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Hadamard product of GCUD matrices
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Abstract. Let f be an arithmetical function. The matrix [f(i,§)** ]nxn
given by the value of f in greatest common unitary divisor of (i,j)**,
f ((i,j)**) as its i, j entry is called the greatest common unitary divi-
sor (GCUD) matrix. We consider the Hadamard product of these ma-
trices and we calculate the Hadamard product and determinant of the
Hadamard product of two GCUD matrices.

1 Introduction

The classical Smith determinant introduced by H. J. Smith [9] is

(1,1 (1,2) -+ (1,n)
(2,1) (2,2) -

e
2

(TL, ]) (TL, 2) e (TL, Tl)
where (i,j) is the greatest common divisor of i and j, and @(n) is Euler’s

totient function. n
A divisor d of n is said to be a unitary divisor of n if (d, E) =1 and we write

d || n. Let (m,n)* the greatest divisor of m which is unitary divisor of n (see
E. Cohen [2]).
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We denote the greatest common unitary divisor of m and n as (m,n)**.
Let @*(n) be the unitary analogue of @(n):

and

be the unitary analogue of the Md&bius function pu(n).
The GCUD matrix with respect to f is

F0,17) 11,207 o ((1,m)")
(13 o = | 127 A(227) e f(20))
F(, 1)) f((m,2)7) - (i, n)™)

If we consider the GCUD matrix [f(1,j)**]nxn where

fn) =3 g(d),
d|n
H. Jager [5] proved that
[f((1,3))7] en = C1 diaglg(1),9(2), ..., g(n)ICT, (2)

where Cq = [Cij]nxm

o1 ha i
Y710 ha i

and
det[f((1,5)")nxn = g(1) - g(2) - - g(n).

For g(n) = ¢*(n)

(L)) = Y @ (d)=(ij)™.

dll(i,j)**

and the decomposition of matrix

[(1,3)"Tpn = C1 diaglo*(1), ©*(2), ..., @*(n)ICT,
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det[(1,3) " lnxn = @*(1)9*(2) - - - @™ ().
The unitary convolution of the arithmetical functions f and g is defined as
n
f — f(d)g (%)
fogn = Y fldg(s
d|n
From this convolution we can write (2) in the following form:

det [f((1,7)™)] 1un = (FOU)MF O R)(2) - (f© u)(n). (3)
Here we present some examples which are relevant in our study.

Example 1 If

n

g(n) =p*(m) =) (L,n)"

i=1

the unitary Pillai function then (see L. Tdth, [10, 11]). We have

B = Y deo(3),

s/n

fln) = Y B*(m) =nt'(n),

dn

where T*(n) is the number of unitary divisors. The GCUD matrix and deter-
minant in this case have the following form:

[(1,3) T ((1,3) nxn = C1 diag(B*(1), B*(2),...,B* (M) Ci,  (4)
det[(1,3) T ((1,3) nxn = B(1)B"(2) - -- BT (). (5)

®*(n)

Example 2 If g(n) = , then

)=y W

n
d|n

B*(1,j) B - (e*(1) 9*(2) o*(m)\
{ ) ]nan dmg( T S R E ) Cq, (6)
o [EE] e et
(1,3) Jnsn n!
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For other contributions, we mention the papers of P. Haukkanen, J. Wang
and J. Sillanpéé [3], A. Nalli, D. Tasci [6], P. Haukkanen, J. Sillanpaa [4].
We introduce the concept of Hadamard product (see F. Zhang [12]).

Definition 1 The Hadamard product C = A o B = [cijlnxn of two matrices
A = [aijlnxn and B = [bijlnxn is simply their elementwise product,

Cij:aijbi)', i,j€{1,2,...,bh

A. Ocal [8], A. Nalli [7], A. Bege [1] establishes various results concerning clas-
sical GCD matrices and least common multiple (LCM) matrices. In examples
1 and 2 appears Hadamard products of special GCD matrices:

det [[¥((1,3)" Dnxn © [(0)“Tnen| = B*(1B7(2)-+-B" (),

et B8 e | ] ] = TR

(i,5) nl
Let f and g be two arithmetical functions. In this paper we calculate the
Hadamard product and the determinant of Hadamard product of [f((1,§)**)]nxn

and [g((i»j)**)]nxn'

2 Main results

Theorem 1 Let h and g be two arithmetical functions and g be multiplicative.

If
fn) =Y nidg(3), (7)
d|n
then
1.

o] o ding (M B RO
[f((l)]) )]nxn [g((i,j)**)]nxn}nxﬂ__c1 dlag(g“)) g( )a"') g(n)> C )

where Cq = [Cij]nxny

[l
R A
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3. There exist H(n) and G(n) arithmetical functions, such that

] ] | ~det[H((1,)*)]

det [f((l,]) )]nxno |:9((1»])**) B m

Proof.
Let

h(n) = (f© (u'g))(n).
We have
go (g =1

which means that p*g is the inverse respecting to the unitary convolution.
From this
hog=fo(ugog)=fol="f.

Because g is a multiplicative function

n h(d) n h(d)
f(n) = dZnh(d)g <E) = %g(d)g(d)g (5) =oln) dzng(d)'

By the definition of the Hadamard product we have

f((1,5))
g((1,3)*)
Thus fn) h(d)
n
o) ~ 2 gld)

and by using (2), we have (8).
If we calculate the determinant of both parts we have (9).

Let
H(n)=> h(d)
d|n
and
G(n)=) g(d)
d|n

Using (2) we have
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and
det[G((1,5)" )nxn = g(1)g(2) --- g(n).

which means that

det [f((i,j)**nmo[ ‘ ] an_det[H((i,j)**)]

g((i,3)*) ~ det[G((4,5))]"

Example 3 If g(n) =n then

fn) =) n(z.

d|n

and

((,7)") N _
|: (1,))** :|n><n — [[f((l,)) )]TLXTL [(i»j)**]nxn}“xn

(MM, Y

Example 4 If g(n) = % then
fln) =) h(d)E
n
d|n

and
[F((1,5)(1,3) ] xn = C1 diag (R(1)1,h(2)2,..., h(n)n) C{,

det [F((4,1))(63)  Tnsn = det [F((4,) Tnxn 0 [4,) Tn | =

nxn
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If we want to apply this theorem to a given f and g, using the unitary Mobius
inversion formula we have

. n
hm) = w(dg(d)f ()
djn
where p*(n) is the usual unitary Mobius function and we can formulate the

following result.

Theorem 2 Let f and g be two arithmetical functions and g be multiplicative.
We have

(G5 e = [“(“’”**”“X“O[g(ﬁ,]j)**)]m}nxn:

> widg@r(3)

. f(1) djln
= C dla, Yoo ey
Bl IPTEY

]
o) al

and

f(1) 2_anH(d)g(d)f ()
g(1) g(n) '

det [[f((i,j)**]nxn © |:9((11])**):| }nxn B

Example 5 If f is a multiplicative arithmetical function and g(n) = o

et (6,94, = - (n IT (v - ;)) ~

In particular if f(n) =1

det [(4,3) ] = [ [ @7 (k).

=1

Example 6 For a power GCUD matriz and determinant we have

[((i»j)**)s]nxn: C] dlag(]s(])) IS(Z)))]S(n)) CT)

det[((1,3)") Inxn = Js(1)]s(2) - - - Js(n).

where Js(n) the Jordan totient function.
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