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Abstract. New sufficient conditions involving the properties of analytic
functions to belong to the class of Carathéodory functions are inves-
tigated. Certain univalence and starlikeness conditions are deduced as
special cases of main results.

1 Introduction

Let H be the class of analytic functions in the open unit disk D := {z €
C : |z| < 1}. Let A denote the class of all the functions f € H that satisfy
the normalization f(0) = 0, f/(0) = 1. Let S denote the subclass of A con-
sisting of univalent functions. The function f € A satisfying the conditions
Re{zf'(z)/f(z)} > 0, Re{l + zf”(z)/f'(z)} > 0 belong to the familiar classes of
starlike and convex functions denoted by S* and C respectively. Let f and g
be analytic in I, then we say that f is subordinate to g in D (written f < g)
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if there exists a Schwarz function w(z),analytic in I with w(0) = 0 such that
f(z) = g(w(z)),(z € D). In particular, if the function g is univalent in D,
then the subordination is equivalent to f(0) = g(0) or f(D) C g(D). Let us
denote by Q the set of functions q that are analytic and injective on D\E(q),
where E(q) = {C € 9D : lim,_,; q(z) = oo}, and are such that q’(¢) # 0 for
¢ € 0D\E(q). Further, the subclass of Q for which q(0) = a be denoted by
Q(a). Let P(«) be a class of functions of the form p(z) = 1+ Y 77, pnz",
which are analytic in D, we say that p(z) € P(«) if Re{p(z)} > «. We note
that for P(0) := P is the class of Carathéodory functions in ID.

The function q.(z) = /1 + cz, maps D onto a set which is bounded by the
lemniscate of Bernoulli. That is, q.(D) = {w € C: w? — 1| < c}, and the class
S*(qc) given by S*(qc) = {f € A :|(zf'(2)/f(z))? =1 < ¢} (0<c <1),has
been briefly discussed in [17]. We consider the class U(A) of analytic functions
satisfying the following condition, U(A) = {f € A : |(z/f(2))*f'(z) — 1| <
A,  0< A <1} From [16] it is known that the functions in #/(A) are univalent
if 0 < A <1, but not necessarily univalent if A > 1.

Various sufficient conditions for Carathéodory functions were studied by
authors in [5, 6, 11, 12, 13, 14]. Using differential subordination as a tool,
authors in [13] and [14] obtained sufficient conditions for Carathéodory func-
tions.Recently, Kim et al. [5] obtained sufficient conditions involving the argu-
ment of the function such that the function is Carathéodory. Motivated by the
aforementioned works, in this paper various results involving analytic function
to be Carathéodory are obtained and as a consequence, sufficient conditions
for functions to belong to the classes $*(q.) and U(A) are provided. The results
thus obtained generalize and extend certain recent results.

2 Main results

To prove the main results we need the following Lemma.

Lemma 1 [4] Let w be a non constant regular function in D. If [w| attains
its maximum value on the circle |zl = < 1 at zg, then

zow'(z0) = kw(zp),
where k > 1 is a real number.

Lemma 2 [1, 3] Let q € Q(a), and let p(z) = a+ anz™+--- be analytic in D
with p(z) # a and n > 2, if p is not subordinate to q then there exist points
zg = 19e'% € D and (p € OD\E(q) and an m > n for which p(D;,) C q(D),
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1. p(zo) = q(Co)

Coq”(Co) zp’(z)
2. Re{q’(Co) }ZO and ‘q’(C)

3. zop'(z0) = mloq’ (L)
" "
4, Re{zop (z0) +1} > mRe{Coq(CO)H}

sm,

P’ (20) q’'(Co)
5 Re {zép”’(zo)} > m2Re { 39" (%) }
p(z0) J — q'(zo)

Theorem 1 Let 0 < ax < 1,0 < A< 1, B, v, 8, u e R, For an analytic
function p defined in D with p(0) =1, if

Y b5zp'(z)
plz) —x  plz)—«

Re{(p(z)_ww B(p(z) — ) + )} > gle(ay ), o, ),
1)

where

and

uA cos () +\/u27\2 cos? (M) +4(A2—1) (B+2(15_“))(Y— 6(1;)() ) sin (AF

( )7\): R T
e 2(?\+1)(B+ﬁ)sm(}‘7)

then p € P(a).

Proof. Define the analytic function p : D — C as

p(z) = 14+ (1 —2a)w(z)

) (2)

1 —w(z)

where w is an analytic function in D with w(0) = 0. Suppose that there exists
a point zp € D, such that

Re{p(z)} > « for |zl <lzgl and Re{p(z)} = «, (3)
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then we have
lw(z)| <1 for |z|<lzgl and [w(zo)l =1. (4)

By Lemma 1 , we have zow’(z9) = kw(zp), where k is a real number with
k > 1. Now,

zop'(z0)  wilzo)  2{Rew(zo) — 1}
2k(1—o)  (T—w(z0))? [T —wlz)l*
2(1 — x)? 2(1—
Putting p(zo) = « + 1y, we have w(zp) =1 — T —(oc)zoiyz i(] E“)zo:)_yyz
and R 1242
/ _ % Yy
Zop (ZO) =—k 2(1 — OC) ) (5)

which is a non positive real number. Also we observe that for the case 0 < A < 1

A Y zop’(20)
Re{(pm) — o (1 Blplzo) o0+ 5 2 a)}
— RefB(p(zo) — a™ + pplzo) — P + y(plzo) — Y1

+8z0p”(20) (p(20) — )™}

22
= Re { B4ty + (v ka5 )

2(1 — )
A A
:Re{(—ﬁsin;+chos)\zT[—k2(]6_“)<sin7\2ﬂ—icoS;))MMI
ATC AT\, 11—« AT AT A1
+u(0087+181n7>ly| —|—(Y—k6 > )<51n7—lcos7)ly|

B . AT d . AT\ o ATTN | o\
—<—681n7—kmsm7>lyl +u(cos7)|y|

) (-

)
<-(p+ 20— o)
= g(lyl,oc,?\) < max g(u) 0(»7\) = g(e(oc,?\),oc,h),

ue(0,00)

AT AT A S(1—o)\ . A, g
)sm > y[*"" + ncos > lyl* + (y 5 )sm > lyl

which is a contradiction to (1). For the case when A =1,

Re{(P(Zo)—oc)(qu Bplzo) —o) + — Y 45 zop’ (o) )}

p(zo) —ox  plzo) —«



374 V. Agnes S. J. Lavanya, M. P. Jeyaraman, H. Aaisha Farzana

B Y (1 *(X)Zerz
= e { o))+ (4 Bplao) o)+ Y57 = )

< Re {(iy)u+ B(iy)? +V—5<“z(1“)—:)y>}

B > 2 (1—a)
B GRS e R

<y =812 = gle(eg 1), ).

This contradicts (1). Hence the proof. O

Remark 1 By taking u =0 =1 and B =y = 0 in Theorem 1, we get the
result obtained in [6, Theorem 2.29].

By taking p(z) = zf’(z)/f(z) and « = 0 in Theorem 1, we have the following
result:

Corollary 1 For a function f € A and 0 <A <1, if

Re{(B _5)<Z:(/S))M] N <M+5+5Z:,/;(ZZ))) (z;‘(’Z))A +y<zf’(z))>\1}

then f € §*.
Theorem 2 For an analytic function p in D with p(0) =1 and 0 < a < 1, if

zp'(2)

(plz)—a)B 7 ©

1
for all 5 € R, with |8| > 1 and p = ﬁ,n eN,
then p € P(a).

Proof. Let 2) e
h(z) = (w) .

11—«
We note that h is analytic in D, with h(0) = 1. Here p(z) # « for z € D,
suppose that there exist a point z; € D such that p(z;) = «, then z; is a zero
of multiplicity m > 1 such that

h(z) = (z—z1)"g(z) (meN),
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where g(z) is analytic in D and g(z;) # 0. Therefore we have

zp'(z) mz zg'(z)
oo =P o ) @)

But the imaginary part of right-hand side of (7) can take any value when z
approaches zj. This contradicts (6). Therefore p(z) # «, that is h(z) # 0.
Suppose that there exist a point zg € D such that

Re{(h(z))P} >0 for |zl <zl and Re{(h(z))P}=0 (h(zo) #0).

Setting
_ 1= (n(2))?

b2 =T h(@2)F’

we observe that
[b(z)l <1 for |z| <lzol, I$(z0)l =1 and ¢(0) =0.
Hence the conditions of Lemma 1 are satisfied. By taking
(h(z0))P = iy,
where y is a non zero positive real number, and by using Lemma 1, we obtain

209’ (z0) _ —2B(h(z0))P"zoh"(20)

o(z0) T—(h@)® "
and K 2)
. ty
—2oh (20) = 28tz T (i)
Now,
2op'(z0) k(1 — a1 =0/B)(1 442)
(p(zo) —)1/B 2((iy)V/p
—k(1 — o) =/B)(1 +y2) no. . m
— 2y1/f5 (COSE_‘LSIHT)-

1
Forﬁzﬁ,nEN

zop'(z0)  —k(1—o)""/BI(1 4 y?)
(p(zo) —)V/B 2yl/B

(—1)™Mi =15, b €eR,
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which is a contradiction to (6), where

k(1 — o) VBI(1 4 y)(—1)F2
2y1/ﬁ
(1= o) VB0 4y
>
= 2417

18] =

> 1.

Hence the proof. O

For the choice of p(z) = zf'(z)/f(z), p = 1 and p(z) = f'(z), p = 1 and
o = 0, in Theorem 2, we have the following Corollary 2 and Corollary 3
respectively.

Corollary 2 For 0 < o < 1, if the function f € A satisfies

zf'(z) (1 — Z:(Z)) + 22" (z2)

zf!(z) — af(z)

#16  (BeR[B[=1),

then f € S*(«).

Corollary 3 If f € A satisfies

zf"(z)
f'(z)

#16  (BeR,[B[=1),

then f is univalent.

5
b+ and let G(z) be a
complex valued function defined in D. If p is analytic in D with p(0) =1 and

Theorem 3 Let o, B, v, 0 e Rwith0<a<1,v<

Re{yz’p"”(z) + (3y + B)Z*p"(2) + (v + 2B + 8)zp/(z) + G(z)p(2)}

(8)
> (e, Byy, 8, G(z)),

where

(1—a)[Im(G(2)))? = [6 + B — 2y
2(6+p —2vy)

LL((X, B)Y) 6) G(Z)) = + “RG{G(Z)})

then p € P(«).
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Proof. Let the function p be defined as in (2), suppose that there exists a point
zo in D satisfying (3). By defining h: D — C as h(z) = (1+ (1 —2a)z) /(1 —2z),
we have p 4 h. By Lemma 2, there exist a (o € 0D and m > 1 such that

Re{1+20p”(20)}2mRe{1+COh”(CO)}:0

P’ (20) h/(Co)
and 9)
23p"" (z0) } 2 { Cgh" (%) }
Re B} 2 mire{ S o

Using (5) and (9), we obtain
Re{zdp”(z0)} < —zop'(z0) and  Re{z3p”(z0)} < 0. (10)

From (5), (10) and by taking p(z) = «+ iy (y € R), we have the following
inequality

Rel{yz3p”"(z0) + 3y + B)zgp” (z0) + (v + 2B + 8)zop’(20) + G(2)p(z0)}
< (84 B —2v)zop'(z0) + xRe{G(z0)} — Im{G(z0)}y

2.2
< (562 (U3 E 5 ) + cRefG 20— In(Glzaly

(0= (Im{Gl0)? = (64 B2y | b

- 200+ B —2v)
= H((X, B)Y) 6) G(ZO)))
which contradicts (8) and completes the proof. O

On taking x = p =v =0,8 =1 and G(z) = 1 in Theorem 3, we get the
following Corollary that improves the result of Miller [7, p.80].
Corollary 4 For an analytic function p in D with p(0) =1, if

1
Re{p(z) +zp'(2)} > L

then p € P.
By takingy=pf=0,G(z)=1landy=p=0,5=1,G(z) =1 in Theorem 3,
we obtain the Corollary 5 and Corollary 6 respectively, which are due to Kim
et al. [6, Theorem 2.6].
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Corollary 5 For an analytic function p in D with p(0) =1, if

(1— )b

Re{6zp'(z) + p(2)} > o — PR 0<a<1)

then p € P(a).

Corollary 6 For an analytic function p in D with p(0) =1, if

(Bax—1)

Re(zp'(z) + p(z)} >
then p € P(a).

Theorem 4 Let p be an analytic function in D, with p(0) =1 for p >0, if

{1+ P (- i@ -B),

then (p(z))"/P € P.

Proof. Define the function p: D — C as

(T +w(z)\B
p(z) = (1 —w(z))
or equivalently
_p2)/F -1
wie)= p2)VB+ 1’

then w is analytic in D with w(0) = 0. Suppose that there exist a point zy in
D such that

Re{(p(2))/P} >0 for |zl <lzl and Ref{(p(z0))"/P} =0,

we obtain
lw(z)l <1 for |z|<lzgl and [w(zo)l =1.

Therefore by using Jack’s Lemma, a simple calculation yields

B plzo)  T—(w(z0))? T—(wlz))?

1zop'(z0)  2zow'(z0) _ 2kw(zo)

Hence

1 ozop(z0) _ wizo)
2kB plzo)  1—(w(z0))?"
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On taking (p(zo))"/® = iy, where y is a nonzero real number, we obtain

il B
T+y?2  T+4+y?

w(zo)

and

zop’ (zo0) _2kpw(zo)
p(zo) T—(w(z0))?’

where k is a real number, with k > 1. Therefore

‘Im{(p(zo))‘/ﬂm}‘ = Im{(p(zo))]/ﬁ}—klm{z(f(;(;())H
=y+m$“1$q
ZU+B“;;H
>y Bl > - gD
= lplaa)) 41— BCCHIPLEIETD,
which contradicts (11). Hence the proof. O

Theorem 5 For an analytic function p in D with p(0) =1, if p satisfies

Re{(p(z))erZE(Z)}<1_¢_2(]C_C) 0<c<1), (12)

then p € P. Also p(z) < V1 +cz.

Proof. Define a function p : D — C by
pz) =+1+cw(z), (z€A)
=1+piz+p2zt+..,
or equivalently

2(2) —1
w(z) = P20 (ZC) =wiz+wz + ...,
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we observe that w is analytic in D and w(0) =0 .

Suppose that there exist a point zg in D, such that
Re{p(z)} >0 for |z|<|zo] and Re{p(zp)} =0

and
max [w(z)| = [w(zo)| =1 |[z] < [zol.

By Lemma 1, there exist a number k > 1 such that zow’(z9) = kw(zo).
Without loss of generality we may assume that w(zg) = €'°, where 0 € [—m, 7],
for this zg, we have

zop’(20)
p(zo0)

Re {(p(zOJ)Z ;

} = Re{l + cw(zg)} + Re { ckw(zo) }

2(1 4+ cw(zo)

- k el®
— Rel1 oy, Kp ) &
e{l1+ce™} + > e{1+ce19}

k
— Re{1 + ¢ cos 0 + isin 0} + Czne{
cos 0 +c¢
14+c2+2ccosB

cos 0 +sin 0
1+ cel®

21+ccose+g<

> ) = H(cos 0).

Let t = cos 0 then
(o t+c
M =1 eer S(— ),
) +C+21+02+20t

Since H(t) is an increasing function,

H(t) 2H(—1):1—C+E<i)

2\1+c2—2c
e © (i)
N 2\(1—c¢)?
c
—l—Cc——
¢ 2(1—¢)’

which is a contradiction to (12) and implies that, Re{p(z)} > 0 and |w(zp)| < 1.
That is p(z) < V1 +czand p € P,z € D. O
Following results are obtained as the consequence of Theorem 5.

zf'(z)

f(z)

For the choice of p(z) = in Theorem 5, we have the following:
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Corollary 7 If f € A satisfies

zf (z)\2 zf"(z) zf'(z) c
Re{( ) ) L +1} =055y (0<c<n,
then f € S*(qc).
By taking p(z) = va(fz’)(z) in Theorem 5, we have the following:
Corollary 8 If f € A satisfies
22(z)  zf"(z)  zf'(z) A

then f € U(A) and hence it is univalent.
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