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Abstract. We study a family of harmonic univalent functions in the
open unit disc defined by using post quantum calculus operators. We first
obtained a coefficient characterization of these functions. Using this, co-
efficients estimates, distortion and covering theorems were also obtained.
The extreme points of the family and a radius result were also obtained.
The results obtained include several known results as special cases.

1 Introduction

Let A be the class of functions f that are analytic in the open unit disc
D :={z:|z| < 1} with the normalization f(0) = f'(0) —1 = 0. A function f € A
can be expressed in the form

o0
f(z) :z~|—Zakzk, z € D. (1)
k=2
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The theory of (p, q)-calculus (or post quantum calculus) operators are used
in various areas of science and also in the geometric function theory. Let 0 <
q <p < 1. The (p, q)-bracket or twin-basic number [k], 4 is defined by

k k

Klpq = © (q#p), and [k, =kp<'.

P—q
Notice that limgq_plklpq = [klpp. For 0 < q < 1, g-bracket [k]q for k =
0,1,2,--- is given by

(@#1), and [kl =I[kl=k

The (p, q)-derivative operator Dy, 4 of a function f € A is given by

o0

Dypqf(z) =1+ ) [Klpqaiz"". (2)

k=2

For a function f € A, it can be easily seen that

(Dp,qf)(0) =1 and (Dpf)(z) = f/(z). For definitions and properties of (p, q)-
calculus, one may refer to [6]. The (1, q)-derivative operator D1 4 is known as
the g-derivative operator and is denoted by Dy; for z # 0, it satisfies

f(z) — f(qz)
(1—-q)z °

For definitions and properties of g-derivative operator, one may refer to [3, 9,
10, 11, g].

For a function h analytic in D and an integer m > 0, we define the (p, q)-
Salagean differential operator L)', , using (p, q)-derivative operator, by

, (P#d,z2#0), (3)

(Dgf)(z) = (4)

P,q’

LY h(z) =h(z) and L} h(z) =zDpq(LY " (h(2)).

For analytic function g(z Z byz*, we have
k=1

=Y Kbzt (5)

k=1
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In particular, for h € A with h(z) =z+ > 2, axz®, we have

Lr,h _z+Z aa (6)

Let ‘H be the family of complex—valued harmonic functions f = h+g defined
in D, where h and g has the following power series expansion

o0
h(z) =z + Z az® and g(z Z brz*. (7)
k=2

Note that f = h+g is sense-preserving in D if and only if h/(z) # 0 in D and the
second dilatation w of f satisfies the condition |g’(z)/h/(z)] < 1 in D. Let Sy
be a subclass of functions f in H that are sense-preserving and univalent in D.
Clunie and Sheil-Small studied the class Sy in their remarkable paper [5]. For
a survey or comprehensive study of the theory of harmonic univalent functions,
one may refer to the papers [1, 2, 7]. We introduce and study a new subclass
of harmonic univalent functions by using (p, q)-Salagean harmonic differential
operator L', : H — H. For the functions in the newly introduced family, a
coefficient characterization is obtained (Theorem 3). Using this, coefficients
estimates (Corollary 4), distortion (Theorem 6) and covering (Corollary 7)
theorems were also obtained. The extreme points of the family (Theorem 5)
and a radius result (Theorem 8) were also obtained. The results obtained
include several known results as special cases. Our results can be extended,
for example, by using fractional g-integral operator (see Ravikumar [16]).

2 Main results

We define the (p, q)-Salagean harmonic differential operator L)}, of a harmonic
function f =h+7g € H by

Loaf(z) = Lgh(z) + (=)™} 9(2)

8
_z—i-Z pqakz + ( mZ qukzk. ®)

k=2

This last expression is obtained by using (6) and (5) and is motivated by
Salagean[17]. Recall that convolution (or the Hadamard product) of two complex-
valued harmonic functions

f]( —Z-l-Z(l]kZ +Zb1kzk and fz —Z+Za2kz —|—Zb2kzk
k=2 k=1
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is defined by

o0 oo
fi(z) « f2(z) = (f1 x f2)(z) =2+ ) ananz“+ ) bibazs, zeD.
k=2 k=1

We now introduce a family of (p, q)-Salagean harmonic univalent functions
by using convolution and the (p, q)-Salagean harmonic differential operator
Lm

IZCH

Definition 1 Suppose i,j € {0, 1}. Let the function ®;,¥; given by

D;(z) —z—i-Z?\kz + ( Zukz, (9)
k=2
—z+Zukz + ( ka (10)
be harmonic in D with Ay, > w > 0 (k > 2) and e > v >0 (k> 1).

For x € [0,1),0<gq<p<1T, meNneNy,m>nandz € D, let
Su(m,n, ®;,¥;,p, q,®) denote the family of harmonic functions f in H that

satisfy the condition
(Lg}qf * (D'l)(Z)
Re{(l_g,qf mATE } > o (11)
where L3, is defined by (8).

Using (8), (9) and (10), we obtain

(Lgf* @) (2) =2+ ) AkIqaiz® + (1™ ) wlkigbiz®,  (12)

k=2 k=1
and
(Lpqf *¥5)(z) _Z+Zuk Tpq@iz® + ( M]ka I5.qbKZ". (13)
k=2 k=1

Definition 2 Let TSy(m,n, ®;,¥;,p,q, ) be the family of harmonic func-
tions fm = h+ g, € TSu(m,n, O, ¥, p, q, «) such that h and gm are of the
form

Z)=z-) lalz" and gn(z)= (1™ |bil, bl < 1. (14)
k=1
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The families of Sy(m,n, @i, ¥;,p, q, ) and TSy (m,n, ©;,¥;,p, q, o) include
a variety of well-known subclasses of harmonic functions as well as many new
ones. For example,

(1) SH(m>n) ) SH(”‘)“)ﬁ a 2)2’1 z+1 Z)])]aa)

TSh(myn, «) = TSy(m,n, e Z) ﬁ” -+ 15 Z,1,1,0() [18].

(2) Sﬁ(O()ESH(],O, (1f2 ﬁ)] z+1 Z)LL“)
TS]T[((X)ETSH(])O) ,ZZ & Z)Za] Z+] 2)1)]) )7 [12}

(3) ICH( ) SH(Z, ]’ ZJ:Z + (1Z+§)3) (1 ZZ)Z - (]Ei)bh])o‘))
TICH( ) = TSH( » ?J:Z) + (1Z+§)3a (1f2)2 - (1f2)2)]) ]a “)7 [13}'

(4) Sﬁq(OC)ESH(],O, (1f22 a 2)2)] Z+] Za]aq) ))
Tsﬁq(“)ETSH“)O) 22 [ ZZ)2>1 R Za]»q> «), [4].

-2
(5) ICHq( x) = SH(Z)]) Z+23 + (1Z+§)3a(1f2) a 22) aq) ))
2

TICHq( ): TSH( ) Z+Z)3 + (?iép) (1fz) a ZZ) )q) )

(6) SH(TI+],Tl,q,O()ESH(Tl+1,Tl, (1f2)2 a 2)2’1 z+1 Z»LQ» )a
TSun+1,n,q,00) = TSu(n + 1,m, 5 72)2 -7 2)2,] =+ 15 Z,1,q, o),
[14].

(7) SH((Di,q’]',OC) = SH(O>O> qpi)lyj) ],],O(),
TSH((Di)\y]')OC) = TSH(O)Ov (Db\y]') 1) 1) 0()7 [15}'

We first prove coefficient conditions for the functions in Sy(m, n, @3, ¥j, p, g, «)
and TSH(TTI, n, Q)i)ly]-)p) qd, (X).

Theorem 3 Let the function f = h + g be such that the functions h and g
are given by (7). Also, let the (p, q)-coefficient inequality

© ALk, — o (kIR
Z ] |yl
— X
kzzoo [K]m ( ])n+j7(m+i) [k (15)
Hic —\= XV
+Z P9 ] _— p»q|bk|§‘l)

be satisfied for « € [0,1),0<q<p<1T,meN,neNy, m>n, A\ >u >0
(k>2) and e >v >0 (k> 1). Then
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(i) the function f = h + g given by (7) is a sense-preserving harmonic
univalent functions in D and f € Sy(m,n, @i, ¥;,p, q, &) if the inequality in
(15) is satisfied.

(ii) the function fm = h+gy, given by (14) is in the T Sp(m,n, O, ¥j, p, g, &)
if and only if the inequality in (15) is satisfied.

Proof. (i). Using the techniques used in [14] and [15], it is a routine step to
prove that f = h 4 g given by (7) is sense-preserving and locally univalent in
D. Using the fact Re(w) > o if and only if |1 — o+ w| > |1 + o —w|, it suffices
to show that

(LyF * @3)(z) |

1—oa+
‘ (Lg’qf*‘yj)(z)

In view of (12) and (13), left side of (16) yields
(L £ @) (z) + (1 — )(L” o *¥5)(2)|
}me*m — (T + &) (L f + W) (2)]
= ’(2 — )z + Z Alk pyq + (1 — oc)uk[k]g’q)akzk
k=2

o

+ (=) Z(ukmg:q + (=N — vkl )iz

- ‘ — o0z + Z Ak 1+ oc)uk[k]p q)akzk

o0

+ (=)™ (kg = (=DM ™Y 4+ awikI ) biz®
k=1

> (220l =2 Y (M — o kI a2l
k=2

(i kI 4 (=1 (1 — v [KIT byl

(kg — (=17 (1 4 owi kI )bzl

S Akl — o [KIp

> (1- o)l [1 Y Mehe K g -
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& kI, — (=) oy [l B
_ Z P9 1 P9 |bk||Z|k 1
p — X
= AlkITt, — o [KIT
‘] _ ‘] _ P,q P9
> ( oc)lzl[ (é T |ax
= o
il — (=)™ M oy i
) ) b .
+ kZ T byl

This last expression is non-negative because of the condition given in (15).
This completes the proof of part (i) of theorem.
(ii). Since

TSH(TTL, n, (D'u‘yj)p) q, Oc) - SH(m> n, (Di)\ybp) q, O‘)a

the sufficient part of part (ii) follows from part (i). In order to prove the
necessary part of part (i), we assume that fi, € 7Su(m,n, @y, V¥;,p,q, «).
We notice that

(Lpgfs (@) }
Re{ (pFr )

(1—o)z— Z (Alklpg (Xuk[k};q)aklk

k=2
= Re{ =
z— Z [k akzk + (—=1)mittnti—1 5~ vk[k]{})qbkik
k=1

(1 5 (g — () b it

‘ |
Z—Zuk B qQzk 4 (—1)mn- 1ka n bz

k=1

(1—o) — kgz()\k[k]gfq — oay[k]5 q)aka ]
OO . .
- Z (I“Lk[k]‘g}q - (_1 )TH*]*(TYH»I) ocvk[k]:qu)bkrki]
> k=1
1— Z uk n akrk 1 ( ])m+i+n+j Z Vk[k]&qbkrk_1
k=1
>0,

by (11). The above inequality must hold for all z € D. In particular, choosing
the values of z on the positive real axis and z — 17, we obtain the required
condition (15). This completes the proof of part (ii) of theorem.
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The harmonic mappings

— - "
f(z) =
2 =24 ) 3, — oy,
o _— (17)
+ — zv,
2 kg, — 1 g

(o) o0

where > |xk| + > lyx| = 1, show that the coefficient bound given by (15) is
k=2 k=1

sharp. O

Theorem 3 also yields the following corollary.

Corollary 4 For the function f,, = h+ g, given by (14), we have

1—x
ag| < , k>2
R I
and 1
— X
byl < , - k>1.
ol = uilkIgy — (=DM e e

P»q
The result is sharp for each k.

Using Theorem 3 (part ii), it is seen that the class 7Sy (m,n, @i, ¥;,p, q, «) is
convex and closed with respect to the topology of locally uniform convergence
so that the closed convex hulls of 7Sy(m,n, @i, ¥;,p, q, «) equals itself. The
next theorem determines the extreme points of 7Sy (m,n, ®;,¥;,p, q, or).

Theorem 5 Let the function fn, = h+ G, be given by (14). Then the func-
tion fi € cleo TSw(m,n, @i, ¥;,p, q, &) if and only if fn(z) = 3 (xkhi(z) +

k=1
Yxgmy (2)), where
T—«
h(z) =2, hg(z)=2z— 2%, k>2,
1(2) k(z) MK, — o kI
. 1—
ka(Z) —z+ (_1)m+14 & ik, k> 1,

pk[kImy — (=1 e [k o

and Y (xk +yx) = 1 where xx > 0 and yx > 0. In particular, the extreme
k=1

points Of TSH(m) n, (Di)\yjapa q, OC) are {hk} and {gmk}'



Harmonic functions defined by post quantum calculus operators 13

Proof. For a function fy, of the form fi(z) = ) (xxhk(z) +ykgm, (z)), where
- k=1

> (xk +yx) =1, we have

k=1

k=2 k qu
+ i m+1 1 1— .(X : ykzk-
— u [k, — (=)=t D e [Kn

Then fy, € clco 7 Sy(m,n, i, ¥j,p, q, ) because

i MK — oan[KIT ( 1—« Xk> .
k=2 -« Alk]mr — o [k
i kI, — (= 1)~ D oy [l -«
o - kI — (1) o i ¥

o o
:Zxk—i-Zyk:]—X] <1
k=2 k=1

Conversely, suppose fr, € clco TSy(m,n, @i, ¥, p, q, ®). Then

ay] < 1 —« 4 o < 11—«
an . . .
S K, — o[k ik — (1 i
Set
Mk, — o [KI3: L G A L
Xk — P9 P9 |ak| and yk — P9 P9 |bk|-
1—« 11—
By Theorem 3 (ii), > xx + X_ yx < 1. Therefore we define x; =1— > xx —
k=2 k=1 k=2
> yx > 0. Consequently, we obtain fiy(z) = > (xxhk(z) + Ykgm, (z)) as re-
k=1 k=1
quired. O

For functions in the class 7Sy(m,n, ®;,¥;,p, q, ), the following theorem
gives distortion bounds which in turns yields the covering result for this class.
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Theorem 6 Let the function fm € TSn(m,n, @i, ¥j,p, q, &), v = AclkIgly —
o[k} 4, k > 2 and ¢ = kT, — (1) e (KT k> 1. If (v
and {dy} are non-decreasing sequences then we have

o _ (1 \nH—(m+i)
i (2)] < (1 + b1 )zl + B“(1—“‘ ( ”rs "‘V‘|b1|)|z|2 (18)

and
n+j—(m+i)

p

()] = (1= b2l — 5 <1 _m =D il |b1|) 22, (19)

for all z € D, where by = z(0) and
B = minfyz, b2} = minfA T, — 2T w2, — (—1) g ),

Proof. Let the function fi, € TSu(m,n, @i, ¥;,p, q, «). Taking the absolute
value of fy,, we obtain

[fm(2) < (14 bal)lzl + ) (laxl + Ibi])lzl*
k=2

< (1 + bzl + Y (laxd + by Iz
k=2

< (1+1ba) |z|+Z( |ak|+]fa|bk|)|z|2

—«& klklplq — anelklp g
B é ( — |ax

[k — (=)™ Y oy [k 2
’ — oy )12

< (1+Toil)

+

T—a — (=1 oy
< (14 bzl 4+ = (1w =D Loyl ) 121
B 1—«

This proves (18). The proof of (19) is omitted as it is similar to the proof of
(18). O
The following covering result follows from the inequality (19).

Corollary 7 Under the hypothesis of Theorem 6, we have

{w wl < [13((5 1ok (g — ()P gy B)Ib1l)} C (D).
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Theorem 8 If the function f, € TSu(m,n, ®©i,¥;,p, q, «), then the function
fm s convex in the disc

1

— k=1
|Z| < min{ 1] n+l?1(m+i] } ) k > 2.
k K[1 — m—(=1) . Wi

Proof. Let f, € TSH(m,n, @, ¥, p,q,«) and let v, 0 < r < 1, be fixed. Then
v (1z) € TS(m,n, @i, p, q,x) and we have

D Klaxl +Ibil) = Y kllaw] + [bi)kr™!

k=2 k=2
X AT, — oy [KID [km, — (=)= oy [k
S Z k P,q k P,q |(1k| + I"Lk P,q ( ) k P,q |bk| krk*]
= 11—« -
00 . .
— (=1 \H—(m+i)
S Z <] o 58] ( 1) V1 |b]|> krkf]
k=2 -«
<1—by
provided
krk! 10
— _(_1)n+j—(m+i)
1 — 1 — xvi b]
which is true if
1-b T
. — U1 -
T S mkl,n{ uli(i])n+j*(m+i](x\)] } ) k Z 2.
k(1 — e by]
O

Remark 9 Our results naturally includes several results known for those sub-
classes of harmonic functions listed after Definition 2.
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