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Abstract. In this paper our main interest is to introduce a new type of
generalized open sets defined in terms of an operation on a generalized
topological space. We have studied some properties of this newly defined
sets. As an application, we have introduced some weak separation axioms
and discussed some of their properties. Finally, we have studied some
preservation theorems in terms of some irresolute functions.

1 Introduction

In 1979, Kasahara [5] introduced the notion of an operation on a topological
space and introduced the concept of a-closed graph of a function. After then
Jankovi¢ defined [4] the concept of «-closed sets and investigated some prop-
erties of functions with o-closed graphs. On the other hand, in 1991 Ogata
[7] introduced the notion of y-open sets to investigate some new separation
axioms on a topological space. The notion of operations on the family of all
semi-open sets and pre-open sets are investigated by Krishnan et al. [6] and
Van An et al. [11]. Recently, the concept of v, -Lindelof spaces was studied by
Roy and Noiri in [9, 10].
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In this paper our aim is to study an operation based on generalized vy ,-
closed like sets, where the operation is defined on the collection of generalized
open sets. The most common properties of different open like sets or weakly
open sets are that they are closed under arbitary unions and contain the
null set. Observing these, Csdszdr introduced the concept of generalized open
sets. We now recall some notions defined in [1]. Let X be a non-empty set.
A subcollection p & P(X) (where P(X) denotes the power set of X) is called
a generalized topology [1], (briefly, GT) if @ € p and any union of elements
of u belongs to u. A set X with a GT p on the set X is called a generalized
topological space (briefly, GTS) and is denoted by (X, w). If for a GTS (X, p),
X € pu, then (X,u) is known as a strong GTS. Throughout the paper, we
assume that (X, ) and (Y,A) are strong GTS’s. The elements of p are called
p-open sets and p-closed sets are their complements. The p-closure of a set
A € Xis denoted by c,(A) and defined by the smallest p-closed set containing
A which is equivalent to the intersection of all p-closed sets containing A. We
use the symbol i,,(A) to mean the p-interior of A and it is defined as the union
of all p-open sets contained in A i.e., the largest p-open set contained in A
(see [3, 2, 1]).

2 vy,g-closed sets and their related properties

Definition 1 [9] Let (X, u) be a GTS. An operationy, on a generalized topol-
ogy W is a mapping from w to P(X) (where P(X) is the power set of X) with
G £v,(G), for each G € w. This operation is denoted by v, : u — P(X). Note
that vy, (A) and A™ are two different notations for the same set.

Definition 2 [9] Let (X,u) be a GTS andy, be an operation on w. A subset
G of (X, u) is called vy, -open if for each point x of G, there exists a u-open set
U containing x such thaty, (U) € G.

A subset of a GTS (X, u) is called v ,-closed if its complement is y,-open in
(X, 1). We shall use the symbol v, to mean the collection of all v -open sets
of the GTS (X, ).

Definition 3 [9] Let (X,u) be a GTS and vy, : u — P(X) be an operation. It
is easy to see that the family of all vy, -open sets forms a GT on X. The vy, -
closure of a set A of X is denoted by cy, (A) and is defined as cy, (A)=n{F:F
is ay,-closed set and A S F}.



On generalized vy ,-closed sets and related continuity 485

It is easy to check that for each x € X, x € c, (A) if and only if VN A # &,
for any V €y, with x € V. Note that if y, = ld , then ¢, (A) = c (A).
n

Definition 4 Let (X,u) be a GTS and v, : © — P(X) be an operation. A
subset A of X is said to be vy, g-closed if Cm( ) € U, whenever A S U and U

is a7y, -open set in (X, ).

Every v ,-closed set is vy, g-closed but the converse is not true as shown in
the next example. Also note that if y, =1id,, then v, g-closed set reduces to
a pg-closed set [8].

Example 1 Let X ={1,2,3} and u ={@,{1},{1,2},{2,3}, X}. Then (X,u) is a
GTS. Nowy, : u— P(X) defined by

[ AjifleA
VulA) = {{2, 3}, otherwise

is an operation. It can be easily checked that {1,3} is a vy, g-closed set but not
ay,-closed set.

Theorem 1 Let (X,u) be a GTS and vy, : w — P(X) be an operation. A
subset A of X is 'y, g-closed if and only if Cy ({x}) NA # @&, holds for every
xec, (A).

Proof. First let the given condition hold and let U be a y -open set with
ACUandxe€ cy, (A). As cy, ({x}) N A # @, there exists a z € cy, ({x}) such
that z € A € U. Thus U N{x} # &. Hence x € U. Thus cy, (A) € U, proving
A to be a 7y, g-closed set.

Conversely, let A be a v, g-closed subset of X and x € Cy. (A) with Cy, {xhHn
A = @. Then A € X\ cy, ({x}) which implies that cy, (A) C X\ Cy, ({x}) (as
A is 'y, g-closed), which is a contradiction to the fact that x € . ({x}). Thus
Cy, ({xhNA #£a. O

Theorem 2 Let (X,u) be a GTS and v, : w — P(X) be an operation. If
Cy, ({(x}) NA #£ @ for every x € Cy. (A), then Cy. (A)\ A does not contain any
non-empty vy, -closed set.

Proof. If possible, let there exist a non-empty v ,-closed set F such that F &
cy, (A)\ A. Let x € F. Then x € Cy, (A). Since @ # cy, (xHhNACSFNA, we
have F N A # &, which is a contradiction. O
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Corollary 1 Let (X,u) be a GTS and v, : u — P(X) be an operation. A
subset A of a GTS (X, ) is v, g-closed if and only if A = F\ N, where F is
Y,.-closed and N contains no non-empty 'y, -closed subset of X.

Proof. One part of the theorem follows from Theorems 1 and 2 by taking
F= Cy. (A) and N = Cy. (A)\ A.

Conversely, suppose that A =F\ N and A £ U, where U is v, -open. Then
FN (X\U) is a y,-closed subset of N and hence it must be empty. Thus
Cy, (A)SFCS U O
Theorem 3 Let (X,u) be a GTS andy, : p — P(X) be an operation. Let A
be ay,g-closed subset of X and A S B & cy, (A). Then B is also vy, g-closed.

Proof. Let A be a vy, g-closed set such that A £ B & Cy, (A) and U be a v,-
open set with B € U. Then A € U and hence cy, (A) € U. Thus cy, (B) € U.
Thus B is vy, g-closed. 0

Theorem 4 Let (X,u) be a strong GTS and vy, : 0 — P(X) be an operation.
For each x € X, either {x} is vy, -closed or X\ {x} is ay,g-closed set in (X, ).

Proof. If {x} is v, -closed, then we have nothing to prove. Suppose that {x} is
not 7y ,-closed. Then X\ {x} is not v, -open. Let U be any y,-open set such that
X\ {x} € U. Hence U = X. Thus cy, (X\{x}) £ U. Thus X\ {x} is a v, g-closed
set. O

Definition 5 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X, 1) is said to bey, -T% if every vy, g-closed set is 'y, -closed.

Theorem 5 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X, ) is yu—T% if and only if {x} is either v -closed ory, -open.

Proof. Suppose that (X,u) be a YH-T% space and {x} is not y,-closed. Then
by Theorem 4, X\ {x} is a v, g-closed set and hence a vy -closed set. So {x} is
a y,-open set.

Conversely, suppose that F be a v, g-closed set in (X,u). Let x € . (F).
Then {x} is either v -open or v -closed. If {x} is v, -open, then {x} N F # @.
Hence x € F. Thus cy, (F) € F, which implies that F is v -closed. If {x} is
v,.-closed, suppose that x ¢ F. Then x € Cy, (F) \ F, which is impossible by
Theorem 2. Thus x € F. Hence cy, (F) £ F, so that Fis v, -closed. O
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Definition 6 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X, 1) is said to be

(i) v,.-T, if for any two distinct points x andy of X, there exists ay, -open
set W containing x but not containingy or ay,-open set V containing
y but not containing x.

(i) v,-T, if for any two distinct points x andy of X, there exist two 7y, -open
sets U and V such thatx €e U, y ¢ U andy € V, x € U.

(iii) v,-T, if for any two distinct points x andy of X, there exist two disjoint
Y,.-open sets U and V such that x € U andy € V.

Definition 7 Let (X,u) be a GTS and v, : w — P(X) be an operation. A
subset A of (X, ) is said to be ay,-D, set if there exist two y,-open sets U
and V such that U # X and A =U\V.

It follows from the definition that every vy, -open set (other than X) is a
v.-D, set.

wo

Definition 8 Let (X,u) be a GTS and vy, : u — P(X) be an operation. Then
(X, 1) is said to be a

(i) v,.-D, space if for any pair of distinct points, there exists a y,-D, set
containing x but not containing y or a7y, -D, set containing y but not
containing X.

(i) v,-D, space if for any pair of distinct points x andy of X, there exist a
Y,.-D, set containing x but noty and ay, -D, set containingy but not
containing X.

(iii) v,-D, space if for any two two distinct points x and y of X, there exist
disjoint y,-D, sets U and V containing x and y respectively.

Remark 1 Let (X,u) be a GTS and 7y, : u — P(X) be an operation. Then
the following hold:

(i) If (X,u) is v, -T,, then it isy, -T,_, fori=1,2.
(i) If (X,u) is v, -T,, then it is y,-D; fori=0,1,2.
(iii) If (X, u) isy,-D,, then it is y,-D,_, fori=1,2.

Proposition 1 Let (X,u) be a GTS and vy, : w — P(X) be an operation.
Then (X, u) isy,-T, if and only if every singleton is vy, -closed.
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Proof. Obvious. g

Definition 9 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X, u) is said to be vy, -symmetric if for x,y € X, x € Cy. {yh) =ye Cy, ({x}).

Proposition 2 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then (X, u) is ay,-symmetric space if and only if {x} is a v, g-closed set, for
each x € X.

Proof. Assume that {x} £ U, where U is a v, -open set. If possible, let
Cy, ({x}) € U. Then Cy ((xHN(X\U) # @. Let y € Cy, ({(xhN(X\U) # @. Then
by hypothesis, x € Cy, ({y}h) € X\ U and hence x ¢ U, which is a contradiction.
Therefore {x} is a vy, g-closed set.

Conversely, assume that x € Cy ({y}) buty & cy, ({x}). Theny € X\Cm ({x}.
Thus Cy, {yh € X\Cm ({x}). Thus x ¢ Cy, ({x}), which is a contradiction. Thus
(X, u) is y,-symmetric. O

Corollary 2 Let (X,u) be a GTS and vy, : w — P(X) be an operation. If
(X,w) isy,-T,, then it is v, -symmetric.

Proof. It follows from Proposition 1 that in a y,-T, space every singleton is

Y,.-closed and hence 7y, g-closed. O

Corollary 3 Let (X,u) be a GTS and vy, : u — P(X) be an operation. Then
(X, ) dsy,-T, if and only if it is y,-T, and vy, -symmetric.

Proof. One part of the theorem follows from Remark 1 and Corollary 2. Let
(X, 1) be ay,-T, and v, -symmetric space and x,y be any two distinct points
of X. We may assume that x € U but y ¢ U, for some vy -open set U of X.
Thus x ¢ cy, ({y}) and hence y & Cy, ({x}). Thus there exists a vy, -open set V
containing y such that x ¢ V. Thus (X, u) is v -T,. O

Proposition 3 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then

(a) Bveryy,-T, space is YH-T% and every yH-T% space is Y, -T,.
or a vy, -symmetric space the following are equivalent:
b) F Y-Sy tric space the following quivalent

(i) (Xyu) is avy,-T, space.
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(i) (X,u) is ay,-T, space.
(iii) (X,u) s ay,-T, space.
2

(iv) (Xyu) is ay,-D, space.

Proof. (a) Follows from Theorem 5 and Proposition 1.

(b) If (X,u) is y,-symmetric and a v -T, space, then by Corollary 3, (X, u)

is a y,-T, space and hence (by (a) above) (X,u) is v,-T, and again by (a)
2

above, (X, u) is y,-T,. Thus (i), (ii) and (iii) are equivalent.

Again by Remark 1, (ii) = (iv) is obvious.

(iv)= (i) : Let (X, u) be a y,-D, space. Hence (X, u) is a v,-D, space. Thus
for each pair of distinct points x,y € X, at least one of x,y, say x, belongs to
avy,D,setSbuty¢S. Let S =U, \ U,, where U, and U, are y -sets and
U, # X. Then x € U,. If y ¢ U,, then the proof is complete. If y € U, N U,,
then y € U, but x ¢ U,. Thus (X, u) is y,-T,. O

Theorem 6 Let (X,u) be a GTS and vy, : w — P(X) be an operation. Then
(X,w) is v,-D, if and only if it isy,-D,.

Proof. One part follows from Remark 1. Conversely, let x and y be two distinct
points of X. Then there exist vy ,-D, sets G, and G, in X such that x € G,,
y€G,andy e G,,xZG,. Let G, =U, \U, and G, = U, \ U,, where U,,
U,, U, and U, are y, -open sets in X and U, # X, U, # X. From x ¢ G,,
it follows that either x € U, N'U, or x & U,. We will discuss the two cases
separately.

Case-1:xeU,NU, : Theny € G, and x € U,, with G, NU, = @.

Case - 2: x € U, : By y € G, the following two cases may arise. If y € U,, as
x € U, \ U,, it follows that x € U, \ (U, UU,) withy € U, \ (U, UU,) and
(U, \ (W, ul,))n (U, \ (U,ul,)) =2. In the case if y € U, NU,, we have
x €U, \U, and y € U, such that (U, \U,)NU, = 2. O

Definition 10 Let (X,p) be a GTS andy, : . — P(X) be an operation. Then
the vy, -kernel of a subset A of X is denoted by kerVFL (A)=n{Uu:A S U and

U is y,-open}.

Proposition 4 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then y € kerm ({x}) if and only if x € . ({y}).

Proof. Suppose that y ¢ keryu ({x}). Then there exists a vy, -open set V con-

taining x such that y ¢ V. Therefore we have, x ¢ Cy, ({y}). The other part
can be done in the similar manner. O
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Proposition 5 Let (X,u) be a GTS and v, : w — P(X) be an operation.
Then for any subset A of X, keTVu (A) ={x: c,, {(x) NA #£ o}

Proof. Let x € kerYH (A) and Cy, ({x))NA = @. Then A € X\Cm ({x}), where
X\ Cy, ({x}) is a y,-open set not containing x.

Conversely, let x € X and Cy, {x) NA # &, with x & keryu (A). Then there
exists a y,-open set V containing A such that x ¢ V. Let y € Cy. ({x}) NA.
Then V is a v, -open set containing y (as A € V), but not containing x. O

Proposition 6 Let (X,u) be a GTS andy, : 0 — P(X) be an operation. If a
singleton set {x} is a y,-D, set of X, then kerYH ({x} # X.

Proof. Let {x} be a y,-D, set. Then there exist two v, -open sets V, and V,

1

such that {x} =V, \'V, and V, # X. Thus kerYu {(xh cV, #X O

Proposition 7 Let (X,u) be ay,-T, GTS having at least two points, where
2

Y, : b — P(X) be an operation. Then (X, ) isy,-D, if and only ifkeryll ({x}) #
X, for every point x € X.

Proof. Let x € X and X be y,-D,. For any point y other than x, there exists
a7y,-D, set V such that x € Vand y ¢ V. Then V =V, \'V,, where V| and
V, are y,-open sets such that V, # X. Thus {x} € V| and V| # X, where V, is
a y,-open set. Hence keryu ({x}h #X.

Conversely, let x and y be two distinct points of X. Using Theorem 5, we
have the following cases :
Case -1 : {x} and {y} both are y -open : Then the case is obvious, as every
Y,.-open set is a y -D, set.
Case -2: {x} and {y} both are y -closed : In this case x € X\ {y}, y € X\ {x},
y € X\ {y}, x € X\ {x} and X\ {x}, X\ {y} both are v ,-D, sets.
Case-3: {x} is v,-open and {y} is y,-closed : Since keryu ({y}) # X, there exists
a y,-open set V containing y such that V # X. Clearly {y} = V\ (X \ {y}),
showing {y} to be a y,-D, set. Thus {x} and {y} are the two v -D  sets such
that y € {x} and x & {y}.
Case-4 : {x} is v,-closed and {y} is v,-open : Can be proved as in case 3. Thus
(X,u) is ay,-D, space. O

3 (v,.,B,)-irresolute functions

Throughout the rest of the paper, (X, ) and (Y;A) will denote GTS’s and 7y, :
pn— P(X) and B, : A — P(Y) will denote operations on p and A respectively.
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Definition 11 A function f : (X,u) — (Y,A) is said to be (v,, B,)-irresolute
if for each x € X and each 3, -open set V containing f(x), there is a 'y, -open
set U containing x such that f(U) S V.

Theorem 7 Let T : (X,u) — (Y,A) be a function. Then the following are
equivalent:

(i) f s (v, B,)-irresolute.
(ii) f(cYH (A)) € Cp. (f(A)), holds for every subset A of X.
(iii) f'(B) is Y,.-closed, for every (3,-closed set B of Y.

Proof. Obvious. n

Definition 12 A mapping f : (X,u) — (Y;A) is said to be (v, B,)-closed if
for any v, -closed set A of (X,u), f(A) is B,-closed in Y.

Theorem 8 Suppose that f: (X, ) — (Y,A) is (v, B, )-irresolute and (v, Bx)-
closed.

(i) If A isy,g-closed, then f(A) is B, g-closed.
(ii) If B be any B, g-closed set of Y, then £~1(B) is a Y,.9-closed set in X.

Proof. (i) Let V be any 3, -open set such that f(A) & V. Then by Theorem
7, (V) is Y,-open in X. Since A & f~1(V) and A is Y, g-closed, cy, (A) €
f~1(V) and hence f(c\yu (A)) € V. Now by the assumption, 1‘(cyu (A))is a B,-
closed set in Y. Thus ¢, (f(A)) € Cp. (f(cyu(A))) = f(cm (A)) € V. Hence
f(A) is B, g-closed.

(ii) Let U be any v, -open set of X with f1(B) S U. Let F= cy, (f1(B)) N
(X\'U). Then F is a y,-closed set in X. Since f is (v, B,)-closed, f(F) is f3,-
closed. Since f(F) S f(c, (f1(B))NnfX\U) € cs, (f(f1(B))) Nnf(X\U) S
Cp. (B)N(Y\B) = Cp. (B)\ B by Corollary 1, it then follows that f(F) = @ and
hence F = @. O

N

Theorem 9 Suppose that f: (X, ) — (Y,A) is (v, B, )-irresolute and (v, B,)-
closed.

(i) If f is injective and (Y,A) is BA—T%, then (X, u) is yu—T%.

(ii) If f is surjective and (X, ) is yu—T%, then (Y,A) is BA—T%.
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Proof. (i) Let A be a v, g-closed set of (X, u). Then by the last theorem, f(A)
is 3,g-closed in Y and hence f(A) is 3,-closed. Since f is (y,, B,)-irresolute,
by Theorem 7, A = f~1(f(A)) is Y,.-closed and hence (X, u) is yH—T%.

(ii) Let B be any 3, g-closed set in (Y, A). It is sufficient to show that Bisa f3,-
closed set. By Theorem 8, f~'(B) is a Y, g-closed set in X. Since (X, u) is a vy ,-
T%, f~1(B) is v,.~closed. Since f is surjective and (vy,,, 3, )-closed, f(f'(B)) =B
is a (3,-closed set. O

Theorem 10 Let f: (X,u) — (Y,A) be a surjective (v, B,)-irresolute func-
tion. If E be a B,-D, set in Y, then f~'(E) is a Y,.-D, set in (X, u).

A

Proof. Let E be a 3,-D, set in Y. Then there exist two 3,-open sets U, and
U, in Y such that E = U, \ U, and U, # Y. Now by Theorem 7, f~'(U,) and
f~1(U,) are Y,-open and f71(U,) # X (as f is surjective and U, # Y). Thus
fHE)=f(U,)\ f'(U,)isay,-D, set. O

Theorem 11 If (Y,A) is 3,-D, and f: (X,u) — (Y,A) is a (v,, B,)-irresolute
bijective function, then (X,u) isy,-D,.

Proof. Suppose that (Y;A) is a 3,-D, space. Let x and y be any two distinct
points of X. Since f is injective and Y is 3,-D,, there exist 3,-D, sets G, and
G, of Y containing f(x) and f(y) respectively such that f(x) ¢ G, and f(y) &
G,. Thus by Theorem 10, f~'(G,) and fq(Gy) are y,-D, sets containing x
and y respectively such that x ¢ f_1(Gy) andy ¢ f'(G,). Thus X a v,.-D,
space. O

Theorem 12 A GTS (X,u) isy,-D, if for each distinct points x and y in X,
there exists a (v, B,)-irresolute surjective function f: (X,u) — (Y,A), where
(Y,A) is a B,-D, space such that f(x) and f(y) are distinct.

Proof. Let x and y be two distinct points of X. By hypothesis, there exists a
(v,.» B, )-irresolute function f on X onto a 3,-D, space Y such that f(x) # f(y).
Then there exist 3,-D, sets G, and G, containing f(x) and f(y) respectively
such that f(x) € G, and f(y) € G,. As f is surjective and (vy,, B, )-irresolute,
f1(G,) and ! (G,) are y,-D, sets in X (by Theorem 10) containing x and
y respectively such that x ¢ ' (G,) and y ¢ f1(G,). Hence X is a v,.-D,
space. ]
Conclusion: If we replace p by different GT’s or 'y, by different operators,
we can obtain various forms of generalized closed sets and related continuous
functions.
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