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Abstract. The aim of this paper is to obtain some relationships between
eccentricity-based topological indices as the eccentric connectivity, con-
nective eccentricity, total eccentricity, second Zagreb eccentricity, first
Zagreb eccentricity connectivity, first eccentricity connectivity and first
Zagreb eccentricity connectivity of a simple connected graph.

1 Introduction

Let G denote a graph with k vertices and s edges, which has the vertex and
edge sets as V(G) and E(G), respectively. The number of edges connected to
vertex 1 is denoted as the degree of 1 and shown as d(i). The minimum and
maximum vertex degrees are represented by & and A, respectively. In this
study, we are interested in simple undirected graph G which consists of no
loops and multiple edges.

In the literature, there are many interesting studies in graph theory related
to the distance of any two vertices. The eccentricity €(t) of a vertex t € V(G}
is defined as the maximum distance between t and any other vertex y in G
and shown as €(t) = max{d(t,y) : y € V(G}. The maximum and minimum
eccentricities over all vertices of G are called the diameter d = diam(G) and
the radius v = rad(G) of G, respectively [3, 7].
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It is known that topological indices can be used to characterize of a graph.
One of the most studied indices is the first Zagreb index M;(G) = Y d(r)2.
reV(g)

There exist some studies on eccentricity based topological indices in the
literature [1, 2, 13, 14]. One of them is the eccentric connectivity index and

was introduced by Sharma et al. [12], which was defined as
£G) = Y dlel).
reV(G)

Similarly, the connective eccentricity index of a graph G was defined in [6]

and denoted as am
ce T
Q9=

reVv(g)

Also, the total eccentricity index was introduced by Farooq et al. [4] as:

TeV(G)

and moreover the first and second Zagreb eccentricity indices were defined

in [5] as:
Ei(G)= ) €.
reVv(g)
and
E0)= Y e(els).
rs€E(G)

Motivated by the eccentric-connectivity index, the first Zagreb eccentricity
connectivity index M‘LCI’ the first eccentricity connectivity index £CZ' and
the first Zagreb eccentricity connectivity index MJSCI] were introduced in [8]

as:

Mier(G) = > d*(r)e(r).
rev(g)
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In this paper, some relationships between eccentricity-based topological indices
are obtained in simple connected graphs.

Now, we give some lemmas. Both of these lemmas are crucial in proving the
main results of this paper.

Lemma 1 [10] If t; andy; (1 <j < k) are non-negative real numbers, then

K K K 2 2
()2 (y)* — Z ty; | < Z(M] M, —mym,)?,
j=1 =1 =1
where My = max1§jgk{tj}, M, = max1§j§k{yj}; my; = min]gjgk{tj}, mp; =

ming <j<{y;}.

Lemma 2 [11] If¢; > 0, d; > 0, p > 0, j = 1,2,...,k, then the following
inequality holds:

k
2y
| (E dJ)

with equality if and only if <CT]1 = S—i = .= (Ci—‘;.

Lemma 3 [9] Let ¢ ¢y, ...,cx and dj dy, ..., dx be real numbers such that ¢ <
¢;<Candd <dj <D fori=1,2,..,k. Then there holds

k

k k
%chdj— %ch %Zdj SLBJ (1—;BJ>(C—C)(D—d).
j=1 j=1 j=1

2  Main results
Theorem 4 Let G be a simple connected graph with k vertices. Then we obtain

2
MiG)E(0) < (E(G)) + 5 (Ad — 57)2

The equality holds for G = K,,.

Proof. In Lemma 1, if we take t; = d(j) and y; = €(j), we get
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k k k 2
(d(3))* ) (e())* — (Z d(j)e(j))

1 j=1

)

<
By using the definitions of M1(G),Eq(G) and &°¢(G), we have

M (G)E1(G) — (E°(9)? < —(max(d(j)) max(e(j)) —min(d(j)) min(e(j)))*.

INE

Since max(d(j)) = A, max(e(j)) = d, min(d(j)) = & and min(e(j)) = r, we
obtain ,
Mi(G)E(0) < (E(G)) + 5 (Ad — 57)2

Example 5 Let G be a simple connected graph with 6 vertices as follows.

Then, we get M1(G) =50,E1(G) = 34 and £°(G) = 35.
Since A =4,d = 3,0 =1 and r = 2, we obtain M;(G)E;(G) = 1700 and
(E¢(G))2+ %Z(Ad—ér)z = 1989. Thus the inequality in Theorem /j is satisfied.
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Theorem 6 If G is a simple connected graph with k vertices and s edges, then

we get
2
2
£(0)E%(G) < 45?4+ (A\F‘é\/?> .
4 T d

The equality holds for G = K.

Proof. In Lemma 1, we let t; = \/d(j)e(j) and y; = ,/% to get
k k k 2 2 2
o s d(j) ) k \/E \/T
) < - S
2_d6)el) )_ o5 (de) <3 (A Y
y 2
Since (Z d(j)) = 4s? and from the definitions of £¢(G) and £°€(G), we get

P 2
EC(G)ES(G) < 4s” + kI <A\/§— 5\/§> :

O

Theorem 7 Let G be a simple connected graph with k vertices and s edges.
Then we have

2s

1 c

1 - 1 +(_1)k+1
=4

C((])‘ < > (d—7)(A—3).

The equality holds for G = K,.
Proof.

By using v < €(j) < d and 8 < d(j) < A and choosing ¢; = €(j) and
dj = d(j) in Lemma 3, we get

1 & 1 1 &
2_ellal) = | >_eG) | |1 2_db)
j=1 j

j=1

=1
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Using the definitions of £°(G) and ((G), we get

1. 2 1k 1]k
@ -pao) < 5| (1-¢|3]) e-na-s.

Since L%J (1 —% L%J) = ]1‘ (1 — %) , we obtain
1 2 1 14 (—1)kt
reo1- 5o < 5 (1- P Y a-nia-s

Example 8 Let’s consider G = Ky complete graph as follows.

We can calculate as E°(G) = 12 and ((G) = 4. Since A =3,d = 1,6 = 3
and r =1, we obtain

1. . 2s -
‘ka (g)—kzag)‘ 0

and
Ty 1+ED
4 2K2

Hence, the equality holds.

)(d—r)(A—é):O.

Theorem 9 If G is a simple connected graph, then we obtain
Mier(6)C(9) > (£°(9))%

The equality holds for G = K,.
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Proof. In Lemma 2, letting ¢; = €(j)d(j), d; = €(j) and p =1 gives

= (e()d()? (H
— ()

j=1

So, we have

Hence, it follows that

g

Theorem 10 Let G be a simple connected graph with k vertices. Then we

have y
E1(G) < — (MLl (9))* + @(dAz —18%)2.

2
k k k
3 () ((d(j))z)z(ze(j)dm)z)
i=1 j=1 j=1
2
< - (max((7)) max((d(3))2) — min(e(j)) min((d(j))?)?

=~

2
KS*E1(G) — (MLcr(Q)) < - (aa? —r8)?

Hence, we obtain
1 ! 2, K 2 2,2
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Theorem 11 If G is a simple connected graph with k vertices, then we get

1o T4 (=D

2 2
200 S -8,

1 1
’kM}cz(g) — UMy (g)’ <
The equality holds for G = K,,.

Proof. It is known that r < e(j) < d and & < (d(j))? < A?. So, we let
¢j = €(j) and dj = (d(j))? in Lemma 3, then

Using the definitions of M}CI(Q) , €(G) and M;(G),weget
1 1 1/k 1 —1)ktt
‘kM]Ecz(g) UM, (g)‘ < ( <1 - *”)) (d—r)(a% — 82).

Thus, we obtain

Example 12 Let’s consider G = K4 complete graph in Example 8. Since A =
3,d =1,8 =3 and r = 1,the right side of the inequality in Theorem 11 is 0.
Since MLCI(Q) =36,((G) =4 and M;(G) = 36, we have

1

1
EMJ‘,‘CI(Q) 2

C(GIM(G)| =0
Hence, the equality holds.

Theorem 13 If G is a simple connected graph with k vertices, then we obtain

1 k
M (G) < W(SCT (G)2+ ﬂ(dzA _125)2,

The equality holds for G = K.
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Proof. In Lemma 1, we choose tj = (e(j))? and yj = d(j) and get

2
k k k
> ()Y ()~ (Z(e(j))zd(j)>
. 4 e
< X (max(e(§) max(a()) — min(e(j))? min(d())?
< 7 (max(e(j))? max(d(j)) — min(e(j))* min(d(j))*.

2
kM (G) — (ECI'(G))? < kZ(dZA —1%8)%.
So, we obtain

1 K
Mi(G) < W(SCT (G))?* + ﬂ(dzA _125)2,

O

Theorem 14 Let G be a simple connected graph with k vertices and s edges.
Then we have

1
k
The equality holds for G = K,.

2s 1

1+ (—1)k!
ECT'(G) — szﬂg)‘ <7 <1 ———y

2k?

> (2 —12)(A—3).

Proof. By using v < (€(j))? < d? and & < d(j) < A. We let ¢; = (e(j))* and
dj = d(j) in Lemma 3, then

k 1 k 1 k
> _[eli))?d() — (k Z(e(mz) (kZd(j))

=1

&l =

Vo A as| 1 2s
‘ka‘cz (9) — L Ei(9) - _‘kf;cz (G) szﬂg)’
__ 1 k+1
§l<1 b >(d2—r2)(A—6).
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Theorem 15 If G is a simple connected graph with k vertices, then we obtain
k’z 44 2702032472 252 1 2
Z(3r 8% — d*A%(d°A% —2r°6%)) < (Mgop (G))°.

The equality holds for G = K,,.

Proof. If we choose tj = (e(j))? and Yj = (d(j))? in Lemma 1, we have

k

2
k k
S (G Y(dG)) — (Z(e(mz(d(mz)

i=j j=1

So, we get
kZ
kafs! — (Mg (9))F < 4 (a2A7 —126%)%,

After simplifying the above expression, we get the desired result as

2
%(3#‘64 — d*A%(d*A% — 2r78%)) < (M, (G))

g

Theorem 16 If G is a simple connected graph with k vertices, then we get

1 ! 1 T4 (1)
Meer (@) - szﬂg)Mﬂg)‘ <3 <1 -

> (d* — %) (A% —8%).
The equality holds for G = K.

Proof. We use the inequalities 1> < (e(j))? < d? and & < (d(j))* < A%. In
Lemma 3, we choose ¢j = (e(j))? and dj = (d(3))%, we get

&=

k
j=

k k
(€)(d0))? (L Z(em)z) (L Z(d(j)V)

1
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Hence, we obtain

1
Mecp (9)

1

1Yk
- szl(g)M](g)’ <! (1 L Gl )

i b7 )(dz—rz)(Az—éz).

O

Example 17 Let’s consider the graph in Example 5. Then, we have
M;i(G) =50, E1(G) = 34 and M}, ,(G) = 225.
Since A=4,d=3,06=1 and r = 2, we get

and

1

1
‘ijscz‘ (@) — 2B (@M, (Q)‘ =9.72

1 ]_M
4 2k?

> (d? —1r?) (A% — 8%) = 18.75

Thus, the inequality in Theorem 16 is satisfied.
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