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Abstract. Let A and S be the adjacency and the Seidel matrix of a
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defined as the sum of the absolute values of eigenvalues of A. Analogously,
S-energy is the Seidel energy Es(G) of a graph G defined to be the sum of
the absolute values of eigenvalues of the Seidel matrix S. In this article,
certain class of A-equienergetic and S-equienergetic graphs are presented.
Also some linear relations on A-energies and S-energies are given.
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1 Introduction

Let G be a simple, finite and undirected graph of order n with vertex set
V(G) = {v1,v2,...,vn}. The adjacency matrix A = [aj] of G is a square
matrix of order n whose (i,j)-th entry ay; = 1 if v; and v; are adjacent and 0
otherwise. The eigenvalues 61,03, ..., 0, of A are called the A-eigenvalues of G
and their collection is called the spectrum or A-spectrum of G. If 01, 0,,..., 0y
are the distinct A-eigenvalues of G of order n with respective multiplicities
mp, my,..., Mg, then the A-spectrum of G is denoted by

K
01 6, .- ek),wherezmj:n-

Spec(G) = (

In 1966 J. H. van Lint and J. J. Seidel introduced real symmetric {0, £+1}-
matrix called the Seidel matrix S is defined as S =] — I — 2A, where ] is the
matrix of order n whose all entries are equal to 1 and I is the identity matrix

of order n. The eigenvalues A1, Ay, ..., A, of S are called the Seidel eigenvalues
or S-eigenvalues of G and their collection is called the Seidel spectrum or S-
spectrum of G. If A7, Az, ..., A are the distinct S-eigenvalues of G of order
n with respective multiplicities my, my,..., My, then the Seidel spectrum or
S-spectrum of G is denoted by
MOA A -
B : g e « o
Specs(G) = ( M omy e My >, WhereZm] .

j=1

The number of positive and negative A-eigenvalues of G are denoted by n™
and n~ respectively. The complement of a graph G is denoted by G. A graph
G is an r-regular graph if all its vertices have same degree equal to r. The
line graph of G, denoted by L(G) is a graph whose vertex set has one-to-one
correspondence with the edge set of G and two vertices are adjacent in L(G) if
the corresponding edges are adjacent in G. For k =1,2,..., the k-th iterated
line graph of G is defined as 1*(G) = L(L*'(G)), where 1°(G) = G and
L'(G) = L(G) [10]. Let K, be the complete graph of order n and Ky ma,my
be the complete multipartite graph of order n = Z?:] nj.

If0; >0, >--- > 0, be the A-eigenvalues of G, then the energy or A-energy
is defined as

nt

n n-
E(G)=) 16=2) 6=-2) 0n 1.
j=1 1 j=1

j=
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Several researchers have introduced many graph operations such as comple-
ment, disjoint union, join, graph products etc. The graph products Cartesian
product, tensor product and strong product are known as the standard graph
products and have been well studied in the graph theory. The energy of a graph
introduced in 1978 [8] in connection with molecular chemistry and gained its
own importance in the spectral graph theory.

Two graphs G; and G; of same order are said to be equienergetic or A-
equienergetic if E(Gy) = E(G2). Similar to A-energy, the Seidel energy or
S-energy Es(G) [9] of a graph G is defined as the sum of the absolute values
of the eigenvalues of Seidel matrix S. Two graphs G; and G; of same order
are said to be Seidel equienergetic or S-equienergetic if Es(Gy) = Es(G2). Nu-
merous results dealing with the non-cospectral, A-equienergetic graphs have
been appeared in the literature. Balakrishnan [2] and Stevanovié [23] con-
structed A-equienergetic graphs using tensor product. Ramane and Walikar
[20] and Liu and Liu [12] constructed A-equienergetic graphs by join of two
graphs. Bonifdcio et al. [3] and Ramane et al. [17] obtained some class of A-
equienergetic graphs through Cartesian product, tensor product and strong
product. Ramane et al. [21] obtained non-cospectral A-equienergetic iterated
line graphs from regular graphs. For other results on A-equienergetic and S-
equienergetic graphs one can see [1, 4, 7, 11, 12, 13, 14, 15, 18, 22, 24]. For
other notation, terminology and results related to the spectra of graphs we
follow [6]. One of the interesting and difficult problem in the study of energy
of a graph in spectral graph theory is to find non-isomorphic graphs of same
order with same energy. So for in the literature the linear relations on ener-
gies of two non isomorphic graphs are not well studied except A-equienergetic
or S-equienergetic graphs. This motivates to find some class of graphs which
satisfies the linear relations on energies of different graphs.

This article is organized as follows. In section 2, basic definitions, known results
on A-eigenvalues of graph products, A-energy of a graph, S-eigenvalues and
S-energy of a graph are presented. In section 3, certain class of A-equienergetic
graphs are constructed and obtained some linear relations on the A-energies.
In section 4, some class of the S-equienergetic graphs are constructed and
obtained some linear relations on the S-energies.

2 Preliminaries

In this section, we shall list some known results which are needed in the next
two sections.
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Theorem 1 [6] Let G be an r-reqular graph of order n with the A-eigenvalues
01 =1,02,...,0n. Then the A-eigenvalues of G are n—r—1,—0,—1,...,—0,—
1.

Theorem 2 [6] Let G be an r-reqular graph onn vertices and m edges with the
A-eigenvalues 01 = 1,0, ...,0,. Then the A-eigenvalues of L(G) are 8;+1—2,
i=12,...,n and —2 (m —n times).

Theorem 3 [5] Let G is an r-regular graph of order n with the A-eigenvalues
01 =1,02,...,0n. Then the eigenvalues of S are n—2r—1,—1—-20,,...,—1—
20,,.

Theorem 4 [16] Let Gy and G, be two r-reqular graphs of same order m,
T > 3. Then for k> 2, 1X(Gy) and L*(G,) are S-equienergetic.

The Cartesian product of two graphs G; and G is the graph GG, with ver-
tex set V(G1) x V(G2), in which the vertices (u;,uy) and (vq,v;) are adjacent
if either u; is adjacent to vi in G; and u, is equal to v, or uy is equal to vy
and u; is adjacent to vz in Gj.

The tensor product of two graphs G and G is the graph G ® G, with vertex
set V(G1) x V(G2), in which the vertices (uj,u,) and (vi,v;) are adjacent if
u; is adjacent to vi in Gy and u; is adjacent to v, in Gj.

The strong product of two graphs G and G; is the graph G1X G, with vertex
set V(Gi1) x V(G3), in which the vertices (u;,u;) and (vi,v») are adjacent
whenever u; and vy are equal or adjacent in Gy, and u; and v; are equal or
adjacent in G;. If G and G; are two regular graphs then G1JG;,, G1 ® G, and
G X G; are also regular graphs.

Lemma 5 [5] If wi, 12, ..., un are the A-eigenvalues of a graph Gy and o1, 02,
.., Om are the A-eigenvalues of a graph Gy then

(i) the A-eigenvalues of GG, are uy+ 05, i=1,2,...,n;j=1,2,...,m,
(1) the A-eigenvalues of G1 ® Gy are wioj, i=1,2,...,n;j=1,2,...,m,
(iii) the A-eigenvalues of G1 X Gy are wioj + i+ 05, i = 1,2,...,n;j =

1,2,...,m.

Lemma 6 [17] The A-spectrum of the line graph of a complete bipartite graph
Kp,q, where p,q > 2 is

_(Pta=2 p-2 q-2 -
SpeC(L(Kp,q))< 1 qg—1 p—1 (P—”(q_])).
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3 A-equienergetic graphs and linear relations on A-
energies of certain class of graphs

3.1 A-equienergetic graphs

Theorem 7 Let Gy and Gy be two r-reqular A-equienergetic graphs of order
n. Then fOT’ P 2 T, E(G]DKp)p) . )‘p) = E(GzDKp)p) - ,p)

k times k times

p(k—1) 0 —p>
Proof. We have, Spec(K = .
peclKp,p,...p) ( 1 Kp—1) k-1
k times
A 92 Gk K o
Let Spec(G1)—<] L mk),where]—i—j;m,—n.
By (i) of Lemma 5,
_(r+pk—=1) T r—p 0+pk—1)
SPGC(G1DKp,p,...,p)—< 1 Kp—1) k—1 m
k times
O +p(k—1) 0, O O—p -+ Ok—p )
my kmy(p—1) -+ kmy(p—1) my(k—1) -+ my(k—1)/"
Therefore

E(G1TKp, p,...,p)
PPy P

k times

k
= fr+plk—Nl+k(p—1)+F—plk—1)+ Y mil6; +pk—1)
i=2
k k
+> kmi(p—1)10i+ > mi(k—1)[0; —pl
i=2 i=2
k
= t4+pk—D+krlp—1+p-7)k=1)+) miB:i+pk—1))
i=2

k k
+k(p—1) ) milos + Y mi(k—1)(p—65)
i=2 i=2

since 0; +pk—1)> —714+p>0and O —p<r—p <0
= 2np(k—1)+k(p—1E(Gy).
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Since G is also an r-regular graph of order n, we have
E(G2UKp, p,...,p) =2np(k—1) + k(p — 1)E(G2).
k times

If Gy and G; are A-equienergetic then E(G100Kp p, ..., p) = E(G20Kp, p, ..., p)
—— ——

k times k times

which completes the proof.

Remark 8 Recently in [19] Ramane et al. proved that E(G10K,, ) = E(G20K, ).
It is noted that this result becomes particular case of Theorem 7.

Theorem 9 Ifp>n > 2 and k > 2 then

E(Kp,p,...,p0Kn 1) = E(Kp—1,p—1,...,p—1DK“) if and only if p =n.

k times k times
Proof. We have
_ (pk=T1) 0 —P
SpeC(Kp)p)_,_)p)—< 1 k(p—]) k—1
k times
and
n—2 -1
Spec(Kn1):< 1 n—2>'
By (i) of Lemma 5,
pk—p+n—2 pk—p—1 n-2
Spec(K UKn—1) =
pec( PPy P n-1) ( 1 n—2 k(‘p—])

k times

—1 n—p—2 —p—1
k(n—2)(p—1) k—1 (k—])(n—Z))'

Ifp>n>2then pk—p+n—2,pk—p—1 and n — 2 are only the positive
A-eigenvalues of Kp, p, ..., plKn_1. Therefore from definition of A-energy, we
—_——

k times

get
E(Kp,p,...,p0Kn-1)
k times
=2[pk—p+n—-2+n-=2)(pk—p—1)+k(n—=2)(p—1)]
= 2[2npk — 3pk —np + p — nk + 2k].
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Next, we have

(p=1(k-1) 0 —(p—1)
SpeC(Kp—Lp—],...,p—”_( 1 k(p—2) k-1 >

k times

and
n—-1 -1
Spec(Ky) = < 1 . ]> .
By (i) of Lemma 5,
Spec(Kp 1 p—1,...,p — 1K)

k times

_(pk—p+n—k pk—p—k n-—1I
- 1 n—1 k(p —2)

—1 n—p —p
kn—1)(p—-2) k=1 k—=1n-1))"

Ifp>n>2then pk—p+n—k,pk—p—kand n—1 are only the positive
A-eigenvalues of Kp —1p—T1,....,p— 10Ky. Therefore from definition of A-

k times

energy, we get
E(Kp_]>p_]a--')p_

k times

]DKn)

2pk—p—k+n+nm—1)(pk—p—Kk) +k(n—T1)(p —2)]
= 2[2npk — 3nk —np + n — pk + 2Kk].

The graphs Kp, p, ..., pUKn—1 and Kp —1p—T1,....,p— 10Ky, are
k times k times
A-equienergetic if and only if
E(Kp,p,...,p0Kn1) =E(Ky 1 5 = _10Kq).
bP p—"n p—Lp—1,...,p—1

k times k times

That is, 2[2npk —3pk —np +p —nk+2k] = 22npk —3nk —np +n—pk+ 2k]

or p+ 2nk = n + 2pk, which implies (n — p)(2k — 1) = 0. Since k is positive
integer, we get p = n. This completes the proof. ]
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Theorem 10 Let G be the Petersen graph andp,q > 4. Then E (GDL(Kp,q)) =
E(GOL(Kyq).

Proof. The A-spectrum of Petersen graph is

31 =2
Spec(G)z(1 5 4>.

From Lemma 6 and Theorem 1, A-spectrum of L(K, 4) is

T ) _ (Pd—P—q+1 1—p 1—q¢ ]
Spec(L(Kp,q))—< 1 q—1 p—1 (p1)(q1)>'

Now by (i) of Lemma 5, A-spectrum of GOL(Kp 4) is

pqa—p—q+4 4—p 4—q 4 pq—p—q+2 2—p
1 q—1 p—1 pgq—p—q+1 5 59 -5
2—q 2 pq—p—qg—-1 —1—-p —1—¢

5p—5 5pq—5p—5q+5 4 4qg—4 4p—4

—1
4pq —4p —4q —1—4)'

If p,q >4 thenpg—p—-q+44pg—p—q+2,2andpq—p—q—1
are only the positive A-eigenvalues of GOL(Kp ). Therefore from definition of
A-energy

E(GDL(Kp,q)) =2lpq—p—q+4+4pq—p—q—-1)+5(pq—p—q+2)
+2(5pq—5p—5q +5) +4(pq—p—q+1)]
=48(p—1)(q—1).

Spec(G) = (? 31 _52> .

By using (i) of Lemma 5 and Lemma 6, GOL(Kp 4) has A-spectrum,
p+q+4 p+4 q+4 4 p+q—4 p—4 q—4
1 q—1 p—1 pgq—p—q+1 5 5¢—5 5p—5

—4 p+q—1 p—1 q-—1 —1
5pq —5p—5q+5 4 4q—4 4p—4 4pq—4p—4q+4)°
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If p,q > 4 then —4 and —1 are only the negative A-eigenvalues of GDL(Kp’q).
Therefore from definition of A-energy
E(GOL(Kp,q)) = 2[4(5pq —5p — 5q +5) + 4pq — 4p — 4q + 4]
=48(p—1)(q—1)
which completes the proof. ]

Recently in [17] Ramane et al. proved that E(L(Kp4)) = E(L(Kp,q)). In the
following A-equienergetic graphs with the help of these graphs are given.

Theorem 11 Ifp,q > 5 then E(L(K, )OL(Ks)) = E(L(Kp q)OL(Ks)).
Proof. The A-spectrum of Ky is

Spec(Ky) = (? _3]> .

spec(L(K4))=<‘]‘ g _22>

By using (i) of Lemma 5 and Lemma 6, L(K, 4)OL(K4) has A-spectrum

From Theorem 2,

p+q+2 p+q—2 p+q—4 p+2 p—2 p—4 q+2 q-2
1 3 2 qg—1 3q—3 29—2 p—1 3p-3

q—4 —4 2 -2
2p—2 2pq—2p—29+2 pq—p—q+1 3pq—3p—3q+3)°
If p, @ > 5 then —4 and —2 are only the negative A-eigenvalues of L(Kp q)OL(Ky).
Therefore from definition of A-energy
E(L(Kp,q)OL(K4)) = 2[4(2pq — 2p — 29 + 2) + 2(3pq — 3p — 3q + 3)]
—28(p—1)(q—1).

By using Theorem 1, (i) of Lemma 5 and Lemma 6, L(K; q)0L(Ks) has A-
spectrum,

Pq—pP—9q+5 pq—p—q+1 pgq—p—q—1 5—p 1—-p —1-p

1 3 2 qg—1 3q—3 2q-—-2
5—-q 1—q —-1—gq 5 1

p—1 3p—-3 2p—2 pq—p—q+1 3pq—3p—3q+3

—1
2pq—2p—2q+2>'



204 H. S. Ramane, K. Ashoka, B. Parvathalu, D. Patil

If pyq>5thenpq—p—q+5pq—p—q+1,pq—p—q—1,5and 1 are
only the positive A-eigenvalues of L(K, q)EL(K4). Therefore from definition of
A-energy

E(L(Kp,q)UL(Ks)) =2[pq—p—q+5+3(pgq—p—q+1)+2(pg—p—q—1)
+5(pq—p—q+1)+3pq—3p—3q+3]
=28(p—1)(q—1)

which completes the proof. O

Theorem 12 If3 < p,q < 6 then E(L(K,4)OL(K4)) = E(L(Kp ¢)OL(Ky)).

Proof. We have
4 0 -2

By using (i) of Lemma 5, Lemma 6 and Theorem 1, L(K q)OL(K4) has A-
spectrum

6pq—p—q—3 -1—-p—q+2 —1—-p—q+4 —1—p—-2 —1—p+2
1 3 2 q—1 3g—3

—1—-p+4 -1—q—2 —-1—q+2 —1—q+4 -3
2q—2 p—1 3p—-3 2p—2 Pq—p—q+1

1 3
3pq—3p—39q+3 2pq—2p—2q +2> )
If p,q > 3 then 6pq —p —q—3,1 and 3 are only the positive A-eigenvalues
of L(Kp q)UL(K4). Therefore from definition of A-energy, we have
E(L(Kp,q) OL(Ks))
=2[6pq—p—q—3+1(3pq—3p —3q9+3)+3(2pq —2p —2q + 2)]
=2(15pq — 10p — 10q + 6).

By using (i) of Lemma 5, Lemma 6 and Theorem 1, L(K; q)OL(K4) has A-
spectrum

spq+p+q—6 p+q—pq—2 p+q—pq p—6 p—2 p
1 3 2 q—1 3q—3 2q-2

q—6 q—2 q —6 -2
p—1 3p—3 2p—2 pq—p—q+1 3pq—3p—3q+3

0
2pq—2p—2q+2)'
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If 3 <p,q <6then 5pq+p+q—6,p—2,p,q—2 and q are only the positive

A-eigenvalues of L(K;, 4)OL(Ky). Therefore from definition of A-energy

E(L(Kp,q)OL(K4)) =2[5pq+p+q—6+ (p—2)(39—3) +p(29 — 2)
+(q—2)(3p —3) + q(2p — 2)]
=2(15pq — 10p — 10q + 6)

which completes the proof. O

Theorem 13 Ifp,q > 3 then E(L(Kyq)OL(Ky)) = E(L(Ky.4)OL(Ks)).

Proof. We have
4 0 =2
SWdUMD=<13 2)

and from Theorem 1

Spec(L(Ky)) = <; _31> .

By using (i) of Lemma 5 and Lemma 6, L(K, 4)0L(K4) has A-spectrum

r+q—1 p+q—-3 p—1 p—3 q—1 q-3
3 3 3g—3 3q—3 3p—3 3p-3

—1 -3
3pq—3p—3q+3 3pq—3p—3q+3)'

If p, @ > 3 then —1 and —3 are only the negative A-eigenvalues of L(K q)OL(Ky).
Therefore from definition of A-energy

E(L(Kp,q)OL(Ka)) = 2B3(p — 1)(q — 1) + 9(p — 1)(q — 1)}
=24(p—1)(q—1).

By using Lemma 6, Theorem 1 and (i) of Lemma 5, L(K; q)0L(K4) has A-
spectrum

pq—p—q+2 pq—p—q 2-p —p 2—q —q
3 3 3g—3 3q—3 3p—3 3p-3

2 0
3pq—3p—3q+3 3pq—3p—3q+3)'
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If pyqg > 3 then pq —p —q+ 2,pq —p — q and 2 are only the positive
A-eigenvalues of L(K; q)OL(Ky). Therefore from definition of A-energy

E(L(Kp,q)UL(K4)) =2B(pq—p—q+2) +3(pg—p—4q)
+2(3pq —3p —3q + 3)]
=24(p—T)(q—1)

which completes the proof. ]

Theorem 14 If p,q > 4 then E(L(K, q)0C¢) = E (L(Kp,q)OCs) where Cg is
the cycle of order 6.

Proof. We have
21 -1 =2
Spec(Cg) = <] > 2 > .

By using Lemma, 6, Theorem 1 and (i) of Lemma 5, A-spectrum of L(Kp, 4)0Cg
is

Pq—pP—q+3 pq—p—q+2 pq—p—q pq—p—q—1 3—p

1 2 2 1 q—1
2—-p —»p —1-p 3-q 2-q —q —1—q 3
2q—2 2q—2 q—1 p—1 2p—2 2p—2 p—1 pq—p—q+1

2 0 —1
2pq—2p—2q+2 2pq—2p—2q+2 pq—p—q+1)'

Ifp,q >4 then pq—p—q+3,pq—p—q+2,pq—p—q,pq—p—q—1,3 and
2 are only the positive A-eigenvalues of L(Ky, q)00Cg. Therefore from definition
of A-energy

E ( (Kp,q)mcé)

=2pq—p—q+3+2(pq—p—q+2)+2(pq—p—q)
+ppg—p—q—-1D+3pq—p—q+1)+2(2pq—2p — 29 + 2)]
=26(p—1)(q—1).

—_ 310 =2
Spec(Cg)—< 1 2 2).

Now by Theorem 1

"
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By using Lemma 6 and (i) of Lemma 5 L(Kp q)0Cg has A-spectrum
p+q+1 p+q—1 p+q—2 p+q—4 p+1 p—1 p—-2 p—4
1 1 2 2 q—1 q—1 2q—2 2q-—-2
q+1 q—1 q—2 q-—4 1 —1
p—1 p—1 2p—2 2p—-2 pq—p—q+1 pq—p—q+]1

-2 —4
2pq—2p—2q+2 2pq—2p—2q—|—2>'

If p,q > 4 then —1,—2 and —4 are only the negative A-eigenvalues of L(K, 4 )OCs.
Therefore from definition of A-energy

E (L(Kp,q)OCs) = 2[pq —p —q +1+2(2pq — 2p — 2q +2)
+4(2pq —2p —2q + 2)]
=26(p—1)(q—1)

which completes the proof. ]

Theorem 15 If p,q > 3 then E (L(Kp’q)DWQ = E(L(Kp,q)DWﬂ where Ws
is the wheel of order 5.

Proof. Since A-spectrum of Wj is

1T 0 —1
21 2)°
Now by (i) of Lemma 5, A-spectrum of L(Kp,q)DW5 is
p+q—1 p+q—2 p+q—-3 p—1 p—2 p—-3 q—-1 q—2
2 1 2 2q—2 q—1 2q—2 2p—-2 p—1
q—3 —1 —2 -3
2p—2 2pq—2p—29+2 pq—p—q+1 2pq—2p—2q+2)°

If p,q > 3 then —1,—2 and —3 are only the negative A-eigenvalues of L(Kp q)CIWs.
Therefore from definition of A-energy

E (L(Kp,q)OWs) =22pq —2p —2q+2+2(pq—p—q+1)
+3(2pq—2p —2q + 2)]
—20(p—1)(q— 1)
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By using Lemma 6, Theorem 1 and (i) of Lemma 5, A-spectrum of L(Ky, ¢)OWs
is

pq—p—q+2 pq—p—q+1 pq—p—q 2—p 1—-p —p 2—¢q

2 1 2 2q—2 q—1 2q—2 2p-2
1—-q —q 2 1 0

p—1 2p—2 2pq—2p—29+2 pq—p—q+1 2pq—2p—2q+2)°

Ifp,q >3 thenpg—p—q+2,pq—p—q+1,pq—p—q,2 and 1 are only the
positive A-eigenvalues of L(K, q)0O0Ws. Therefore from definition of A-energy

E<L(Kp,q)DW5) =22(pq—p—q+2)+pq—p—q+1+2(pq—p—q)
+2(2pq—2p—29+2)+(pq—p—q+1)]
=20(p—1)(q—1)

which completes the proof. O

Theorem 16 Ifn > 3 then E(Knn ® Kno1) = E(Kn_1n1 @ Ky,

Proof. We have
n 0 -n
Spec(Knn) = (1 n-2 1 )

-2 -1
Spec(Kn_1) = (n 1 . 2> .

and

By using (ii) of Lemma 5 and Theorem 1,

- n2-1 -1-n -1 nn—-2)—1 n—1
Spec(Kn,n®Knl)—< 1 n—-2 (m—-12n-2) 1 n—2>.

If n > 3 then n?—1,n(n—2)—1 and n—1 are only the positive A-eigenvalues
of Knn ® Kp—1 and from definition of A-energy

E(Knn ®Kn1) =2m* —1—T+nMn—2)+ n—1)(n—2)]

= 6n? —10n.

—1 0 —(n—1
SpeC(Kn—Ln—]) = (n 1 n—4 (n1 ))
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and

Spec(Kyn) = <n]—1 - > .

n—1
By using (ii) of Lemma 5 and Theorem 1,
SpeC(Kn71,n71 ® Kn) =
n-2 —1+mn-1 -1 —1 m—12—-1 —1—(n—-1)
< 1 n—1 2n—4 2n—4)(n—1) 1 n—1 )
If n > 3 then n?—2,n—2 and (n—1)?>—1 are only the positive A-eigenvalues
of Kn_1n-1 ® K. Therefore from definition of A-energy
E(Knin1@Ky) =2 =24+ (n—=1)n—-2)+ (n—1)7>—1]

—=6n?—10n

which completes the proof. ]

3.2 Linear relations on energies of graphs

Linear relations on energies of different graphs are not yet well studied in the
study of graph energies except equienergetic graphs, that is E(G1)—E(G2) = 0.
In the following we present some linear relations on energies of different graphs
of same order of the type aE(G;) + bE(G;) = ¢, where a,b and c are real
numbers.

Theorem 17 Ifn >3 then E(L(K4)DKn) - E(L(K4)DKn) —2.

Proof. We have
4 0 -2

Spec(Ky) = (n]—1 - > .

n—1

and

By using (i) of Lemma 5,

n+3 n—1 n—-3 3 —1 -3
Spec(L(K4)DKn):< 1 3 2 n—1 3n—3 2T1—2>'

If n > 3 then —1 and —3 are only the negative A-eigenvalues of L(K4)OK,,.
Therefore from definition of A-energy
E (L(Kg)OKy) =2[(3n—3) + 3(2n — 2)]
=18n—18. (1)
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By using Theorem 1

—_— n—-4 —m 2—m -4 0 2
SpeC(L(K4)DKn):< 1 3 2 n—1 3n—-3 2T1—2>.

If n > 3 then —m,2 — n and —4 are only the negative A-eigenvalues of
L(K4)OK,;,. Therefore from definition of A-energy

E (L(K4)DKn) —23n+2n—4+4n—4]
—18n— 16. 2)
From (1) and (2) the result follows. O
Theorem 18 Ifn > 3 then E(Kq_11-1 ® Ky) —E(Kpn ® Knq) =4,

Proof. We have
n 0 -n
Spec(Knn) = (1 -2 1 )

Spec(Kp—1) = <n1—2 - ) .

n—2

and

By using (ii) of Lemma 5,
SpeC(Kn,n @ K1) =
nn—2) -m 0 0 —n(n—2) n
1 n—2 2n—2 (n—2)2n-2) 1 n—Z)'
If n > 3 then n(n—2) and n are only the positive A-eigenvalues of Ky n @ Ky_1.
Therefore from definition of A-energy

E (Kn,n ® Kn1) =2n(n—2) +n(n —2)]

= 4n? — 8n. (3)
Now
Spec(Kn 1n 1) = (n1—1 2no_ \ —(n]— 1))
and
Spec(Ky) = (“1_] n__11> .

By using (ii) of Lemma 5,
SpeC(KnJ,nJ ®Ky) =



A-energy and S-energy of graphs 211

m—172% —(n—1) 0 0 —mn—=1) n—1
< 1 n—1 2n—4 (n—2)(2n—2) 1 n—1>'
If n > 3 then (n — 1)? and n — 1 are only the positive A-eigenvalues of
Kn—1n—1 ® Ky. Therefore from definition of A-energy

E (Kn_1,nm1 @ Kn) = 2[(n— 12 + (n — 1)7]
=4n? —8n +4. (4)

From (3) and (4) result follows. O

Theorem 19 Ifn > 3 then

E(Kp —1m— 1,0 m— 1 Kn) ~ EKpyny oo B Kp) =2
k times k. times
Proof. We have
_ (n(k—=1) 0 -n
SpeC(Kn,n,...,n)—( 1 k(n—]) k_])
k times
and
n—2 -1
Spec(Kn_1) = ( 1 n—2> .
By using (iii) of Lemma 5,
Spec(Kn, n,...,n XKy 1) =
k times
nk—n?—mk+2n—-2 n-2 -1 —n?+2n-2
1 kin—1) kn(n-—2) k—1 )

If n > 3 then n*’k—n?—nk+2n—2 and n—2 are only the positive A-cigenvalues
of Kn,n,...,n X K;_1. Therefore from definition of A-energy

k times

E(Kn,n,...,n®Ky)=2m?k—n?—nk+2n—2+k(n—2)(n—1)]
——

k times

= 4n?k — 2n? — 8nk +4n + 4k — 4. (5)
Now
m—1)(k—1) 0 —(n—1)
SpeC(Kn_1,n—1,...,n—1)=< 1 k(n—2) k-1

k times
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and

Spec(Kyn) = <n]—1 - > .

n—1

By using (iii) of Lemma 5,

Spec(Kn—l,n—],...,n—] M Kn) =
k times
nk—n?—nk+2n—1 n—1 -1 24+ 2n—1
1 k(n—2) k(n—1)?2 k—1

If n > 3 then n*k—n?—nk+2n—1 and n—1 are only the positive A-eigenvalues

of Kj; _ In—1,....,n—1 X Ky. Therefore from definition of A-energy
k times
EKn—1,n—1,...,n—1%8Kn) =2’k —n?—nk+2n—T+k(n—2)(n—1)]
k times
= 4n’k — 2n® — 8nk + 4n + 4k — 2. (6)
From (5) and (6) the result follows. O

Theorem 20 Ifn > 3 then E(Kyn M Ky1) — E(Kp_1 o1 XKy ) =4,

Proof. We have
n 0 -n
Spec(Knn) = (1 n-2 1 )

-2 -1
Spec(Kn_1) = (n1 n2> .

By using (iii) of Lemma 5 and Theorem 1,

and

. n?—2n+1 0 1
SpeC(Kn,n X anl) = < 2 N2 —2n 2n-— 2> '

If n > 3 then n? —2n + 1 is only the positive A-eigenvalues of Knn M Kpog.
Therefore from definition of A-energy
E (Kyn K Kyq) =202n* —4n + 2]
—4n? — 8n +4. (7)
Now

—1 0 —(n—1
SpeC(Kn—Ln—]) = (n 1 n—4 (n1 ))
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and

n—1

Spec(Ky,) = (n11 - ) .

By using (iii) of Lemma 5 and Theorem 1,

B n?—2n 0 -n
Spec(Kn_1n_1 XKy) = ( 2 M2 —4n+2 2n—4> )

If n > 3 then n? — 2n is only the positive A-eigenvalues of Kn—1n1 XKy,
Therefore from definition of A-energy

E (K11 K Ky) = 2(2n* —4n]
=4n? —8n. (8)

From (7) and (8) the result follows. O

4 S-equienergetic graphs and linear relations on S-
energies of certain class of graphs

4.1 S-equienergetic graphs

In [16] Ramane et al. studied S-energy of L?(G) for an r-regular graph G, r > 3
and constructed a large class of S-equienergetic graphs. The following result
provides S-equienergetic graphs with the help of iterated line graphs L*(G)
even for k > 1, where L°(G) = G.

Theorem 21 Ifn > 5,k > 0 then Eg(L*(KnnOKn_1)) = Es(L*(Kn_1,n10Ky)).

Proof. As K, K1 and K1 10K, are both regular graphs of same order
and of same degree, by Theorems 3 and 4, the result is true for k > 2. Now,
it is enough to prove for k =0, 1.

When k = 0.

0 _
Spec(Knn) = (? n—2 1n>

Spec(Kp—1) = <n1—2 - ) .

and

n—2
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Therefore by (i) of Lemma 5,

M—2 n—1 n—2 -1 -2 —n-—1
Spec(Kn,nDKnﬂ—( 1 n—2 2n—2 2n—-2)(n—2) 1 n_2>

and

2n—2 n—2 n-—1 —1 0 —m
SpeC(K“—‘»“—‘DK“)_< T mn—1 2n—4 2n—4)n—1) 1 n—1>'

Therefore by Theorem 3,
Specs (KnnOKy 1) =

nf—6n+3 1—-2n 3—-2n 1 3 2n+1
1 n—-2 2n—-2 2n—2)(n—-2) 1 n-—-2

and Specs(Kn_1n-10K,) =

nf—6n+3 3—2n 1—2n 1 —1 2n—1
1 n—-1 2n—-4 2n—4)n-1 1 n-—-1)°

If n > 5 then 2n? —6n+3,1,3 and 2n 4+ 1 are only the positive S-eigenvalues

of KnnOKy—1. Therefore from definition of S-energy

Es(KnnOKn1) = 22n% —6n+3+(2n—2)(n—2) +3+ (n—2)2n+1)]
12n? —26n + 16.

If n > 5 then 2n? —6n+3,1 and 2n — 1 are only the positive S-eigenvalues of

Kn—1,n—10Ky. Therefore from definition of S-energy

Es(Knoino1OKy) = 22n*—6n+3+(2n—4)n—1)+(n—1)2n—1)]
12n* — 26n + 16.

Hence Es(KnnOKn 1) = Es(Kp1n10Ky).

When k = 1 both Ky UK,y and Ky_1,-10K,;, are regular graphs of same
order 2n(n — 1) and of same degree 2n — 2. Hence by (i) of Lemma 5,
SpeC(L(Kn,nDKn—1 )) =

IN—6 3n—5 3n—6 2n—>5 2Zn—6 n—5 —2
1 n—-2 2n—-2 (2n—-2)(n-2) 1 n—2 2nn—1)(n—2)
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and Spec(L(Ky_1n10Ky)) =

MM—6 3n—6 3n—5 2n—>5 Zn—4 n—4 —2
1 n—1 2n—4 2n—4)(n—1) 1 n—1 2nn—1)n-2)/)°

Therefore from Theorem 3,
SpeCS(L(Kn,nDKn71 )) =

Mn—12-8n+11 9—6n 11—6n 9—4n
1 n—-2 2n—-2 (2n—-2)(n—2)

1MT—4n 9—-2n 3
1 n—2 2nn-—1)(n-2)

and Specs(L(Kn_1n—10Ky)) =

nn—172—-8n+11 11—6n 9—6n 9 —4n
1 n—1 2n—4 2n—4)(n—1)
7—4n 7—2n 3
1 n—1 2nn—1)n-2)/"

If n > 5 then 2n(n — 1) — 8n + 11 and 3 are only the positive S-eigenvalues
of L(KnnOKy—1). Therefore from definition of S-energy

Es(L(KnnOKn 1)) = 22n(n—1) —8n+ 11 4 én(n* —3n +2)]
16n® —44n? + 18n + 22.

If n > 5 then 2n(n — 1)> — 8n + 11 and 3 are only the positive S-eigenvalues
of L(KnnOKn_1). Therefore from definition of S-energy

Es(L(KnnOKn1)) = 22n(n—1)> —8n+ 11 4 én(n* —3n +2)]
T6n3 —44n? +18n + 22.

Hence ES(L(Kn,nDanl )) = ES(L(anl,nflmKn))' 0
Theorem 22 Ifn > 3 then Es(Knn M Kp_1) = Es(Kn_1n—1 KW Ky).

Proof. We have
n 0 -n
Spec(Knn) = (1 n-2 1 )



216 H. S. Ramane, K. Ashoka, B. Parvathalu, D. Patil

and
n—-2 -1
Spec(Kn_1) = ( 1 n—2> .
By using (iii) of Lemma 5 and Theorem 3,

—2n+3 1 M2 —4n+3 —2n+3
Specs (Knn K Kn—1) = < 1 m2—2n 1 n—-2 > )

If n > 3 then 2n* —4n + 3 and 1 are only the positive S-eigenvalues of
Knn XM Ky—1. Therefore from definition of S-energy

Es (Knn MKy 1) =2[2n% — 2n +2n? —4n + 3]

=8n? —16n+6.

Now
n—1 0 —(n—1
SpeC(anl,nfl) = ( ] zn _4 ( 1 )>
and
n—1 -1
Spec(Ky) = < 1 n_ 1> .
By using (iii) of Lemma 5 and Theorem 3,
—n+1 1 M2 —4n+1 —2n+1

Specs (Kn-1n-18Kn) = < 1 (n-D@2n-2) 1 n-—4 ) '

If n > 5 then 2n? —4n + 1 and 1 are only the positive S-eigenvalues of
Kn—1n—1 X Ky. Therefore from definition of S-energy
Es (K11 M Ky) =2[(n—1)(2n—2) + 2n? —4n + 1]
=8n?—16n+6

which completes the proof. O

4.2 Linear relations on S-energies of graphs

Linear relations on S-energies of different graphs are not yet well studied in
the study of S-energies. In the following we present some linear relations on
S-energies of different graphs of same order of the type aks(Gq)+bEs(G2) =c,
where a,b and c are real numbers.
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Theorem 23 Ifn > 3 then ES(anLnfl R Kn) — Eg(Kn)n ® Kn_1) = 2.

Proof. We have

0 _
Spec(Knn) = (T n-—2 1n>

-2 -1
slaec(Kn_n:(“1 n2>.

By using (ii) of Lemma 5 and Theorem 3,

and

2n—1 —1—-2n —1 2nn—2)—1
SpeCs(Kn,n®Kn—1):<n_] n—2 (n—])(zn—Z) ( 1 ) )

If n > 5 then 2n — 1 and 2n(n — 2) — 1 are only the positive S-eigenvalues of
Knn @ Kn—1. Therefore from definition of S-energy

Es (Knn®Kn1) =2[(2n—=1)n—=1)+2n(n—2) — 1]
= 8n? — 14n. (9)
Now

10 —(n-1
SpeC(an])nf]) = <n -] zn _4 (n-l )>

Spec(Ky) = <n1—1 - > .

n—1

and

By using (ii) of Lemma 5 and Theorem 3,

2n—3 1—2n —1 2n2—4n+1
Specs (Kn_1n_1 ® Kn) = ( ) .

n n—1 n(2n—4) 1

If n > 5 then 2n — 3 and 2n? —4n + 1 are only the positive S-eigenvalues of
Kn—1n—1 ® Ky,. Therefore from definition of S-energy

Es (Kn1n1 ®Kp) =2M(2n—3) +2n? —4n + 1]
=8n? —14n +2. (10)

From (9) and (10) the result follows. O
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Conclusion

In this article we have obtained several classes of A-equienergetic and S-
equienergetic graphs by using Cartesian product, tensor product and strong
product. The results can be further extended to the other class of graphs.
Also some linear relations between A-energies and S-energies of graphs has
been established which shows a possible new direction in the study of relation
between energies of different graphs of same order.
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