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Abstract. The degree set of a k-partite graph is the set of distinct de-
grees of its vertices. We prove that every set of non-negative integers is
a degree set of some k-partite graph.

1 Introduction

In a graph G, the degree of a vertex vi, denoted by d,, (or simply d;), is the
number of edges which are incident on v;. A sequence of non-negative integers
[d1,d2,...,dp] is called the degree sequence of a graph G if the vertices of G
can be labelled vy, vy,...,Vv, such that deg vi = d; for each i, 1 <1 <p. The
terminology and notations used in this paper are same as in [6, 25].

The set of distinct degrees of the vertices of a graph is called its degree set.
The following result can be found in [8].

Theorem 1 [8] Any set D of distinct positive integers is the degree set of a
connected graph and the maximum order of such a graph is M + 1, where M
s the maximum integer in the set D.
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More on degree sets in graphs can be seen in [1, 2, 3, 4, 5, 9, 10, 11, 12, 13,
14, 15, 29, 30, 31]. Analogous results in directed graphs and signed graphs can
be found in [17, 18, 19, 20, 21, 22, 23, 24, 26, 27|.

2 Degree sets in k-partite graphs

A k-partite graph (k > 2) is a graph G whose vertex set can be partitioned
into k nonempty disjoint sets Vi, Va,..., Vi, known as partite sets, such that
vivj is an edge of G if v; is in some V; and v; is in some V; (i # j). A k-
partite graph with partite sets Vi, Va,..., Vi is denoted by G(Vi, Va,..., Vi).
For k =2 and K = 3 we get respectively bipartite graph and 3-partite graph.
Also, a k-partite graph G(Vi, Va,..., Vy) is said to be connected if each ver-
tex vi € V; is connected to every vertex v; € Vj (i # j). The degree of a
vertex v; in a k-partite graph G(V7,Va,..., Vi) is the number of edges of
G(V1, Va,..., Vi) which are incident to v; and is denoted by d,, or di. Let
G(V1,Va,..., Vi) be a k-partite graph with Vi = {vi1,viz,...,vip,}, 1 <1<k
and let dij, diz, ..., dip; be the respective degrees of vi1,viz,...,Vip;. Then the
sequence Dy = [di1, di2,y ..., dip], 1 <1 <k, are called degree sequences of
G(Vl)vb---)vk)-

The set of distinct degrees of the vertices of a k-partite graph G(V;,Va,. .., Vi)
is called its degree set.

The following result is given in [16].

Theorem 2 [16] Every set of positive integers is a degree set of some con-
nected bipartite graph.

The following result can be seen in [7].

Theorem 3 [7] Every set of positive integers, except {1} is a degree set of
some connected 3-partite graph.

Now, we have the following observation.

Theorem 4 FEvery singleton set of positive integers is a degree set of some
k-partite graph.

Proof. Let D = {d}, where d is a positive integer. For d = 1, construct a
k-partite graph G(Vj, Va,..., Vi) as follows
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Vi=AnUAp U - UA -2 UA 1),

V, = Ay,

V3 = Az,
Vi1 = Ay

Vi = Axi,

with A1pNA1g =0 (p # q), |Ayl =1foralli,j where 1 <i<k, 1<j<k—T.
Let there be an edge from the vertex of Aj;_1) to the vertex of Ai;. Then the

degrees of the vertices of G(Vj, Va,..., Vi) are as follow.
For2<i<k
dayiy) = daiy = Ayl =1=4d, for all aji_1) € Ari—1), au € Aqr.

Therefore, degree set of G(Vq, Va,...,Vk) is D ={d}.

Now we assume that d > 2. For k = 2, consider the bipartite graph G(Vj, V3)
with [Vj| = |V, = d and let there be an edge from each vertex of Vi to every
vertex of V5. Then the degrees of the vertices of G(Vj, V) are as follows.

dv1 = de =|Vil = d,fOl” allvi € Vi, v, € V.

Therefore, degrees set of G(V;,V;) is D ={d}.

If k > 3 is odd, say k = 2m + 1 where m > 1, construct a 2m + 1-partite
graph G(V1,Va,..., Vo) as follows.

Let Vi = Ay, V2 = A2 UBy, V3 = Az, Vom = A2y, Vomst = Aom
with [Ail = Byl =d—1foralli, 1 <i<2m+1, Ay NB; = 0. Let there
be an edge (i) from each vertex of A; to every vertex of Aj; for all odd
i, (ii) from distinct vertices of A; to distinct vertices of Ai; for all even 1,
(iii) from distinct vertices of A; to distinct vertices of B,, and (iv) from each
vertex of Apymi1 to every vertex of B;. Then the degrees of the vertices of
G(V1,Va, ..., Vo) are as follows.

For 1 <i<2m+1

dai:db2:|A1|+1:d—1+1:dforallaiEAiandbzeBz.

Therefore, degree set of G(Vi,Va,..., Vomy1) is {d}.
Again, if k > 4 is even, say k = 2m + 2 where m > 1, consider a 2m + 2-
partite graph G(Vi,Va,..., Voi2) with [Vi|=d—1for all i, 1 <i<2m+ 2.
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Let there be an edge (i) from each vertex of Vj to every vertex of Vi for all
odd 1, (ii) from distinct vertices of Vi to distinct vertices of Vi for all odd
i, and (iii) from distinct vertices of V; to distinct vertices of Vou42. Then the
degrees of the vertices of G(Vj, Va,..., Vomy2) are as follows

For, 1 <i<2m+2,

dy, =[Vi|+1=d—1+1=d, for all v; € V;.

Therefore, degree set of G(Vi,Va, ..., Voma2) is D ={d}. O

Except for d = 1 and k > 3 in the proof of Theorem 4, the construction
there yields a connected k-partite graph and we have the following result.

Corollary 5 Every singleton set of positive integers is a degree set of some
connected k-partite graph, except {1} for k > 3 in which case the k-partite
graph is not connected.

Now, we obtain the following result.

Theorem 6 FEvery set of positive integers is a degree set of some connected
k-partite graph, except {1} for k > 3 in which case the k-partite graph is not
connected.

Proof. Let d;, dy, ..., dy be positive integers. We will show that there is a con-
nected k-partite graph G(V1,V,. .., Vi) with degree set D={d;, Zdl, . Zd },

except when d = T and k > 3 in which case the k-partite graph is not con—
nected.
The case k = 2 and k = 3 are respectively given in Theorem 2 and Theorem
3. Also the case k =1 follows by Corollary 5. So, we assume k > 4 and n > 2.
For k = 4, construct a 4-partite graph G(Vy, Vo, V3, Vy) as follows. Let

Vi =AnUARUA;U - UAjno UAm,
Vo =AnUARUABRU---UAjn_1),
V3 =A31 UA3 UA33U - UA3n_1) UA3zy,
Vi=AnUApUABU- - UAgno UAgm,
with Ajp NA1q =0, Agp NA =0, Az3pNA3q =0 ,A3pNAsq =0 (p
q),|As;l =dj for all j, 1 <j<m, [Ayl=di+dy+---+dj for allj, 1<
4

j
n— ],|A3j| =d for all j, 1 <j <mn, [Ag| = d2,|A4]'| =di+dy+- d;
for all j, 2 <j < m. Let there be an edge (i) from each vertex of Ajj to every

£
<
—1
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vertex of Az, whenever j > 1, (ii) from each vertex of Aj; to every vertex of
Ay, (iii) from each vertex of Ay to every vertex of Az, and (iv) from
each vertex of Ay; to every vertex of Ay(j1). Then, the degrees of the vertices
of G(V1, V1, V3, Vy) are as follows.

dayy = |A31|+|A41| =d +d2> for all ary € Ay,

for 2<j<m, dqy; = Z Az = Z d;, for all aj; € Ayj,

r=1 r=1 j+1
for 1<j <n—1, day = Asgn)| +Aggen| = i +di + - +dj= ) dy,
for all ay; € Ayj, r=1
n n
day, =) _|Anl=) dy, forall a3 € A,
r=1 r=1
n n
for2<j<m, day = Z|A1r| +[Ag5-nl = Z dr +di + -+ dj1 = Z dr,
T=j T=j

for all a3; € Agz;,
day, = |An| = dy, for all as € Ay,
j—1
ag; = =|Ayjnl=di+da+---+dj1 = Zd” for all as; € Ag;.

r=1

for2<j<mn,d

Therefore, degree set of G(V7, V2, V3, Vy) is D = {d;, Z diy..., Z di}.

If k > 5 is odd say k = 2m + 3 where m > 1, construct a Zm + 3-partite
graph G(V1, Va,..., Voi3) as follows.
Let

Vi =AnUARUA;U - UAjne UAm,

V) =AnUARUAB U~ UAyn 1),

V3 =A31UA3 UA;3 U - UA3n_1) UA3zn,
Vi=AnUBpUALUABU- - UAym_1) U A4n,
Vs = As1 U Bsy,

Ve = Ag1 U Bga,

Vom+2 = Ami2)1 U Bami2)2,
Vom+3 = Aam+3)1 U Bamy3)2,



256 T. A. Naikoo, U. Samee, S. Pirzada, B. A. Rather

with A1p N A1q = @, Azp N Azq = @, Agp N Ag,q = @, A4p N A4q = @, (p #
q), AgqpMByy = 0, Ap1NBpy = 0, |A]j| = d; forallj, 1 <j <mn, |A2j| =d;+dy+
. '—i-dj for allj, 1 < ] < Tl—], |A3j‘ = dj for allj, 1 < ] < n, |Aﬂ| = dz, for all
i, 4 <1< 2m+3, Byl =d; foralli, 4 <i<2m+3, |A4]'| =dy+dy+---+dj
for all j,2 <j < mn. Let there be an edge (i) from each vertex of Aj; to every
vertex of Az, whenever j > 1, (ii) from each vertex of Ay to every vertex of
Ay, (iii) from each vertex of Ay to every vertex of Az(j;1y, (iv) from each
vertex of Ay to every vertex of Ayji1), (V) from each vertex of Ay to every
vertex of Ay for all even i > 4, (vi) from each vertex of Bj; to every vertex
of B(iy1); for all even 1 > 4, and vii from each vertex of Bi; to every vertex of
Afipiy for all i > 4. Then the degrees of the vertices of G(V1,V2,..., Vom3)
are as follows.

dayy, = [Az1| + [Ag |.: dy + dz,. for all aj; € Ay,

) )
for 2<j<m, dqy; = Z |Az| = Z dy, for all aj; € Ayj,
=1 =1 j+1

for 1<j<n—1, day = Az + Aggenl = i+ di +--+ 4= Y _dy,
—
for all az; € Ayj, '

n n
dgy, = Z A = Z d,, for all a3 € A3y,

r=1 =1
n n n
for 2 SJ < n, da3j = Z|A1T|+|A2(]_])| = Zdr+d] +—|—d)_] = Zdr)
= — r=1

for all a3; € Aszj,

day, = A1l + A5l = di + dy, for all as € Ag,
j—1
for 2 <j <m, day = Ayl =di+da+---+djoy = ) _dy, for all ay; € Ay,

=1
for even4 <i < 2m+2, dy, = [Anl+H Bzl = da+dy = di+dy,
for all by € By,
for odd 5 <1< 2m+1, dy, = [Bji1)2| + [Aip11l = di + da, for all by, € By,
db 53, = [Bamr22l = di, for all bomiz)2 € Bomais),
for odd5 <1 < 2m+3, do;, = A1) 2[H-Bim1)2l = d2+dy = di+dy,

for all aj; € Ay,
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for even 6 < i < ZTTH-Z, dan == |A(i+1)1|+|B(i,”2| = d2+d1 == d]+d2,

for all ay; € Ay.

2
Therefore, degree set of G(Vi,Va,...,Vomi3) is D ={dy, >_ di, ..., Z di}.

Now, assume k > 6 is even, say k = 2m + 4 Where]m > 1 We add
a new partition set Vymiq4 to the above constructed 2m + 3-partite graph
G(V1,Va, ..., Vomy3) with |Vomial = do and let there be an edge from each
vertex of Vo4 to every vertex of B(m3); so that we obtain a 2m +4-partite
graph G(V1,Va,...,\Vomi3,Vomaia). It is clear that in G(Vi, Va, ..., Voma3s, Vomaa)
the degrees of all the vertices from the partite sets Vi, Va,..., Vo;mi3 remain
unchanged except the vertices in B(ym13)2 (of Vomy3) whose degrees are in-
creased to d; + d; and the degree of each vertex in Vo4 is dj. Therefore, the

2 n
degree set of G(V1, Va,..., Vam+3, Vomaa) is D ={dy, >_ di,..., > di}.

i=1
We note that in above construction, all the k—partite graphs are connected

except when d; =1 and k > 3. O

Finally, we have the following result.

Theorem 7 FEvery set of non-negative integers is a degree set of some k-
partite graph.

Proof. Let di,dy,...,d, be non-negative integers with d,,ds,...,d, > 0.
We will show there is a k-partite graph G(V7, Va,..., Vi) with the degree set

_{dhz dl) )Zdl}

First assume that di = 0. For n = 1, consider a null k-partite graph
G(V1,Va,..., V) with [V =1 for all i, 1 S i < k. Then for 1 <i<k, dy, =
0 = dy, for all v; € V;. Therefore, degree set of G(Vq,Va,..., Vi) is D ={d;}.

Now let n > 1. Since dj, d3, ..., dy are positive integers, therefore by Theo-
rem 6 there exists a k-partite graph G(W7, W, ..., Wx) with degree set Dy =

n
{d,, Z diy..., > di}. We construct another k-partite graph G(V7, Va,..., Vx)
i=2
as follows
Let Vi =WjU{v}, Vo =W,, ..., Vi =W,. Then the degree of the vertex v
is zero, that is, d,=0=d; and the degrees of all the vertices of the parti-

tion set Wi, W,, ..., Wy remain unchanged in G(Vi, Va,..., Vx). Therefore
2 n

G(V1,Va,..., Vi) is a k-partite graph with degree set D:{d1, > diy..., Zdi}.
i=1 i=1
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Now assume that d; > 0. Then dy, dy,...,d, are the positive integers and
therefore by Theorem 6, there exists a k-partite graph G(Vi, Va,..., Vi) with

2 n
degree set D ={d;, >_ di,..., > di}. O
i i=1

i=1
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