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Multivalent 3—uniformly starlike functions
involving the Hurwitz-Lerch Zeta function
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Abstract. Making use of convolution product, we introduce a novel
subclass of p—valent analytic functions with negative coefficients and
obtain coefficient bounds, extreme points and radius of starlikeness for
functions belonging to the generalized class TP'g :E()\, «, 3). We also derive
results for the modified Hadamard products of functions belonging to the
class TPE:E()\, o, B).

1 Introduction
Denote by A, the class of functions f normalized by
flz) =2" + ) appz’™, (peN=12.3.) (1)
k=1

which are analytic and p—valent in the open disc U ={z:z € C, |z| < T}.
Denote by 7, a subclass of A}, consisting of functions of the form

f(z) = zP — Z ap+kzp+k, (aprk > 0peN=123 ..zeclU). (2
k=1
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(o0]

For functions f € Ay, given by(1) and g € A, given by g(z) = zP+ 5 by xzP 'K,
k=1

we define the Hadamard product (or convolution ) of f and g by

(fxg)(z) =2° + ) apyxbpaz’™ = (g f)(z), ze U (3)
k=1

The following we recall a general Hurwitz-Lerch Zeta function ®(z,s, a)

defined by (see [23])
k

D(z,s,a) ::Zi(kj-a)s (4)

k=0
(acC\{Zy}s € C,R(s) > 1 and [z[ =1)

where, as usual, Z, = Z\{N} (Z :={0,£1,4+2,£3,..;N:={1,2,3,...}). Several
interesting properties and characteristics of the Hurwitz-Lerch Zeta function
®(z,s,a) can be found in the recent investigations by Choi and Srivastava [4],
Ferreira and Lopez [5], Garg et al. [7], Lin and Srivastava [10], Lin et al. [11],
and others.

For the class of analytic functions denote by A consisting of functions of the

o

form f(z) = z+ Y ayz" Srivastava and Attiya [22] (see also Raducanu and
k=2

Srivastava [17], and Prajapat and Goyal [14]) introduced and investigated the

linear operator:

juybI.A—hA

defined in terms of the Hadamard product (or convolution) by
Tuvf(2) = Go o f(2) (5)
(ze U;b e C\{Z,};u € C;f € A), where, for convenience,
Gup(2) == (1+B)H®(z,1,b) — b (z € ). (6)

It is easy to observe from (given earlier by [14], [17]) (1), (5) and (6)that

= /14+Db\*
TH(z) =z + <> axz®. (7)
b kZ_z k+b

Motivated essentially by the above-mentioned Srivastava-Attiya operator, we
define the operator

n)p .
Tout t A, = Ap
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which is defined as

TEPf2) =27+ Y Chkplapua”™ (zeWflz) e 4y)  (8)
k=1
where
+Db H
My p) = | P2
Clik,p) ‘<k+p+b> ©)

and (throughout this paper unless otherwise mentioned) the parameters i, b
are constrained as

be C\{Z,;uecC and p,eN.

1. For p. = 1 and b = v(v > —1) generalized Libera Bernardi integral
operators [16]

k,p N p+’\/JZ e _ 0 'V+p p+k P
Ty flz) ="~ Ot f(t)dt : z+§ el LT LPf(z).

(10)

2. For p=o(0 > 0) and b =1 Jung-Kim-Srivastava integral operator [12]

jﬁff(z) =z+ Z <] 1P > ap k2P T = IPf(2) (11)

closely related to some multiplier transformatiom studied by Flett[6]. Making
use of the operator \7&’5, and motivated by earlier works of [1, 2, 3, 8, 9, 15,
13, 20, 21, 24, 25, 26], we introduced a new subclass of analytic functions with
negative coefficients and discuss some some usual properties of the geometric
function theory of this generalized function class.

ForO<A<1,0<a<T1andfp >0, welet P{jﬁ(?\, «, B) be the subclass of
Ay, consisting of functions of the form (1) and satisfying the inequality

k, / k, "
. (1= A+ Dz(Fy f(2)) + 522 (T f(2))" N
p(1 =N TP f(z2) + Az Ty b f(2))

(1= A+ Da(Fonf(2)) + 322 Toif(2)" ]
p(1 = N TP (2) + Az Ty f(2))!

(12)
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wherez € U, To ’pf( ) is given by (8). We further let TP ’p(?\ «,B) = P (7\, o, B)
NTp.

In particular, for 0 < A < 1, the class TP (7\ &, B) provides a transition
from k—uniformly starlike functlons to k— umformly convex functions.

Example 1 If A =0, then

k,pf /
TPk’p(O o, B) TSk’p( yB) = {]Z(ji’“ (=) —oc}
P Jyif(z)

(13)
k,p /
12(Jp 1 f(2) 1 zew
P JEPH(2)
Example 2 If A =1, then
(Jk’p f(z))"
TPEP(1 =UCT™ Ty Plon EL) }
h(1, 0, B) o B) = {p (jb’pf(z)) x »
1 (JQ“" ()"
) 7[1+7]—] ,z € .
p (T “Pf(z))!

Example 3 For u = 1,b = v(v > —1) and f(z)is as defined in (10) is in
LYP(N o, B) if

. ((1 — A+ 2)2(L8H(2)) + A22(LBE(2)" a)

p(1— NLEH(z) + A2 LT (2))
(1= A+ 2)2(L0F(2)) + A22(L5F(2))”

p(1 = NLYf(2) + Az(Lhf(2)) 1,zell

> B

Also, let LY(N, o, B) N T, =T LY(A, o, B).

Example 4 For uw = o(oc > 0), b = 1 and f(z) is defined in (11), is in
& o, B) if
((1 — A+ 2)z(Z8f(2)) + 22%(ZEf(2))” )
Re P P o
p(1 =N ZEf(z) + Az(Z§f(2))’
(1= A+ 2)2(ZBf(2))’ + 222(Z84(2))"
p(1 = N)ZEf(z) + Az(Z§f(2))’

—1},ze U.

>

Also, let IH(A, o, B) N Tp = TIY(N, &, B).
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The main object of this paper is to study the coefficient bounds, extreme
points and radius of starlikeness for functions belong to the generalized class
TPE:FL(A, «, ) empolying the technique of Silverman[18] and also derive re-
sults for the modified Hadamard products of functions belonging to the class

TPE:EL(A, «, B )using the techniques of Schild and Silverman [19]

2 Coefficient Bounds

In this section we obtain a necessary and sufficient condition for functions f(z)

in the classes PEZEL(A’ o, B) and TPE:E(A, o, ).

Theorem 1 A function f(z) of the form (1) is in PE:I:LUV x, B) if

(e.¢]

D [p+KAIK(T+ ) +p(1 — )lICh(k, p)llapd < p?(1 — ),
k=1

0<A<T, —1<a<1,B>0.
Proof. It suffices to show that
(1= A+ 22Ty hf(2)) + 22%( T f(2)”
(1 =N Tyi(2) + Az Ty f(2))
1= A DzZ( TP () + 222 (TP f(2))”
Rt p)(s,u() pk(b,u()) o
P(1 =N Ty f(2) + Az Ty 1 f(2)

We have
(1 =2+ 2)z( Ty P (=) + A2 (T b f(2))”
p(1 =N JTEPH(2) + Az( Ty P f(2))
ke (1= A+ D)a( Ty f(2) + 322 Tif(z)" ]
p(1 = N TP (2) + Az( Ty P f(2))!
(1= A+ 2)2(TyPf(2) + 22T b f(2))” 1
p(1 = N TP f(2) + Az( Ty P f(2))

(14B) 5 KEEICE(k, p)llap
= "

< (14+B)

<

o0

p— X [p+KAlCH(K, p)llaps«l
k=1

(1)
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This last expression is bounded above by (1 — «) if

[o¢]

D Ip+KAIK(T + B) +p(1— )] [Ch(k, p)l lapil < p*(1T — )
k=1

and hence the proof is complete. ]

Theorem 2 A necessary and sufficient condition for f(z) of the form (2) to
be in the class TPE:E()\,OL,B), —1<a<1,0<A< 1,3 >0 is that

o0

D I+ KAIK(T+B) +p(1— )] [Ch(k,Pllapi <p*(1—a),  (2)
k=1

Proof. In view of Theorem 1, we need only to prove the necessity. If
fe PEE(?\, o, B) and z is real then

1— 3 (BEEEAYCH(K, p)lap izl Y KEEAYICh(k, p)lap izl
k=1 k=1
0 —x > B )
1— 3 [BERYICH(k, p)lapdzl 1— 3 [P Chik,p)ap izl
k=1 k=1

Letting z — 1 along the real axis, we obtain the desired inequality

[o¢]

D Ip+KAI(T + B) +p(1 = a)lICH(k, P apir < p*(1 — ).
k=1
0

In view of the Examples 1 to 4 in Section 1 and Theorem 2, we have following
corollaries for the classes defined in these examples.

Corollary 1 A necessary and sufficient condition for f(z) of the form (2) to
be in the class TSg™ (o, B), 0 < o< 1,3 > 0 is that

(o.¢]

D k(14 B) +p(1— )IICh(k, )| apyx < p(1 — o),
k=1

Corollary 2 A necessary and sufficient condition for f(z) of the form (2) to
be in the class UCT{F (&, B), 0 < o < 1, > 0 is that

o0

D (P 4Kk +B) +p(1—)IChk,p)l apyx < p*(1 — ),
k=1



158 (. Murugusundaramoorthy

Corollary 3 A necessary and sufficient condition for f(z) of the form (2) to
be in the class TCXP(A, a, B), 0 < oc < 1, > 0 is that

> pH NI+ )+ (1 = o] (T g < 970 - )
k=1

Corollary 4 A necessary and sufficient condition for f(z) of the form (2) to
be in the class TIV (N, o, ), 0 < ax < 1,3 > 0 is that

oo -] o
> NIk + 84 pl1 — ) (o) apac<p -,
k=1

Corollary 5 If f € TP{P(A, o, B), then

p?(1 — «)

S T + B) + (1 — allCE Pl < ¥
where 0 < A <1, =1 <« < 1 and B > 0. Equality in (3) holds for the
function

pz(] - ) Ptk

) =2 K+ ) 190 =Wl IC )l peN). ()

It is of interest to note that ,when p =1 and k = n — 1, the above results
reduces to the results studied in [2, 8, 9, 20, 21] Similarly many known results
can be obtained as particular cases of the following theorems, so we omit
stating the particular cases for the following theorems.

3 Closure Properties

Theorem 1 Let

fp(z) = 2P (p e N) and

2
P p(1 — o) p+k
z [p + KAI[k(1 4+ B) +p(1 —oc)]IC{J(kno)lZ ' W

fp+k(z)

Then f € TPE’EL(A, &, B), if and only if it can be expressed in the form

f(z) = Z wp+kfp+k(z)» Wpik > 0, Z Wp+k = 1. (2)
k=0 k=0
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Proof. Let us suppose that f(z) is given by (2),that is by

f(Z) _ Zp_i p2(1—OC) w kZerk.
& Ip + KAIK(T+ B) +p(1 — ] [Chk, p)| P

Then, since

i [P+ KAIK(T + B) +p(1 — ]ICh(k, )| p2(1 — o
— p2(1—)lp + KAIK(1+ B) +p(1 — )IICh(k,p)[ 7"

[oe)
:pr+k:1—wp§1‘
k=1

Thus f € TPE‘E(?\,(X, ). Conversely, let us have f € TPE’E()\,O(, B). Then by
using (3), we set

KAk (1 1—a)]|CHk
Wy — [p + KAJ[k( +If)32)“+19(“) o)]|CL( ,v)lap% (keN)

(o)

and wp =1— ) wpyk,we can readily see that f(z) can be expressed precisely
k=1

as in (1).This evidently completes the proof of Theorem 1. O

Theorem 2 The class TPE:FL(A, «, B) is a convex set.

Proof. Let the function

oo
fi(z) =2 = ) api?®™, (ap; 20,pEN; j=1,2..) (3)
k=1

be in the class TPE:E(?\, «, ). It sufficient to show that the function h(z) defined
by
h(z) =nfi(z) + (1 —n)f2(z), 0<n <1,

is in the class TPE:EL()\, «, B). Since

(o.¢]

hz) = 2" — 3 Mapaer + (1 —map 2P,
k=1
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an easy computation with the aid of Theorem 2 gives,

o0

D [P+ KA+ B) +p(1 — a)nIChk, P)lap ik,
k=1

+Z[p FKAIK(T+B) +p(1 — (1 —=1)ICy (K, p)lapik2
k=1

<pM(1— ) +p2(1 —m)(1 — )
S pZU - OC),

which implies that h € TP];’]&O\, «, 3). Hence TPE’E(?\, «, ) is convex. O

Now we provide the radii of p — valently close-to-convexity, starlikeness
and convexity for the class TPE’ELU\, x, B).

Theorem 3 Let the function f(z) defined by (2) be in the class TPE:E()‘» o, ).
Then f(z) is p-valently close-to-convex of order & (0 < & < p) in the disc
|z| < 17, where

1
[ =8)k(1T+ B) +p(1 —a)llp + KAICH (K, p)[]*
11 := inf 5 . (4)
keN pe(p+ k)1 —«)
The result is sharp, with extremal function f(z) given by (1).
Proof. Given f € 7, and f is close-to-convex of order &, we have
f'(z)
o —p’<p—6- (5)

For the left hand side of (5) we have

f'(z)
zp—1

[oe)
—p’ <D (p+Kapl®.
k=1

The last expression is less than p — & if

o0

p+k
Z ap+k\z\k < 1.
k=1

Using the fact, that f € TPE:E(A, o, B) if and only if

i [p + kAIK(T4+B) +p(1 — oc)]|Cg(k)P)|an <1,

— p2(1— o)
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We can say (5) is true if

p+k|z|k - [p + KAIK(T 4 B) + p(1 — a)]|C(K, )
-5 P21 — «)

n

Or, equivalently,

2% = (p—8)[p + KAIK(T+ B) +p(1 — «)]|C(k,p)|
p2(p + k) (1 — «)

)

the last inequality leads us immediately to the disc |z| < 1, where 7 given by
(4)and the proof of Theorem 3 is completed. O

Theorem 4 If f € TPE:EL(A, o, B), then

(i) f is p-valently starlike of order (0 < & < p) in the disc |z| < r2; that is,
Re {Zﬁz)} > 0, where

f(z)

Ty = inf

p—5 \ [p+KAIK(T+ B) +p(1 — )lICH(k, p)IT* .
keN - (6)

Pp+k—29 P21 — )

(ii) f is convex of order d (0 < & < p) in the unit disc |z| < r3, that is
Re {1 + fo,lz(z)} > 0, where

z)

N [( p—35 )[p+k7\m<(1+rs)+p(1—a)]|cg(k,p)|]l
3T ken [\ (k+p)p+k—0) p2(1 — ) (')
7

Each of these results are sharp for the extremal function f(z) given by (1).

Proof.(i) Given f € 7, and f is starlike of order 8, we have

zf'(z)
f(z)

For the left hand side of (8) we have

—ﬂ<p—& (8)

— K
2 kapyx 2]
k=1
_ 1‘ < = |
T—2 Ap+k |z|k
k=1
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The last expression is less than p — & if

o0

k+p—25
Z%alﬁk 2% < 1.
o P~

Using the fact, that f € TPE:E(A, a, B) if and only if

[e¢]

[p +KAIK(1 4+ B) +p(1 — )]
> (1 —«)

ap i Cllk, p)l < 1.
k=1

We can say (8) is true if

[p 4+ KAI[k(1 + B) + p(1 — )]|Ch(K, p)|
(1 — )

p+k—29%

— lz]* <

Or, equivalently,

ok K p—b )[p+k7\][k(1+r5)+p(1—oc)]|cg(k,p)|

p+k—2> p2(1 — )

which yields the starlikeness of the family.

(ii) Using the fact that f is convex if and only if zf’ is starlike, we can
prove (ii), on lines similar to the proof of (i). O

4 Convolution Results

Let the functions
fi(z) =2" + ) ajpaz’™, (peN=123,.)(G=12) (9)
k=1
then the modified Hadamard product of f1(z) and f»(z) is given by

ee]

(f1xf2)(z) = ZP—Z a1 pik@2p ik 2P = (f2¢f1)(2), (@1 pik > 05 a2 prx > 0).
n=2

Using the techniques of we prove the following results.
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Theorem 5 For functions fj(z)(j = 1,2) defined by (9), be in the class
TPy (A, &, B). Then (f1+f2) € TPER(N, &, B) where
p*(1 — o)*(1 + B)

== T TN+ B+ (1 = PICE T, ) = PP (1 — a2 (10)

where Cy(1,p) is given by (9).

Proof. Employing the technique used earlier by Schild and Silverman[19], we
need to find the largest & such that

i [p + KAIK(T 4 B) +p(1 — E)ICH (K, p)l
p2(1-§)

a1 prk@2prk <1, (0<E<T)
=1

for f; € TPE:ﬁ(?\, o, B)(j = 1,2) where § is defined by (10). On the other hand,
under the hypothesis, it follows from (1) and the Cauchy’s-Schwarz inequality
that

E p + KAI[K(1 + B) +p(1 — a)l|C(K,
5 -+l gmf&)anb(P)wnmumwkgm (11)

k=1

Thus we need to find the largest & such that
i [p + KAIK(1 + B) +p(1 — E)IIChH (K, p)l

k=1 p2(1-¢) hptic Gap i
o [p+KAIK(T+ B) +p(1 — «)]|Ch(k,p)

< ) . TT— ° V@1 p+k@2ptk
=1

or, equivalently that

(1-&) k(1+B)+p(1 — ol
e (= KU Ry R
Hence by making use of the inequality (11), it is sufficient to prove that
p*(1 — «) (1-8& k(1+B)+p(1 — o]

IN

[P+ KAIK(T 4 B) +p(1 — )]|CP(k,p)| = (1 — o) [k(1+B) +p(1—&)]

which yields

kp?(1 — o)?(1 + B)

&= =T I T ) + (1 — I ICE (K, P — p3(1 — )2

(12)
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for k > 1 is an increasing function of k and letting k =1 in (12), we have

p?(1— a)?(1+B)
P+ AT+ B)+p(1—o)]?CL(T,p) —p3(1 — )?

E=Y(1)=1-
where C}(1,p) is given by (9). O

Theorem 6 Let the function f(z) defined by (2) be in the class TPE:ﬁ(?\, o, B).
Also let g(z) =2zP — )_ bp+kzp+k Jor [bpyxl < 1. Then (fxg) € TPlg‘z(?\, o, B).
k=1 ’

Proof. Since

M@

[p -+ KAIK(T 4 B) + p(1 — )]|CH(K, Pl lapibp il

i

Me TMe -

<) KA+ B) +p(1 = «)ICHK, P)lapilbpl

<Y I+ KK +B)+p(1—a)]|Chik, p)lapik
k=1
<p*1—a)
it follows that (f x g) € TP’gfL(A, «, B), by the view of Theorem 2. O

Theorem 7 Let the functions fj(z)(j = 1,2) defined by (9) be in the class
TPE:E(?\, &, B). Then the function h(z) defined by

[o.¢]

_ 2 2 +k
h(z) = zP — Z(a1,‘p+k + a3z’
n=2

s in the class TPE:E(?\, &, B), where

2p%(1 — )2 (1+P)
P+ AT+ B)+p(1—)]?CH(T,p)| —2p3(1 — )2

where Cy(1,p) is given by (9).
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Proof. By virtue of Theorem 2, it is sufficient to prove that

— [p + KAIk(1+ B) +p(1 = &)Ch(k,p)l
Z p2(1-8)
k=1

where f; € TPb’E(?\, «, ) we find from (9) and Theorem 2, that

i [[p +IAK( +B) +p(1 — ocmct;(k,p)r ,

[af pi+ a3l <1 (13)

as
— p2(1 — a) I
2
> KA [k(1 1 — «)]|CH (K,
S[Z [P+ Ak +§2)U+1_o(“) o)) Ch( p)|aj‘p+k] (14
k=1
<1,(=12) (15)

which would readily yield
i 1 {[p +KAIK(T 4 B) +p(1 — ocuc*g(k,p)} 2( 5

2
52 21— o] Gt Gapad 1

(16)
By comparing (14) and (16), it is easily seen that the inequality (13) will be
satisfied if
[+ KAIK(T + B) +p(1 — EICH(K,p)l
p?(1-¢)
[p + KAIK(1 + B) +p(1 — )| (k, )]
p?(1 -« ’

for k > 1.

N —

That is if
2p%(1 — «)? k(1 + B)
[p + KAIK(T 4 B) + p(1 — a)]?[Ch(k, p)l — 2p3(1 — a)?

Since¥(k) is an increasing function of k (k > 1). Taking k = 1 in (17), we
have,

E=¥(k)=1- (17)

B 2p2(1— )2 (14 )
[+ N1+ B) +p(1 — a)2ICE(T,p) — 2p3(1 — )2

which completes the proof. U

E=Y() =

Concluding Remarks: In fact, by appropriately selecting the arbitrary
sequences given in (10) and (11), suitably specializing the values of u, «, 3
and p the results presented in this paper would find further applications for
the class of p-valent functions stated in Examples 1 to 4 in Section 1.
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