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Abstract. Given a graph G = (V,E), with respect to a vertex parti-
tion & we associate a matrix called &-matrix and define the &?-energy,
E#(G) as the sum of Z-eigenvalues of ZZ-matrix of G. Apart from study-
ing some properties of &-matrix, its eigenvalues and obtaining bounds
of P-energy, we explore the robust(shear) &-energy which is the maxi-
mum(minimum) value of &-energy for some families of graphs. Further,
we derive explicit formulas for E4(G) of few classes of graphs with dif-
ferent vertex partitions.

1 Introduction

In this paper, we are concerned with simple and undirected graph G = (V, E)
of order n and size m. For spectral and graph theoretic terminologies we refer
Cvetkovié¢ et al. and West respectively [4, 14].

If A(G) is the adjacency matrix of a graph G, then its energy is the sum
of the absolute values of all the eigenvalues of A(G) [5]. In 1978, Gutman
introduced this concept and thereafter, extensive studies on the same have
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been carried out by several researchers on its theoretical as well as practical
aspects and several variations of graph energy can be found in the literature
(2, 6, 7, 12].

An interesting variation of graph energy is the k-partition energy defined by
Sampathkumar et al. [12]. They have introduced this concept using the idea
of a matrix called L-matriz, Pi(G) with respect to a vertex partition Py that
uniquely represents the given graph G. The k-partition energy, Ep, (G) is sum
of the absolute values of k-partition eigenvalues of Px(G). For a given graph
G, the value of Ep, (G) varies according to different vertex partitions. It can be
observed that the properties of elements in the vertex partition is not taken
into consideration while determining the value of Ep, (G). In the present study,
we consider this aspect and introduce &-energy as a variation of k-partition
energy.

Let & = {Vq,V2,...,Vx} be a partition of the vertex set V(G) of a graph
G = (V,E). Then the &Z-matriz of G, Ax»(G) = D(G) + Px(G), where D(G)
is the diagonal matriz with the i™ diagonal entry, the cardinality of the set
Vi € & containing the vertex vi. In other words, A »(G) = (aij)nxn Where

A ifi=jandvi=v;€V,, forr=12,...k
2 if vivj € E(G) with vi,v; € V;,
aj =<1 if viv; € E(G) with vi € V; and vj € V; for v # s,
—1 if viv; € E(G) with vi,v; € V;,
0 otherwise.

The characteristic polynomial of A 5(G) is denoted by ¢4 (G,A) and the
eigenvalues Ay A2y ...y An of A (G) are called P -eigenvalues. If g1, 92y ..., gn
are the multiplicities of A7 > Ay > ... > A, respectively, then the &-spectrum
of G is

SPQCQ(G) - {)\191 ) 7\32> AR }\%n}

and accordingly the &-energy, Ex»(G) is sum of the absolute values of -
eigenvalues of A»(G).

For a given vertex partition & of V(G), the diagonal entries of A »(G) are
positive numbers, whereas the diagonal entries of Py (G) are zeros and remain-
ing entries of these matrices are same which belongs to the set {2,1,0,—1}.
Since the absolute values of the eigenvalues of any matrix are directly pro-
portional to the maximum value of the absolute values of entries in the given
matrix, one immediate observation is that if the cardinality of every mem-
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ber of the given vertex partition &2 of a graph G is greater than 1, then
E(G) > Ep, (G).

Another interesting observation about &2-energy is that, as the order of ver-
tex partition & of a given graph G increases, value of E»(G) decreases. Hence,
P-energy of a graph G is maximum when the vertex partition &2 = {V(G)}
and minimum when & = {{vi},{v2},...,{vn}}. We call the maximum (min-
imum) value of &-energy as the robust(shear) &-energy, E».(G)(Ex,(G)),
similar to the concepts of robust domination energy and shear domination
energy of a graph introduced by Acharya et al. [1].

Example 1 For a null graph H of order n, it can easily be verified that
Ep. (H) =n? and E» (H) =n.

Now, we state in the following remark some of the basic results from linear
algebra which are required for the present study:

Remark 2 [11] If A is a real or complex matriz of order n x n with the
characteristic polynomial &(G,A) and eigenvalues A, Az, ..., A, then

(i) A principal sub-matriz of order v X v of A is a sub-matriz consisting of
the same set of v rows and v columns and a principal minor of order
T X 1 of A is the determinant of a principal sub-matriz of order v x r.

(ii) If ap,ar,az,...,an are the coefficients of &(G,\), then (—1)"a, is the
sum of principal minors of order r X T.

(iii) If the ™™ symmetric function S:(A) is the sum of the product of the
eigenvalues of A taken v at a time, then it is the sum of v X T principal
minors of A.

(iv) Trace of A is the sum of diagonal entries of A and it can also be repre-
sented as tr(A) = $1(A) = —ajy.
n

(v) TTA =IAl.
i=1

Theorem 3 [10] If A is an eigenvalue of the matriz (aij)nxn, then
Al < nmax|ayl.
1)
Lemma 4 [4] If C = ('% R) is a symmetric block matriz of order 2 x 2, then
the spectrum of C is the union of the spectra of A+ B and A — B.

Lemma 5 [4] If M, N, P, Q are matrices where M is invertible and S = (7\];[ B‘),
then det S = det M - det[Q — PM™'NJ.
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2 Properties of #-eigenvalues of A »(G)

Before proceeding further, we present a few observations about A (G) with
respect to the structure of a graph G.

Observation 1 Given a graph G = (V,E), the following are true for its -
matriz Az (G).

(i) If d(vi) is the degree of vi € V(G), then d(vi) is the number of posi-
tive off-diagonal entries of the it row corresponding to the vertex vy in
Az (G).

(ii) The elements of A »(G), excluding its main diagonal entries has one-one
correspondence with Py(G) with respect to the same vertex partition of a
given graph G.

(iii) For the matriz A »(G),

k

tr(A»(G)) = Z aj; = Z Vil (1)
i=1

i=1

(iv) If my is the number of edges of a graph G whose end vertices share the
same partition, my is the number of edges of G whose end vertices are
in different partitions and mz is the number of pairs of non-adjacent
vertices of G within the same partition, then

> (ay) =4my +my + ms. (2)
1<i<j<n

The following result that characterizes &-matrix of a graph is similar to
that of the characterization of L- matrix of a labeled graph as given in [13].

Theorem 6 A symmetric matriz A = (aij)nxn with positive diagonal entries
and off-diagonal entries belonging to the set {2, 1, 0, -1} is the &-matriz
graph G of order n with the vertex partition & ={Vi,Va,..., Vi} if and only

if

(i) aij, a €{2,—1} = aw € {2,-1},

(1) ay €{2,—1} and ajc € {0,1} = ay €{0,1} and
(i11) vi € Vo = ay = |V;l.
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In the next result, we obtain the exact values of the coefficients of A™, A™!
and A"2 in the characteristic polynomial ¢ (G,A) = aoA™ + a;A™ " + ... +
an_1A + an of Az (G).

Proposition 7 If G is a graph with vertex partition &2 ={Vi,Va,...Vi} and
$#(G,A) = aoA™ + A ...+ ay, then

(i) ap = 1
k
(i) a1 =— ; ;2

(iii) az= Y [VAlIVj| — (4m; + m; + m3).
1<i<j<k

Proof.

(i) It holds directly, as the characteristic polynomial ¢ 4(G,A) is a monic
polynomial.

(ii) From Remark 2(ii) and Equation (1), we get the result.
(iii) From Remark 2(ii),

2 aii  Qyj
(V= ) o )
I<i<j<n 07D
= Z aﬁajj— Z Clij(l_)'i.
1<i<j<n 1<i<j<n

Since A »(G) is a symmetric matrix,

= Y aug— ) (ay)?

1<icj<n 1<i<j<n
= > VVil— ) (ay) (3)
1<i<i<k 1<i<j<n

Therefore from Equations (2) and (3), we obtain the result.

0

The trace of a matrix is the sum of the eigenvalues of that matrix, therefore
the sum of Z-eigenvalues of A »(G) of a graph G is non-zero. In the next
proposition, we obtain its value in terms of cardinality of elements in the
vertex partition & ={Vj, Va,...Vi} of G.
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Proposition 8 If G is a graph with the vertex partition & and A1,A2,...,An
are the &-eigenvalues, then

n k s
(i) > N=2 Vil
i=1 i=1
n k
(i) S N =73 Vi’ +8my + 2m; + 2ms.
i=1 i=1

Proof.
(i) From Remark 2(iv) and Equation (1), the result holds.

(ii) For a matrix A of order n x n, tr(A?) = (tr(A))* —2S,(A), where S;(A)
is the 2™ symmetric function. This can be written as

i Al = (i aii)” —25,(A).
i i1

By Remark 2(iii),

n n
Z A= (Z ai)? —2 Z(aﬁajj — ajjqji)
i i

i<j
n
=) aw)?-2) aug;+2) (ay)?
i=1 i< i<
n
= Z af +2 Z aiiajj — ZZ aiiaj; + 2 Z(aij)z
i=1 i<j i< i
n
=) aj+2) (ay) (4)
i=1 i
and
n
D _ag =Vil- VAP + Vol - Vol 4+ VA - AP
i=1

=ViIP+ Vi + ...+ WP

k
= 3 vk (5)
i=1
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Therefore from Equations (2), (4) and (5),

n k
ZNZ :Z|V1|3+2(4m1 +my + m3). (6)

i=1 i=1

0

The next proposition given without proof, follows from Cauchy-Schwartz
inequality and Proposition 8 (ii). Note that, the symbols my, m,, ms for graph
Gy are as given in the Observation 1(iv) and mj, mj, m} are the corresponding
values for the graph G,.

Proposition 9 Let Gy and G, be two graphs with respect to vertex partition
P ={V1,Va, ..., Wi} and 2" ={V{,V;,..., V} respectively. If {A1,Az, ..., An}
and {A{, A, ..., A} are the &-eigenvalues of & -matriz of Gy and G, respec-
tively, then

n k k
Z MA! < [Z [Vi]® +8my + 2m, + ng} [Z IV/3 +8m] +2m) + 2m}|.
i i i

3 Bounds for #-energy

Now we present some bounds for the “-energy of a graph G in terms of
its order and the cardinality of elements in its vertex partition. One obvious
bound when & ={Vj,Va,...Vi}is

k
D IViP<Ex(G) <n’.

i=1

n n
The lower bound follows from the inequality > A; < > [Ai| whereas the upper

i=1 i=1
bound is a direct deduction from Theorem 3.

Theorem 10 For any graph G with vertex partition &2 ={Vq,Va, ... Vk},

K
Ex(G) < n{ Z [Vi]? + 8my + 2m, +2m3}. (7)

i=1
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Proof. By Cauchy-Schwartz inequality,
n

(gatlﬁ)zg (> a%)(gb%). (8)

i=1

Replace a; = 1 and b; = [Aj| in Equation (8),

<im|)2 < (iw(iw)

i=1 i— i=
n
<n Z ?\iz.
i=1

From Equation (6),

n 2 k
(Z I?\i|> < n{ Z IVi]® + 8my + 2m, + 2m3}.

i=1 i=1

Hence,

K
Ex»(G) < Jn{ ZIViI3 +8my +2m, +2m3}.

i=1

0

Theorem 11 Let G be a graph with vertex partition &2 ={Vy,Va,...Vi} and
A% (G)| be the determinant of A% (G). Then

k

Ex»(G) > J Z IViPP 4+ 8my + 2my + 2mz +n(n—1)|Ax(G)P™.  (9)
i=1

Proof. By the definition of &?-energy,

n n n

[ExG)) = (3 )= (3 (>IN

i=1 i=1 j=1

n
=) NP+ NI (10)
i=1

i#
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By using arithmetic and geometric mean inequality, Equation (10) can be
written as follows

[E.(G >Z|A|2+n —1<H|A||A|> -1

i7

>Zl?\|2+n —1) <H|A|2“‘> -,

Therefore,

2

2G> Y AP +nn— 1)(1‘[ M)
i=1

i=1

Hence from Remark 2(v) and Equation (6),

k
Ex(G) > | > IViP +8my + 2my + 2m3 + n(n — 1A (G)|/m.
i=1

0

Remark 12 Let H be a null graph of order n. Then the upper and lower
bounds given by Equations (7) and (9) are sharp for the vertex partition & =

vl valy oo fon ) of H.

4 P-energy of some graph families

In this section, we examine the &-energy of some families of graphs for the
trivial partitions & = {V(G)} and & = {{v1},{v2},...,{vn}} respectively. Re-
call that the extreme values of &-energy is obtained with respect to these
partitions and the largest value of E»(G) denoted by E, (G) is referred to as
the robust #-energy and the smallest denoted by E 4, (G) is referred to as the
shear &-energy.

Theorem 13 For the complete graph Ky,

E, (Kn) =n? and Ep, (Ky) =n.
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Proof. Let K, be a complete graph and & ={V(G)}. The &-matrix of K, is
A@(Kn) = [(TL - 2)1 + zl]nxn

where ] is the matrix of order n x n whose all entries are 1 and I is identity
matrix of order n x n. The characteristic polynomial is ¢4 (Ky,A) = Al —
A 2 (Kyn)|. Thus,

A—m =2 -2 -2
-2 A=m =2 ... =2
P (Kn,A) = | —2 -2 A—m ... =2
—2 -2 -2 ... A—m
nxn

=A—(m=21""A—(3n-2).

Therefore,
Spec»(Kn) ={(3n—2)", (n—2)""1}

and
E»(Kn) = n? with respect to the vertex partition 2 = {V(G)}.

Hence, Ex, (Kn) = n?. Now, let & be a vertex partition of K, such that
P ={{wn},{valy...,{vn}}. The L-matrix of K, is

A,@(Kn) = Jnxn

and
A—1 -1 -1 ... =
-1 A=1 -1 —1
P (Kn,A) = | —1 -1 A-=1 ... -1
. . : . 1
—1 —1 —1 A—1
nxn
=AU —n).
Therefore,
Specs(Kn) = n', 01}
and

E»(Ky) =n with respect to the vertex partition &2 = {{vi},{v2},...,{vn}}.
Hence, Ez, (Kyn) =n. O
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Remark 14 For a complete graph Ky, and a null graph H,
Ez, (Kn) =Ex,(H) and Ex (Kn) = Ep (H).

Note that Ky, and H are non-cospectral equi-&-energetic graphs, since the -
eigenvalues of &Z-matrices of both the graphs differ but the values of their
robust and shear &-energies coincide.

The following result deals with the robust and shear &?-energy of a star. We
omit its proof, since its proof technique is similar to that of Theorem 13.

Theorem 15 If Ky, is a star of order n > 2, then
Egzr(K]’n_]):zn—él—f— n2+12n—12 and
Eys(Khn,]) =n—-2)+2vn—1.

If we join the maximum degree vertex of two copies of Kj ,_1 of order r(r > 2),
then the resultant graph is called a double star B;; of order n = 2r.

Theorem 16 If B, is a double star of order n, then
E, (Byy) =n?  forn>2,
E (By,) = n—1++v2n—-3 for2 <n <8,
T T  —4)+2v2n—3  forn>8.

Proof. Let B, be a double star of order n with respect to the vertex partition
& ={V(G)}. Then

n o2 2 ...02 2 -1 -1 ... -
2 0n =1 ... =1 =1 =1 =1 ... —1
2 1 n ... =1 =1 =1 =1 ... —1
2 -1 -1 n -1 -1 —1 .
AzBrr)=| , 1 1 n 2 2 2
-1 -1 1 1 2 n -1 .
-1 -1 1 1 2 -1 n 1
1 -1 -1 ... =1 2 -1 =1 ... n

nxn

Clearly, it is of the form (fg\ R). To get Spec»(Br,r), we need to find Spec »(A+
B) and Specs(A — B) by solving its respective characteristic polynomials.
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By applying a series of row and column operations on ¢4 (A + B,A) and
b2 (A —B,A), and using Lemma 5,

b (A+BA) =A—(n+ ])](rfz) [)\_ (m+5)+ m]

2
_ 2 _
[}\_ (n+5)—vn?+12n 3] (11)
2
and
(A —B,A) =A— (n+1)]02 [?\— (@n—1) ?Vzn_ﬂ
[A_(Zn—U—S\/Zn—S} (1)
2
Therefore from Equations (11) and (12), and by the Lemma 4,
(m+5) +vnZ+12n—3]' [(2n—1)+3vZn—3]'
SPGC@(BTJ) = y y
2 2
1
(n+ ])(n_4) |:(2T1—1) —3\/2n—3:|
) 2 )
(n+5)—vnZ+12n—3]"
> .
Hence, Eg, (B:;) = n?, forn > 2. Now, we consider the vertex partition

P ={{vi{va}y...,{vn}} of B;; and the corresponding Z-matrix of B, is

111 ...1100...0
1170 ...0000 ...0
101 ...0000 ...0
10 0 100 0 0
AzBr) =17 o o 01 11 1
00 0 01 1 0 0
00 0 01 01 0
000 ...0100 1

nxn
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It is of the form (4 B). Thus,

3+v4r—3
(A +B,A) =A—1)"7 [2\— (;)] (13)
and
_ 1£+v4r—-3
QMA—BAM=0—1W2{A—<;ZH- (14)
Therefore from Lemma 4 and Equations (13) and (14),
3+VAr =3\ (1+ar—3)\'
Specy(BT,T) = 2 ) 2 )
1A =3\ (3-var—3\"
2 ' 2 ’ '
Hence, Ex (Bry) =n—1+v2n—-3, for2<n<38
and
E» (Brr) = (n—4) 4+ 2v2n -3, for n > 8. O

Theorem 17 If K, ; is a complete bipartite graph of order n = 2r > 2, then
Ex, (Kex) =n? +2n—2 and Ep, (Kry) = 2(n—1).

Proof. Let K, be a complete bipartite graph of order n and let & = {V(G)}.
The Z-matrix of K., is a 2 x 2 block matrix which can be represented as

(5R)-

A‘@(KT,T) — ([(Tl + 11— I]rxr [zﬂrxr > .

[zl]rxr [(n+1I— ﬂrxr

Therefore, from Lemma 4 its &-spectrum is given by
Specx (K. ;) = Spec»(A + B) U Specw (A — B). (15)

By applying successive row and column operations on ¢ (A + B,A) and
b2 (A — B, A), and simplifying using Lemma 5, we get

dr(A+BA) =A—CBr+ 1A= (n+1)0" (16)

and
G#(A—BA) =M+ r—DA—(2n+1A—-m+1]2. (17)
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Thus, from Equations (15), (16) and (17)
G2 (Key ) =A+ (r = DIA = Br+ DIA— 2n + DIA — (n+ 1)) ™3,
Therefore,
Specy (Kry) ={(2n+1)", Br+ D!, (n+ 1), [—(r— 1)1}
and
Ex, (Kry) =1 +2n—2.

Now, if we consider & = {{v1},{v2},...,{vn}} as the vertex partition of K.,
then the corresponding -energy will be shear “-energy of G. So, consider
K;r with respect to & = {{vi},{v2},...,{vn}} and the Z-matrix of K, is
Az (K r) = (I I). Therefore, from Lemma 4

1
Specx(K.r) = Specwn(I+]) U Specn(I—]). (18)
By applying successive row and column operations on ¢ (A + B,A) and
b2 (A — B,A), and simplifying using Lemma 5, we get the corresponding -
eigenvalues. Thus,

Specy(A+B)={1""1 (r+ 1)} (19)

and
Specs(A—B) =10V [—(r— 1"} (20)

Therefore, from Equations (18), (19) and (20)
Specs (Kry) ={(r+ 1)1, 102, [ (r — 1)]'}

and
E, (Kry) =2(n—1).

0

Remark 18 We observe that, the robust &-energy of Ky, 2-partition energy
of Kin-1 and color energy of Ky n—1 with respect to minimum number of colors
X are same, that is Ep (K.r) = Ep,(Kjn_1) = Ex(Kjn_1).

Now, we proceed to determine E 4 (G) for some families of graphs with re-
spect to non-trivial vertex partitions.
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Theorem 19 For the star Ky n_1,n > 3, with vertex partition & = {{v1},

{v2,v3, ..., vn}} where vy is the central vertex and vi,v3,...,vn are pendant
vertices of Ky n_1,

Ep(Kino1) =nn—2)+2vVn—1.
Proof. The &-matrix of Ky 7 is

1 1 1 1

I n—-1 -1 ... -
Ap(Kin 1) = T =1 n—-1 ... -1

[ —1 n—1

Thus, the characteristic polynomial of A 5 (Kjn_1) is

¢ (K, )= A—n)"IA-(1£/(n—1))

Hence,

Specor(Kin1) ={1 + /(-1 - /(n—1",n2)}

and

Ex(Kina)=nn-=2)+[1T+vVn—-1/+[1—-vn—1|
—2)4+2yn—1, forn > 3.

O

Now, we derive &-energy of a double star E(Bs) for different partitions
and for that we consider, V(Bss) = {u1,uz,...,Us,V1,V2,...,Vs} such that
ug, v are the maximum degree (central) vertices. Note that, the pendant ver-

tices u;’s are attached to u; and the pendant vertices vi’s are attached to vy,
fori=2,3,...,s

Theorem 20 If B is a double star of order n > 6 with the vertex partition

Z = {u,vih{uz, uz, ..., Us, V2, V3, ..., Vs }} where Wy and vy are the central
vertices, then

Mm—4)n—-1)+vn2— +5 forn =6 and 8,
Ex(Bss) =4 (m—4)(n—1)+vn2—3+3(5+v2n+5) for n. =10,
Mm—4)(n—-1)+vn2— 3+\/2n+5 forn > 12,
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Proof. The &-matrix of By is a 2 x 2 block circulant matrix which can be

represented as (g\ R). Therefore, by Lemma 4 its spectrum is given by

Specx(Bss) = Specw (A + B) U Specw (A — B). (21)

By applying successive row and column operations on ¢ (A + B,A) and
d2 (A —B,A), we get

-2, [5+ \/jnﬁ} 1’ {5 - @nﬁ}‘} (22)

Specx»(A +B) = {(n 1)

and

Spec»(A—B) = {(n—1)(52)) [(n— 1) +\/7127—3]1, [(n— 1) — m]‘}

2 2
(23)
respectively. Therefore, from Equations (21), (22) and (23)
o [m=1)+vnZ=31" [5+v2n+5]"
Spec!ﬂ(Bs,s) :{(TL - ])(n 4)> [ 2 ) 2 )
5—v2n+5]' [(n—1)—vnZ—3]"
2 ’ 2
and
5+v2n+5 5—v2n+5
Eo(Bos) =(n—)n— 1)+ |2TGEE |92V ED
m—1)+vnt-3 Mm—1)—vn2-3
- + :
2 2
Hence from this, the result follows. ]
Next, we consider another partition 22’ = {{uy,v2,V3, ..., Vs}, {V1, Uz, U3, ..., us}}
of V(Bs,s) such that {uy,v2,v3,...,vs} and {vi,up,us,...,us} are two indepen-
dent sets where uy, vy are the central vertices and uy, Uz, ..., Usy, V2, V3,..., Vg

are the pendent vertices of B .

Theorem 21 Let Bs be a double star of order n > 6 with the vertex parti-
tion &' = {{u1,v2,V3, ..., Vsl {Vi, U2, U3, ..., Us}} where wy, vy are the central
vertices of Bss. Then

Egﬂ(Bs,S):1 n? —2n—4++/n2+20n—28|.

2



P -energy of graphs 153

Proof. The &-matrix of By is a 2 x 2 block circulant matrix which can be

represented as (g\ R). Therefore, its spectrum is given by

Specy/(Bss) = Specsw/ (A + B) U Specw/ (A — B). (24)

By applying successive row and column operations on ¢ (A + B,A) and
(A — B, ), we get

Specy (A +B) ={(s+ 1) 21} (25)

and

1)

(s+1) —1—\/52—1—105— ]
+

S'pngz/A B :{[
[s—i—] sZ—HOS 7}1}
(

Therefore, from Equations (24), (25) and (26)

2 —
Spec.y(B H (s+1) —|—\/s +10s ] )
[ s

+1)— \/32—1—105—7]] 21}
2 )

and

1 24+ 10s—7
(s+ 1)+ Vs*+10s N

(s+1)—\/sz+103—7‘
3 .

On simplifying the above equation, we get the result. O

Another possibility of the vertex partition &2 having 2 elements for a B
is taking one copy of a star Ky ;_7 in each of the two elements of &2. The next
result gives its corresponding #-energy. We omit its proof as it is similar to
the proofs of Theorems 20 and 21.

Theorem 22 Let Bgs be a double star of order n > 6 with the vertex parti-
tion 2" = {{u,uy, us, ..., U}t {V1,v2,V3,...,Vs}} where uy, vy are the central
vertices of Bss. Then

1 n? —2n—8++/n2+20n —28+/n2+28n—60|.

Eﬁz” (Bs,s) = 7
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Remark 23 From Theorems 20, 21 and 22, we observe that
E» > Epr > Egp.

Theorem 24 Let K, be a complete bipartite graph of order n with a vertex
partition & ={V7,Va} such that Vy and V; are two partite sets of Krr. Then

1
Eo(Kep) = 5 +2n — 4],
Proof. Let Vi = {u,uy,...,u} and V3 = {vi,v2,...,v;:}. The &Z-matrix of

Ky is

Az (Ker) = ( i (O )

To get the P-spectra of K,«;, by Lemma 4, it is sufficient to find &?-spectra
of [(r+ 1)I)yxr and [(r+ 1)I — 2]];xy. Since [(r 4+ 1)I];x, is a diagonal matrix,

[(T+ 1)I—J]r><r ]T'><T ) )

Specx((r+ D) ={(r+ 1)}

After applying a series of row and column operations on ¢ o ([(r+1)I—2]],A)
and using Lemma 5, we get the corresponding &?-eigenvalues as

Specor((r+1I=2]) ={(r+ D [ —1]")
Therefore, from Lemma 4
Specy(Kep) = {(r+ 1) [—(r — 1)}

and
1

= E[nz+2n—4].

Ex (Kr,r)
O

Theorem 25 Let K, ; be a complete bipartite graph of order m with bipartite
sets {uy, Uz, ..., Wy} and {vi,va,..., v} and the vertex partition &2 = {{ui, vi},
for 1 <i<r}. Then

Ex(Kiy) =3n—2.

Proof. The &-matrix of K. is

ot = (e 030
nxn

(I + I)rxr ZITXT
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Thus, the characteristic polynomial of A »(K;,) is
b5 (KeryA) = A+ (1 —DIA=1TDA =3V — (v +3).
Hence,
Specs(Krp) = {(r+3)",30 1,100, [ (r —1)]'}

and
Ex(Kip) =3n—2.

0

Now, consider a graph obtained by removing 1-factor F; from a complete
bipartite graph K, and denote is by K, —Fy [3].

Theorem 26 Let K., —Fy be a graph of order n = 2r, for v > 3 with a vertex
partition &2 = {V1,Va} such that Vi and V, are two partite sets of K, — Fj.
Then

1
Ex(Kiy —F) = E[TLZ +2n — 8].

Proof. The &-matrix of K, —Fy for the given vertex partition is

[(r+ ])I_err (J = Drxer )
U_I)rxr [(T+1)I_J]rXr n><n-

Azp(Kir—F) = (
By Lemma 4 and 5,
Specs Koy —F1) = {(r+2)" 2" [~ (r—2)]"}.

Therefore,

[n? +2n — 8.

N —

E@(Kr,r - F]) =
O

In the next theorem, we consider the partition &2 = {{uy,vi}, for 1 <i<r}
and determine the corresponding &?-energy for K, — F.

Theorem 27 Let K. —Fy be a graph of order n = 2r, for v > 3 with a vertex
partition & = {{w,vi}, for 1 <i<r}. Then

2n forn =6 and 8§,
n—38 form > 8.

EW(KT,T - F]) = {
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Proof. The &-matrix of K, —F; is

ZIr><r U - 21)r><r>
(I - ZUrxr 21r><r nxn '

Thus, the characteristic polynomial of A (K, —F;) is
G (e = F1, A) = ATV A=) IQA — 1)+ (r—4)].

A{/?(KT,T —F)= <

Therefore,

] n n 1
Specx(Kir —F) = {TZL )4(771))0(771)) [_ <T21 _4” }

Hence, E» (K, —F;) =2n, forn = 6,8 and E» (K, —F;) =3n—38, forn > 8.
]

5 Conclusion

The significance of -energy stems from the importance of vertex partition
problems in graph theory. As observed from the discussions, the value of E 5 (G)
depends on factors such as the number of elements in the partition, the nature
of the vertex subsets in the partition and the specific properties that deter-
mines the partition. In this direction, there is also much scope for extension of
the study of the concept of &-energy as we can consider specific vertex parti-
tions such as domatic partitions and equitable degree partitions and study the
relation between the corresponding #?-energy and other graph parameters.

It is to be noted that there are various algorithms available for partitioning
a graph (or a network) [8, 9]. Their applications are well known such as par-
titioning a network into clusters [15], community detection problem in social
sciences etc. [8]. We have observed that, in [9], the authors have presented cer-
tain parameters for measuring some key aspects of the network like modularity,
z-score etc using quantities such as number of partitions k, and the numbers
my, my which are mentioned in Observation 1(iv) in a similar context. So by
using these algorithms and with the help of &Z-energy, there is a possibility
for developing a tool for a given network to find its specific properties such as
spectral clustering or community structures.
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