Case 3: When n = 0 (mod 5), each color ¢y, ¢z, ¢3,cq and cs is given to ()
vertices. Then, the corresponding p.m.f is given by

T
fi)=1{5 iti=1,2,3,4,5,

0 elsewhere.
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5

The L] -chromatic mean = ) (i)
i=1

:%5:3and

o=

5
variance = Y (i%)1 — (32) = 11 — 9 = 2 (refer to Figure 11).

i=1

31}

2 V3 Vg V3 Vg V7 Vg Vo Vie Vi Viz: M3 V14 V15

Figure 11

Case 4: When n = 1 (mod 5), we observe that (“%’4) vertices receive the
color ¢4 and (%4) vertices each receive c1,c¢2,¢4 and cs. Then, the p.m.f is
given by

N4 iy
5n

o g

fi) T‘5T ifi=1,2,3,5,
0 elsewhere.

The L] -chromatic mean = (4)“5—14 +(14+243+ 5)“5—?1] = 15;?5 = % and

variance = (42)%—?—1—(]2—#22—#324—52)%—(3)2 = 2“2;72”4 (refer to Figure 12).

V21 V2o V19 Vig Viz Vig  Vi5 Vig Vi3

Figure 12

Case 5: When n = 2 (mod 5), we observe that (”TH) vertices each receive
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c3, c5 and (“T) vertices each receive ¢y, ¢y and ¢4. The p.m.f is given by
nts ifi=3,5
=12 124,
0 elsewhere.
_ 150410 _ M and

The L -chromatic mean = (3 +5)%5 + (1 +2 +4)%2 ot
variance = (3%+5%) ]1523-1—(12—1—224-42)“5“2 (3nT:r2) 2“ 2 (refer to Flgure 13).

G’ =GOy

V2 V3 V4 V5 Vg V7
Figure 13

Case 6: When n = 3 (mod 5), we shall give color ¢, ¢4 and c5 to each (“*2)

vertices and color ¢1 and c3 to each (" n=3) vertices. Then, the corresponding

p.m.f is given by
N2 o245

5n
N=—Jn—-3 ...
f(l)_ ? 1f1:1,3,
0 elsewhere.
The L] -chromatic mean = (2 —i—4—|—5)“5—f12 (1+3)2=3 = 1575‘:10 = % and

5
variance = (22 +42 + 52)"5—;2 + (12 + 32)7’3—;3 — (3“Tir2)2 2“;{4 (refer to Figure

14).

Vi V2 V3 V4 V5 Ve V7 Vg

Vig Viz Vie Vi Vi4 Vi3 V2 Vi1

Figure 14
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Case 7: When n = 4 (mod 5), we give ¢ to ("=%) vertices and each color

5
c2,€3,C4,C5 tO (“TH) vertices. Then, the corresponding p.m.f is given by

"l i—23.45
5n
f(i) = n—4 ifi=1,
5n
0 elsewhere.

The L -chromatic mean = (243 +4 +5)%’J + (1)“5—;4 = ]575‘;“]0 = % and

variance = (22 + 3% + 4% + 52)% + (12)“5—;4 - (3”;4)2 = 2“2;%”_4 (refer to
Figure 15).

W1 V2 V3 Vq V5 V6 V7 Vs Vo

Figure 15

Next our aim is to find L} -chromatic mean of cycles. Consider C3 and Cg
and their color set {c1,c3,cs5}, their p.m.f is given by

U ifio1,3,5,
f(i) =

3
0 elsewhere.

The L} -chromatic mean = (1 +3 + 5)% —
variance = (1% 4 32 +52)% —(3?) = 3375 _9

Therefore, for C3 and Cg L -chromatic mean is 3 and L;-chromatic variance

e 8
IS§.

Theorem 9 The L -chromatic mean of cycle Cy, where n # 3,6 is

He_(Cn) =3
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and L -chromatic variance for Cy where 1 # 3,6 is given by

g ifn =0 mod 4)
SO =1 (mod 4)
0% (Cp) =1 "
e (G =195, "10
;™ if n =2 (mod 4)
MAT =3 (mod 4)
n

Proof. From the definition of L(2,1)- coloring, any three consecutive vertices
of Cn must receive distinct colors. Chromatic number of C,, is 5 and the color
classes used are cy,cy,c3,C4,C5. Now let us consider each case separately.
Case 1: When n = 0 (mod 4),each color c1,c2,¢4 and cs is received by (%)
vertices. Hence, the p.m.f is given by

1
; fi=1245

(i) =

0 elsewhere.

Figure 16



On some L(2,1)-coloring parameters of certain graph classes 199

Case 2: When n = 1 (mod 4), c3 is given to the last vertex i.e. v, and

remaining ("7 ]) vertices each receive c¢1,c2,c4 and cs. Then, the p.m.f is
given by
—1
n ifi=1,2,4,5
A ‘
fli) =9 = ifi=3,
n
0 elsewhere.

The L; -chromatic mean = (1 +2+4 +5)Tz— (3)7 =3 and

variance = (12 + 22 + 4% + 52)% (32)n —3)?%= M (refer to Figure 16b).
Case 3: When n = 2 (mod 4), we observe that two vertices receive c3 and
(“T*Z) vertices each receive ¢y, ¢z, ¢4 and cs. Then, the p.m.f is given by

n-— o
= ifi=1,2,4,5
f=4¢2  ji_3
n M
0 elsewhere.

The L -chromatic mean = (142 +4 + 5)”:1—n + (3 )f =3 and
variance = (12 + 22 + 42 +52)TZ—;2 + (32) —(3) = 510 (refer to Figure 17a).

- n

Case 4: When n = 3 (mod 4),each set of (nTH) vertices receive c¢; and cs;

each set of (ans) vertices receive ¢; and c4; and one vertex receives c3. Then,
the corresponding p.m.f is given by

1
%%; ifi=1,5
N3 24
f(i) =¢ 4m

1

- ifi=3,
n

0 elsewhere.

The L} -chromatic mean = (1 + 5)““ 2+ 4)72— + (3) =3 and
vari)ance = (12 + 52)% + (22 + 42)“n3 + (32)7 —(3)2 = 5T2‘n (refer to Figure
17b). O
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AN V12

Figure 17

Theorem 10 The LT-chmmatic mean of cycle of length n =0 (mod 3) is

HC+ (CTI) = 3
and LT—chmmatic variance by

8
O—ér(cn) = g

Proof. In case of n = 1,2 (mod 3), L] and L] -chromatic mean are same and
so is the case of L, and LT—Chromatic variance. Therefore, we just consider
the cycle of length n = 0 (mod 3). Here, (3) vertices each receive color c1,c3
and cs.c; and c4 are not received by any vertex of graph G. For illustration,

see Figure 18a. The corresponding p.m.f for LT coloring is given by

—, fori=1
fi)={3 ori , 3,5
0 elsewhere

The L7 -chromatic mean = (1 +3+5)% = 3 and variance = (124+3245%) %—(3)2 =
8

g.
n
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V3 (C5

Vi

&
V2

Figure 18

Theorem 11 For wheel graphs having n vertices, where n > 6, mean and
variance for L and LT coloring are given by

n?4+n+2
e (Wa) = he, (Wa) = =200
mn
and
4412 —12
0B (Wa) = 03, (Wy) = T ==

Proof. The diameter of wheel graph is 2. Also, the central vertex is adjacent
to all the other vertices. Hence, we need (n+1) colors. We give the color ¢y 41
to the central vertex and remaining colors to the other vertices of G. Its p.m.f
is given by
T ...
fli) = 4w ifi=1,2,....n—1),(n+1)
0  elsewhere
Therefore, L; and L -chromatic mean = (1+2+..n—1+n+ 1)%1 = %
L; and L] chromatic variance = (12422 4+...(n—1)2+ (n—H)z%— (M)2 =

n

nt41in2-12 (refer to Figure 18Db). -

12n2

Theorem 12 For helm graphs having 2n + 1 wvertices, where n > 7, L, -
chromatic mean is given by

n? 4 5n + 28
he- M) =0
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and Ly -chromatic variance is given by

2n3 +9n2 4+ 3In+ 198
0% (Hp) =
¢ (Hn) 6(2n+1)

Proof. We need n 4 2 colors to color the vertices of helm graph. The wheel
graph induced from the given helm graph is colored as discussed in the previous
theorem. Among the remaining n vertices, n —4 vertices receive cy, 2 vertices
receive Cy, and c3,c4 is given to one vertex each. For illustration, see Figure
19a. The corresponding p.m.f is given by:

;Lj] ifi=1
2n3+ - ifi=2
fli) = zn2+1 ifi=3,4
2n1_|_ i ifi=5,6,7,..n,(n+2)
0 elsewhere.

L, -chromatic mean = 1%—F(Z)ﬁ—i—(3+4)ﬁ+(5+6+...n+(n+2))zhjﬁ =

2n
2 +5n+28 : -3 3 2
28 and Varlaznce = (12)2TT‘L+13 + (ZZZ)W + (32 —Félz)m(S2 +624.n% +
2y_1 n245n4281\2 _ 2n3+9n2+31n+198
(M +2)%) g — (™) = 62n+1)

0

Theorem 13 For helm graphs having 2n + 1 wertices, where n > 7, LT—
chromatic mean is given by

n?4+2n+2
he- M) =507

and LT—chmmatic variance is given by

n*+2n3 +8n? 4+ 13n
9. (Hn) = 32n+1)2

Proof. We need n + 2 colors to color the vertices of helm graph. The wheel
graph induced from the given helm graph is colored as discussed in Theorem
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Figure 19

6. And each vertex in the remaining n vertices receive distinct color ¢; (where
i1=1,2,.n). The corresponding p.m.f is given by:

2 1,2, ..n
f(i) = 2n1—|— 1 7
mp1 M
L} -chromatic mean = (14 2+ ..n)ﬁ +(n+ Z)ﬁ = n224:12+n]+2 and variance
= (124224 ..m?) 5k + (n+ 2) Ly — (W522)2 = ndnaBorlin (rofer to
Figure 19b). O

Theorem 14 For flower graph having n + 1 vertices, where n > 6, Li and
LT—chmmatic mean and variance are given by

n?+3n+4
ue (Fly) = HC+(F1n) = W

and
n? +4n3 + 17n? + 26n

2Mm+1)2

0¢_ (Fln) = og, (Fl) =
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Proof. The diameter of flower graph is 2. Thus, each vertex receives distinct
color and central vertex is adjacent to all the other vertices. By definition, color
difference between central vertex and any other vertex is 2. so we shall give
the color ¢4 to the central vertex and other vertices receive distinct color ¢y,
(where i =1,2,...n). For illustration, see Figure 20. The corresponding p.m.f
is given by

ifi=1,2,..n,(n+2)

fi)=<n+1
0 elsewhere.
Therefore, L} and L} chromatic mean = (14+2+ ...zn—i— (n—i—Z))n]—_H 3: “23_‘?4
. 4
and variance = (12 +2% +..n% + (n—i—Z)z)n]—H — (nEindl :ﬂ“)z =n +4;12(:r11r717‘;2+26“
Figure 20
]

3 Conclusion

In this paper, we have introduced the notions of certain coloring means and
variances related to L(2, 1)-coloring and discussed these parameters in context
of some fundamental graph classes. Further investigations are possible in this
area, as the above-mentioned parameters can be discussed for many other
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classes of graphs, graph operations, graph products and known derived graphs.
The coloring parameters play vital role in many areas such as network analysis,
distribution problems, transportation problems, etc.
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