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Abstract. In this paper we establish some multiplicative inequalities
for weighted arithmetic and harmonic operator means under various as-
sumption for the positive invertible operators A, B. Some applications
when A, B are bounded above and below by positive constants are given
as well.

1 Introduction

Throughout this paper A, B are positive invertible operators on a complex
Hilbert space (H, (-,-)). We use the following notations for operators

AVyB:=(1—-v)A + VB,
the weighted operator arithmetic mean,

Af,B = A2 (A—VzBA—]/z)Vsz’
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the weighted operator geometric mean and
—1
AlLB = ((1 AT+ vB*‘)

the weighted operator harmonic mean, where v € [0,1].

When v = %, we write AVB, AB and A!B for brevity, respectively.

The following fundamental inequality between the weighted arithmetic, ge-
ometric and harmonic operator means holds

Al,B < A#,B < AV,B (1)

for any v € [0,1].

For various recent inequalities between these means we recommend the re-
cent papers [3]-[6], [8]-[12] and the references therein.

The following additive double inequality has been obtained in the recent

paper [7]:

2
O < A, (ab) ~ Hy (a,b) < v(1-)

vi=v) max{b,a} ~ min{b, a}’

for any a, b > 0 and v € [0,1], where Ay (a,b) and Hy (a,b) are the scalar
weighted arithmetic mean and harmonic mean, respectively, namely

ab

Av(a,b):= (1 =v)a+vb and Hy (a,b) == grspo—.

In particular,

1 (b—a)?
Zm <A(a,b)—H(a,b) <

where b 9ab
A (a,b) ::“;L and H (a,b) = =2,

We consider the Kantorovich’s constant defined by

(h+1)?

K(h):= an

, h>0. (4)

The function K is decreasing on (0, 1) and increasing on [1,00), K(h) > 1 for
any h >0 and K (h) = K ({) for any h > 0.
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Observe that for any h > 0

Observe that

Since, obviously
ab = min{a, b} max{a, b} for a, b > 0,

then we have the following version of (2):

4v (1 —v) min{a, b} [K <2> —1] <Ay (a,b)—Hy (a,b) (5)

<4v (1 —v)max{a, b} [K <z> - 1] .

for any a, b > 0 and v € [0, 1].
For positive invertible operators A, B we define

1 1
AVoeBi= = (A+B)+ A" )A—‘/z (B—A) A—‘/Z( A2

and
1

2
If we consider the continuous functions fes, T o : [0,00) — [0, 00) defined by

1
AV_ooBi= 3 (A+B) — A" ‘A—W (B—A) A_W’ A2,

1 1
SOt 45 k= 1]

foo (x) = max{x, 1} = 3

and : :
1:foo(x) :max{x,1}:§(x+1)—2|x—1|,

then, obviously, we have
AV.oB = A2, (A—‘/ZBA—1) A2,

If A and B are commutative, then

AV 10oB = % (A+B)+ % IB— Al = BV.wA.

The following additive inequality between the weighted arithmetic and har-
monic operator means holds [7]:
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Theorem 1 Let A, B be positive invertible operators and M > m > 0 such
that the condition
mA < B < MA (6)

holds. Then we have

4v(1—=v)g(m,M)AV_,B < AV,B—Al\B (7)
<4v (1 —v)G(m,M)AV B,

where
KM)—T13ifM<1,
gimM):=< 0ifm<1<M,
Km)—1ifl<m
and

K(m)—1ifM<1,
G(mMM):=<¢ max{K(m),K(M)}—-1ifm<1<M,
KM)—1if1<m.

In particular,
g(m,M)AV_o,B <AVB —AIB < G (m,M)AVB. (8)

Motivated by the above facts, we establish in this paper some multiplicative
inequalities for weighted arithmetic and harmonic operator means under var-
ious assumption for the positive invertible operators A, B. Some applications
when A, B are bounded above and below by positive constants are given as
well.

2 Multiplicative inequalities
The following result is of interest in itself:

Lemma 1 For any a, b >0 and v € [0, 1] we have

V=) <1 B min{a,b}>2 Ay (a,b)

< v
max{a,b}/ ~

max{a, b} : 2
Hy (a,b) min{a, b} )

—1=v{-v) <min{a b} B
9)

In particular,

1<] B min{a,b}>2 _Alab) 1 (mz.xx{a,b}_])z' 10)
4 max{a, b} H(a,b) 4 \ min{a, b}
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Proof. We have for any a, b > 0 and v € [0, 1] that

Ay (a,b) [(1—v)a+vb][(1—v)b+vd]

H, (a,b) ab

Q0 —v)?ab+v(1—=v)b2+v (1 —v)a?+viab

N ab

v —=v)(b*+a?) 4+ (1—2v+2v?) ab

N ab ’

which is equivalent with

A, (a,b) (b—a)’
— = —1=v(l- 11
H, (a,b) V=5 (11)

for any a, b >0 and v € [0,1].
Since min? {a, b} < ab < max?{a, b} hence

(b—a)’ (b—a)’
vi=v) ab s v(=v) min?{a, b}
B max{a, b} 2
= v(- <m1n{a,b}_]>
and
(b—a)? (b—a)’
v(l=v) ab z v(1=v) max?{a, b}
B min{a, b} 2
= vi=v <] B Inax{a,b}>
and by (11) we get the desired result (9). O

We observe that the inequality (9) can be written in an equivalent form as

[v(l —v) (1 — min{a,b}>2+1

max(a,b) Hy (a,b) (12)

<A,(a,b)
2
v(1—v) (ma"{“’b} 1) +1

< _
- min{a, b}

H, (a,b)
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for any a, b > 0 and v € [0, 1], while (10) as
: 2
1 - min{a, b} 4
4 max{a, b}
<A(aDb)

1 m%x{a,b}_] 2+]
4 \ min{a, b}

H (a,b) (13)

H(a,b)

for any a, b > 0.

Corollary 1 For any a, b € [k,K] C (0,00) and v € [0, 1] we have

Ay (a,b) K 2
w—]gv(1—v)(k—1> . (14)
In particular, ,
A(a,b) 1 /K

We have the following multiplicative inequality between the weighted arith-
metic and harmonic operator means:

Theorem 2 Let A, B be positive invertible operators and M > m > 0 such
that the condition (6) holds. Then we have

. 2
vy (1o MM AT T (16)
max{m, 1}
< AV,B
2
< vy (eI AL
min{m, 1}
for any v € [0,1].
In particular,
1 min {M, 1} 2
1= 1| A!B 1
[4( max{m,1}> A (17)
< AVB
1 (max{M, 1} 2 |
4<m1n{m,1}]> +1|AB
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Proof. If we write the inequality (12) for a =1 and b = x € (0,00) then we

have
in {1, 2 -
[V(]—V) <1—m> +1 (1—v+vx ]> (18)
<T—v+vx
max {1, x} 2 !
glvm—v)(M—]) 1| (1=v+w)

for any v € [0,1].
If x € [myM] C (0,00), then max{m,1} < max{x,1} < max{M,1} and
min{m, 1} < min{x, 1} < min{M, 1}.

We have
max{1, x} 2 < max{M, 1} 1 2
<m1n{1 X} ) - (min{m,1} a >
1 min{M, 1} < (4 min {1, x} 2
( max{m,1}> - < N max{],x}>

for any x € [m,M] C (
Therefore, by (18) we have

. 2
[\/ (1—v) <1 _muiM, o ”’) +1

max{m, 1}

and

(1 —v—i—vx’]>_] (19)

<1—v+vx
max{M, 1} 2
< [vﬂ—v) (mm{m)]}—1> +1

for any x € [m, M] and for any v € [0,1].
If we use the continuous functional calculus for the positive invertible oper-
ator X with mI <X < MI, then we have from (19) that

. 2
[v 1-v) <1 _ min{M, 1} ”) +1

max{m, 1}

(1 —v+vx’1)_] ,

((1 fv)1+vx—‘)71 (20)

<(1T—v)I+vX

2 _
< [vﬂv) (mx{M”1> 1 ((1—V)I+VX_1> '

min{m, 1}
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for any v € [0,1].
If we multiply (6) both sides by A~1/? we get MI > A~1/2BA~"/2 > mlL.
By writing the inequality (20) for X = A~'/2BA~"/? we obtain

min{M, 1} 2
N
x <(1 —v)1+v(A72BA712) >
<(1=v)I+vA/2BA71/2
M, 1 :
< |v(1=v) 7111%}({ : }—1 +1
min{m, 1}
1\ !
x ((1 —V)T+v (AT2BAT2) > ,
for any v € [0,1].
If we multiply the inequality (21) both sides with A'/2, then we get
min{M, 1} 2
— 1—— 22
[\/U V) < max{m,1}> +1 (22)

BN
x Al/2 ((1—v)1+v(A1/ZBA‘/2) ) Al/2

<(1—-v)A++VvB
2
vu—v)(m&."“M’”q) i

<
- min{m, 1}

-
x A2 <(1—v)1+v<A—WBA—V2) > A2

for any v € [0,1].
Since

N

Al2 ((1—V)I+V(A—‘/ZBA—‘/2) > A2
—1

V2((1=v)T+vA2BTIAIZ) Al

‘/2<A‘/2<(1 V) A~ 14 yB! A1/z> A2
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— A2 (AW ((1 —v)ATT 4 VB’1>_1 AW) A2

- ((1 VAT 4 VB_]>_] — AlLB

hence by (22) we get the desired result (16). O

We also have:

Theorem 3 Let A, B be positive invertible operators and M > m > 0 such
that the condition (6) holds. Then we have

dy (m,M)Al,B < AV,B < Dy (m, M) Al,B (23)

for any v € [0,1], where

1\ 2 K(M) if M <1,
dy (m,M):=4 (v—2> +v(l—=v)x< Tifm<1<M,

Km) if 1T <m
and
Dy (m,M)
1\ 2 K(m) if M <1,
=4 (v—2> +v(1—v)x < max{K(m),K(M)} if m<1 <M,
K(M) if 1 <m.
In particular, we have
d(m,M)AIB<AVB <D (m,M)A!B (24)
where
K(M) if M <1,
dim,M):=<¢ 1 ifm<T<M,
K(m) ¢fT<m
and
K(m) if M <1,
D(mM):=<¢ max{K(m),K(M)} ifm<1<M,
K(M) if T <m.

Proof. From (11) we have for any x € (0,00) and for any v € [0, 1] that

2
Av(l) 1 1

H, (1,x%) X (25)
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Since K (x) — 1 = (XZQJZ, x > 0, then by (25) we have

Av (1,x)

i = 1 -vKe -

1\2
= 4v(1—v)K(x)+4(v—2>

] 2
= 4[V(]—V)K(X)+<V—2>]

2
Ay (1,x) =4 [v(l—v)K(x)+<y_1>

or, equivalently,

> )[R 1,x) (26)

for any x € (0,00) and for any v € [0, 1].
From (26) we then have for any x € [m, M] C (0, 00) that

2
4[\/(1—\/) min K(x)—i—(v—;) H. (1,x%) (27)

x€[m,M]

‘] 2
<A, (1,x)<4 [vﬂ —v) max K(x)+ (v— ) H, (1,x).

x€[m,M] 2

Since
K(M) if M <1,
min K(x)=<¢ 1Tifm<1<M,

x<tm, Ml K(m) if 1 <m
and
Km) if M <1,
max K(x) =< max{K(m),K(M)} if m<1<M,
x€[m,M]

K(M) if 1 <m,
then by (27) we have

-
dy (m,M) (1—v—|—vx"> < 1T—v+vx (28)
1
< Dy (m,M) (] —v +vx’1)
for any x € [m, M] and for any v € [0, 1].

By a similar argument to the one from Theorem 2 we deduce the desired
operator inequality (23). The details are omitted. O
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3 Some particular cases

Let A, B positive invertible operators and positive real numbers m, m’; M,
M’ such that the condition 0 < mI < A <m'I < M’ < B < MI holds.
Put h:= % and h' := %, then we have

/

M M
A<h'A:—/A§B§—A:hA.
m m

By (16) we get
/ 2
[v (T—v) <hh_,]) +1

for any v € [0,1].
By (23) we get

Al,B < AV,B (29)

< [v(1—v)(h—1)2+1}A!VB

1

4 [(v—2>2+v(1—v)K(h’)

AlLB (30)

1 2
<AV,B <4 (v—2> +v(1—v)XK(h)| Al,B

for any v € [0,1].
IfO<ml<B<mI<MI<A<MI, then for h:i=M and h' := M we
also have

1 1
CA<B<—A<A.
RSP sphs

Finally, by (16) we get (29) while from (23) we get (30) as well.
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