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Abstract: This paper is concerned with the analysis of the tracking capability of Relay 

Feedback Control Systems (RFCS). The envisioned application is the generation of Pulse-

Width-Modulation (PWM) with variable duty-cycle and frequency known also as Duty-

Cycle Modulation. In general, two main issues have to be solved with RFCS when used 

for regulation and tracking. The first issue concerns the determination of autonomous 

self-oscillations which are generated by the closed loop. The second issue concerns the 

determination of the relationship between the reference and the output signals. However, 

if the first issue has beneficiated from different approaches and has been solved 

particularly in case of zero reference signal, the second issue has got insufficient 

theoretical results because of mathematical difficulties for obtaining analytical 

expressions. Considering these reasons, a deep analysis of RFCS constituted of a 

hysteretic relay and linear systems of first order is presented. Analytical expressions 

relating self-oscillations and output mean values with respect to the reference signals are 

obtained. The analysis of these relationships led to infer some conditions under which the 

relay feedback control can generate commands for regulating and tracking reference 

signals. It highlights also the key role played by the hysteresis band width for applications 

based on RFCS. Our analysis, exploiting the analytical expressions, can be used to 

achieve a complete design for power converters. Moreover, simulation and experiments 

have confirmed our results.  
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1. General information 

RFCS have found place in many applications such as servomechanisms, 

trackers, power converters, sliding mode control systems, relay auto-tuners, 

sigma-delta modulators, etc. [1], [2]. In fact, by design, as other type of negative 
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feedback control systems, RFCS can be essentially considered as regulators or 

trackers since their outputs should follow their reference inputs as close as 

possible. In case of a constant reference signal set-point or desired signal, the 

problem corresponds to regulators. In case where the reference is a time variable 

signal or trajectory, the problem corresponds to a tracking one which is known as 

a servo problem. 

It is well known that the most important characteristic of RFCS is their 

capability to autonomously generate stable self-oscillations (limit cycles) even 

without input excitations. Many systems are close to RFCS as they use switching 

mode called also "Bang-Bang" and "on-off" mode such as pulse-width 

modulators, sliding mode controllers, time optimal control systems, etc. Some 

theories based on state-space temporal approaches as well as harmonic 

approaches were developed to analyze RFCS. In effect, there are many 

approaches that enable to determine or approximate the self-oscillations that rise 

in these systems and their stability [1-4]. However, as noticed in [5], the vast 

majority of publications devoted to RFCS have focused on the analysis of the 

parameters of the oscillations and their stability. Conversely, the input-output 

problems did not produce enough results certainly because of mathematical 

difficulties in expliciting input-output relationships. For this reason, the 

simulation and the realization of real systems constitute alternatives to analyze 

input-output problems. 

In a previous paper [6], [7], we have designed and realized some experimental 

prototypes of RFCS for designing and implementing power converters. We have 

studied and performed both simulations and experiments which have shown a 

tracking capability of the output with respect to the desired input. These systems 

revealed to be able to generate autonomously a pulse width modulation (PWM) 

with variable frequency. 

In this paper, we present a deep analysis of these systems especially with a 

first order linear system. Based on the obtained analytical results, we infer the 

conditions under which these systems can be used as regulators and trackers.  

2. Model of RFCS 

A. The proposed model 

There are many basic configurations of RFCS. We consider one type of model 

which is schematically presented in Fig.1. It has been already described in [6] 

and [7]. This system is constituted by a closed loop including in the forward path 

a symmetrical relay with a hysteresis band width noted 2 h  and an output signal 

amplitude noted E. In the feedback path, it includes a linear first order system 
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with transfer function ( )H s . The closed loop is followed by a linear system of 

second order or higher noted ( )G s . 

( )G s is designed to filter the high frequencies contained in the on-off signals, 

and to extract the mean value which represents the tracking value. The involved 

variables are: the reference signal which is the input of the closed loop r(t) to be 

tracked, the control signal x(t) which represents the error  ( ) ( ) ( )x t r t z t  , the 

controlled signal ( )u t , the feedback signal ( )z t , and the output signal ( )v t . 

 

Figure 1: Model of an RFCS. 

B. The behavior of the relay "N" 

For the sake of simplicity, we assume that ( )x t  the input signal of the relay 

has a triangular shape and can cross the threshold values ( h ) at some specific 

instants 
kt . Then, the relay output ( )u t  will be a succession of alternating pulses 

of sign ( E ). The instants during which the jumps occur are called the switching 

instants 
kt . These instants are determined by the following conditions: 

 

( )
if ( ( ) and 0) ( )

( )
if ( ( ) and 0) ( )

dx t
x t h u t E

dt

dx t
x t h u t E

dt


     


      


 (1) 

with ( ) ( ) ( )x t r t z t  . 

3. Tracking signals with RFCS 

To illustrate the tracking capability of the RCFS, we will develop and analyze 

the relationship between the mean value of the output of the linear system (the 

tracker) and the reference input (the tracked signal). The elaboration of 

commands is automatically generated through the closed loop according to the 

conditions specified in (1). The commands are expected to be a sequel of On-Off 

state intervals generated by the relay output. It is well known that this 
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configuration of RFCS acts as a pulse with modulator (PWM), where the tracked 

information is contained in the On and Off durations of the relay impulses. 

Therefore, determination of these durations is a fundamental problem for 

designing applications based on this technique. 

A. Determination of switching times 

Consider the electrical circuit containing a resistor R  and a capacitor C as 

presented in Fig. 2. It is a linear system of first order which corresponds to the 

system with transfer function H(s) in Fig. 1. The input and the output of this 

system are respectively noted  u t and  z t according to Fig. 2. 

 

 

Figure 2: Linear filter of first order. 

If the input signal of the relay feedback control is null, then, the closed loop 

generates a stable symmetrical self-oscillation of a square shape with a null mean 

value of the output ( )u t  and ( )z t . Thus, the only relevant problem is the 

determination of the frequency of the generated stable self-oscillations. For this 

purpose, many approaches have been proposed [3], [4], [5]. However, if the input 

signal to be tracked  r t  is not null, the used approaches assume its slow 

variation compared to the on-off durations generated by the output relay. In this 

case, the analysis will be simplified by assuming that the input signal is constant: 

0( )r t r . 

For the first order filter of Fig. 2, the output is a solution of the following 

differential equation: 

  
.d

( ) 1
d

kk
k

z
z u t E

t
       . (2) 

The subscript k  denotes the intervals of commutation or pulse durations. 

In case of a constant reference signal 0( )r t r , the signal ( )u t  is a sequence 

of unsymmetrical pulses taking alternately the values ( )u t E   in a rectangular 

shape. To determine the switching instants and the durations of the control 

impulses, we proceed by integrating equation (2) under conditions (1). 
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B. Determination of pulse durations for a constant reference signal 

By admitting the piecewise continuity over any time interval limited by two 

successive switching instants 
kt and  1 0,1, 2, ......kt k n  , the integration of (2) 

under conditions (1) permits to determine the analytical results concerning the 

On and Off durations and consequently the period of the self-oscillation which 

are presented in [6]. 

To determine the pulse durations for a constant reference signal, let's consider 

Fig. 3, which represents the temporal evolution of the input ( )u t  and output ( )z t  

of the linear filter described by equation (2). 

If we consider intervals k which are even, the solution of (2) can be written in the 

form: /

0( ) tz t z e E   . 

The instants of commutation during these intervals happen according to (1): 

 
0 0(0)z z E r h    , (3a) 

 1 /

1 0 0( ) Tz T z e E r h     , (3b) 

where 
1T  is the duration of positive impulses. 

 

Figure 3: The input and output signals ( )z t , ( )u t  
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By combining (3a) and (3b), we get: 

0 01

0 0

0

1

ln ln 2 argth

1

h

E r h E rT h

hE r h E r

E r



 
      

       
        

. (4) 

If we consider intervals k  which are odd, the solution of (2) can be written in 

the form: 
/

0( ) tz t z e E   . The instants of commutation during this interval 

happen according to (1). 

 
0 0(0)z z E r h    , (5a) 

 2 /

2 0 0( ) Tz T z e E r h     . (5b)
 

2T is the duration of negative impulses. By combining (5a) and (5b), we get: 

0 02

0 0

0

1

ln ln 2 arg th

1

h

E r h E rT h

hE r h E r

E r



 
      

       
        

. (6) 

The pulse duration (ON), 1T can be expressed as: 

 1 1

0

2 arg thk k

h
T t t

E r


 
      

 
under the condition 0h E r  . (7) 

The pulse duration (OFF), noted
2T can be expressed as (4): 

 2 2 1

0

2 arg thk k

h
T t t

E r
 

 
      

 
 under the condition 0h E r  . (8) 

By manipulating the relations (7) and (8), it follows that for a constant 

reference input value 
0r , the generated command ( )u t  is a periodic signal of 

rectangular shape, with period 1 2T T T  , which can be expressed as follows: 

 
2 2 2

0

2
2 arg th

h E
T

E r h


  
    

  
. (9) 



 Generation of PWM Based on Simple Relay Feedback Systems 21 

 

Comments: 

 The obtained expressions (7), (8) and (9) are functions of the constitutive 

parameters of the system  , ,h E  , and of the reference signal 
0r . We can 

observe that 
1T , 

2T  and T  are biased by the value of the input signal 
0r , which 

causes the dissymmetry of the commands. This fact reveals that the obtained 

PWM is of variable frequency. 

We can notice that similar results have been obtained by applying the theory 

of Locus of a Perturbed Relay System (LPRS) [5]. Under the approximation of 

slow variation of the reference signal with respect to the period of self-oscillation, 

comparable results have been also obtained by [8]. 

 If we consider 
0 0r   and h E in (9), then we can notice that the period T

reduces to 
0T . 

 
0 4 arg th

h
T

E


 
    

 
. (10) 

This means that if 
0( ) 0r t r  , the RFCS generates a self-oscillation which 

corresponds to a square-shaped signal of period 
0T . Furthermore, this period 

0T

is the smallest period the system generates and therefore corresponds to the 

maximum frequency the relay feedback can generate under the given 

configuration. 

 Fig. 4a and Fig. 4b present the variation of the period and of the frequency of 

the self-oscillation w.r.t the reference input according to relation (7) and its 

reciprocal. These figures have been obtained for the parameters: 12 voltsE  , 

1h  , 10 s  . We can observe from these figures that the period of self-

oscillation increases in a quasi-quadratic manner with the increase of the 

reference input 0r  (see Fig. 4a). Inversely, the frequency of this self-oscillation 

decreases (Fig. 4b). However, we notice the presence of a singularity which is 

reflected by a discontinuity in Fig. 4a and Fig. 4b. This singularity occurs when 

the argument of the inverse of tangent hyperbolic function argth in (9) tends to 

unity, leading the period T to infinity. This corresponds to 
2 2 2

2
1

h E

E r o h

  
 

   
. 

This leads to a condition that limits the maximal value of the reference signal 

which corresponds to the inequality: 

 
max

0r E h  . (11) 
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Near this point of singularity  max

0r E h  , the RFCS can generate only very 

low frequencies. Therefore, the system cannot follow the reference signal and is 

useless in this region. 

 There are also technical limitations for high frequencies imposed by the finite 

switching time (
on  and off ) of the used switching elements such as electro-

mechanic or electronic devices [7]. This fact leads to additional constraints like 

the following one which imposes that the pulse duration should be larger than the 

switching time of the used relays and switches. It can be expressed by the 

following expression: 

 
1

0

2 arg th max( , )on of

h
T

E r
  

 
      

. (12)

 

Thus, the general condition to obtain a PWM is to impose that the minimal 

intervals of commutation should be much larger than the switching times of the 

relays and the used switches: 1 2min( , ) max( , )on offT T t t . 

By observing Fig. 4a and Fig. 4b for different values of h, we conclude that 

the smaller the width of the hysteresis the more we avoid the singularity and the 

more the generated PWM satisfies the application requirements. 

 

4a: Period 
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4b: Frequency of self-oscillation 

Figure. 4: Curves of the period and the frequency of self-oscillation w.r.t. reference 

signal 

4. Determination of the output mean value um(r0) 

To consider the tracking capability of our control system, we determine the 

mean value mu  of output ( )u t , which is the measure of the dissymmetry of the 

periodic signal. It is determined by the following expression: 

 
 

 
1 2

1 2

m

T T
u E

T T


 


. (13) 

By replacing 1T  and 2T  from (3) and (4) in (9), the mean value is obtained in 

the form: 

 

2 2 2

0

0 0

2 2 2

0

2
arg th

( )
2

arg th

m

h E

E r h
u r r

h E

E r h

  
 

  
 

  
 

  

. (14) 
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 This expression highlights the relationship between the average value mu of 

( )u t  and the target 
0r  as well as the relay parameters of the RFCS ( , )h E . It is 

noteworthy to notice that it is independent from the time constant   of the linear 

system. We notice also that this relationship is almost linear or quasi-linear if 

condition (11) is fulfilled. This means that the tracking of 
0r by ( )u t  is effective 

as long as this condition holds. (see Fig. 4).  

 Nevertheless, the analysis of expression (14) reveals the presence of two 

points of singularity that lead to discontinuities, one in the argument of the 

numerator and the second in the denominator. The first discontinuity occurs when 

the argument in the numerator 
2 2 2

0 0

2 h E

E r h

  
 

  
tends to unity. It imposes a 

discontinuity in the period of self-oscillation that corresponds to a value of the 

reference variable: 

 
2 2 2 2

01 2 ( ) 2r E h E h E h h         . (15) 

Similarly, the term in the denominator leads also to a discontinuity at the value 

of the reference such as: 

 02r E h  . (16) 

By comparing 
01r and 

02r , we have: 
01 02r r . Moreover, the value corresponds 

to (13), so that: max

01 0r r . 

Fig. 5 shows the evolution of 
0( )mu r  obtained for the parameters: 

12 voltsE  and 10 s  . To highlight the discontinuities, two curves are 

superimposed, each parameterized by a value of h . The left side curve 

corresponds to 1 volth   while the right side one corresponds to 3 voltsh  . 

According to Fig. 5, the RFCS can only track reference signals in the range 

between 
0 0r   and the vicinity from the left side of the first discontinuity 01r . 

These last results limit seriously the regulating or tracking capability of RFCS. 

Fig. 5 shows the two discontinuities. Near the vicinity of the discontinuity and 

beyond, the theoretical model is not applicable.  

Again, by observing for different values of h , we conclude that the smaller 

the width of the hysteresis the more the relationship becomes linear and generates 

PWM that satisfies the application. 
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Figure 5: The mean value w.r.t the reference signal 0( )mu r . 

 On the other hand, if we consider the approximation  arg th x x  , we can 

write 
mu  as: 

 
2 2 2

0 0
0 02 2 2

0 0

( )m

E r h
u r r

E r h

  
  

  
. (17) 

If we consider 
0

1
h

E r

 
  
 
 

, the regulation effect of the RFCS appears in 

the derived expression: 
0 0( )mu r r , which means that the mean value 

approximately follows the reference signal. 

Determination of the Duty Cycle 

We can estimate and highlight the dependency between the duty cycle and the 

reference signal 
0r .The duty cycle can be defined as: 1

0( )
T

D f
T

 . By replacing 

1T  and T  by their expressions in (7) and (9), we get the duty cycle: 
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0

0

2 2 2

0

arg th

( )
2

arg th

h

E r
D r

h E

E r h

 
 

 


  
 

  

. (18) 

As the mean value of the relay output, the duty cycle depends on the reference 

signal and on the relay parameters  ,  h E . The obtained PWM is thus performed 

at a variable frequency. If 
0 0r  , the duty cycle equals 1/2 which means that 

1T  

is half of the period T . This corresponds to a relay output of a square shape. The 

duty cycle w.r.t the reference signal is also subject to two singularities, one in the 

numerator and the second in the denominator. However, the two singularities are 

similar and occur if 02r E h  , which corresponds to the relation already 

obtained in (16). 

Fig. 6 is obtained for the parameters: 12 voltsE  , 1 volth  and 10 s  . It 

presents the evolution of the duty cycle with respect to the reference signal. We 

can notice the presence of a singularity that has to be avoided in order to have a 

useful generation of PWM. By observing Fig. 6, we conclude that the smaller the 

width of the hysteresis band the more the relationship becomes linear and the 

generated PWM is capable to regulate the output. This duty cycle is almost linear 

in a range from 
0r  to 

01r , but near the singularities, the behavior diverges in an 

exponential way. If 
0

1
h

E r



, the duty cycle can be approximated by the 

following expression: 

  1
0 0

1
( )

2

T
D r E r

T E
   


. (19) 

Expression (19) shows a linear relationship between the duty cycle and the 

reference signal. 
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Figure 6: Duty cycle w.r.t reference signal 

5. Special case: reference signal r(t) is variable  

The case when reference signal is time variable corresponds to a tracking case. 

Analytical results are not easy to obtain. However, the obtained results for pulse 

durations in case of a constant value of the reference signal can be generalized 

under the assumption of a slow variation of the reference signal with respect to 

pulse durations. This way, we can consider r(t) as constant compared to pulse 

durations and then the obtained results can be locally generalized. Thus, if we 

approximate the pulse durations 
1( ( ))T r t  and 

2 ( ( ))T r t , then we can infer 

approximations for the period ( ( ))T r t  and the frequency ( ( ))F r t  of self 

oscillations, the mean value ( ( ))mu r t  and the duty cycle ( ( ))D r t  which can be 

expressed as follows: 

 
1( ( )) 2 arg th

( )

h
T r t

E r t


 
    

 
, (20) 

 
2 ( ( )) 2 arg th

( )

h
T r t

E r t


 
    

 
, (21) 

 
2 2 2

2
( ( )) 2 arg th

( )

h E
T r t

E h r t


  
    

  
, (22) 
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2 2 2

1 1 1
( ( )) .

(( ( )) 2 2
arg th

( )

F r t
T r t h E

E h r t


 

   
 

  

. (23) 

With a similar configuration of an RFCS used as a DC/AC PWM with variable 

frequency inverter, under the assumption of slow variation of the reference signal 

compared to pulse durations, similar results to our approach have been obtained 

by [8]. As known in PWM systems, the tracking capability of our control system 

is expressed in the relationship of the mean value of the output signal ( )u t

relatively to the reference signal. So, let's consider the ( ( ))mu r t . 

 

2 2 2

2 2 2

2
arg th

( )
( ( )) ( )

2
arg th

( )

m

h E

E h r t
u r t r t

h E

E h r t

  
 

  
 

  
 

  

. 
(24) 

This can be written in the following form: 

 ( ( )) ( ( )) ( )mu r t K r t r t  . (25)

 
From (24) or (25), we can observe that the tracking of the reference signal is 

automatically performed independently from its form. The factor K(r(t)) 

represents the distortion that affects the tracking process. With (9) fulfilled, the 

tracking error decreases if the following condition is satisfied: 

 max ( )
max ( )

1 or
h

h E r t
E r t

 
   


 

. (26) 

This condition enables to approximate (22) by the following expression, 

which expresses the tracking behavior of the considered RFCS: 

 ( ( )) ( )mu r t r t . (27) 

The same reasoning can be made also in case of the duty cycle. 

 
2 2 2

arg th
( )

( ( ))
2

arg th
( )

h

E r t
D r t

h E

E h r t

 
 

 


  
 

  

. (28)

 

If we consider the condition in (26), the duty cycle can be approximated in a 
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linear form as 

 
1

( ( )) ( ( ))
2

D r t E r t
E

 


. (29) 

We can see that the tracked information  r t can be extracted from the duty 

cycle according to (29) since ( ) (2 ( ( )) 1)r t E D r t    . 

The relationship between the duty cycle and the reference signal is almost 

linear. 

6. Results and discussion  

The simulation of the relay feedback control has been performed for various 

parameters. A model of the studied RFCS with a Simulink implementation using 

a first order linear system in the feedback and a relay with symmetrical hysteresis 

is presented in Fig. 6. 

 

Figure 7: Scheme for simulation 

We illustrate this simulation with some results. Fig. 7 shows the adopted 

model used for generating the PWM related to the application in DC-DC 

converter control. Some simulation results are presented below. Fig. 8a, Fig. 8b 

and Fig. 8c present the output of the relay  u t in black color and the output of 

the linear system z(t) with green color. The relay parameters are: 1 volth  and  

E = 10 volts.  The time constant of the linear system is 2 seconds, and the 

amplification factor equals the unity.  

The first group of results concerns the use of the RFCS as a regulator. The 

results are presented in Fig. 8a, Fig. 8b and Fig. 8c, for the values of the reference 

0 : 0, 4r and 8 Volts, respectively. We can observe that the command is piecewise 

continuous and switches alternatively between the two extreme values. u(t) 

belongs to the set E = 10 volts and E = –10 volts. The output is also piecewise 

continuous and is bounded by the hysteresis limits ( )h . In the following figures, 

the output signal  z t is represented in green color.  z t  tracks the reference 
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signal 
0r . We notice the correspondence with the theoretical results. The second 

group of simulation concerns the use of our RFCS as a tracker of input signals 

having a sine wave shape. 

 

8a: r0 = 0 volts 

 

8b: r0 = 4 volts 

 

8c: r0 = 8 Volts 

Figure 8: z(t) and u(t) for different values of r0 

This application corresponds to power inverters DC/AC. The relay parameters 

are: 1h   volt and 12E   volts. The time constant of the linear system is 1 

second, and the amplification factor equals the unity. Some simulation results are 
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presented in Fig. 9a, Fig. 9b and Fig. 9c. They show the relay output ( )u t  in 

black color and the linear system output ( )z t  with green color. The reference 

signal is a sinewave with an angular frequency 2 rad/s  . The results are 

obtained for amplitudes which are: 2, 4 and 6 Volts, respectively. The output is 

also piecewise continuous and is bounded by the hysteresis limits ( )h . The 

input   0 sin( )r t r w t    is tracked by the output  z t which is represented by the 

green colors in the concerned figures. We notice the correspondence with the 

theoretical results. 

The third group of simulation concerns the use of our RFCS as a tracker of 

sine signals for different values of the frequency of the reference signal. The relay 

parameters are: 1h   volt and 12E   volts. The reference signal is a sine wave 

with a constant amplitude of 4 Volts and angular frequencies of: 1, 2 and 3 rad/s, 

respectively. The results are presented in Fig. 10a, Fig. 10b and Fig. 10c. We can 

observe that the command is piecewise continuous and switches alternatively 

between the two extreme values    12 volts(u t E  and 12 v )oltsE   . The 

output is also piecewise continuous and is bounded by the hysteresis limits ( ).h  

We can observe that the input  
 

r t is tracked by the output ( )z t  which is 

represented by the green color in the concerned figures. 

Note: 

An experimental system has been built up. It has been successfully used to test 

some theoretical results. It has been exploited to generate Pulse Width 

Modulation (PWM) in a chopper application with feedback through a first order 

filter. It has also been adapted to the case of a feedback through a second order 

filter and for tracking various reference signals. For more information and details 

about these experiments, the interested reader can refer to [6]. 

 

9a: 0 0 voltsr   
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9b: 
0 4 voltsr   

 

 

9c: 
0 8 voltsr   

Figure 9: z(t) and u(t)  for 
0( ) sin( )r t r t    with different values of r0 

 

10a: 1rad/s   
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10b: 2 rad/s   

 

 

10c: 3 rad/s   

Figure 10: z(t) and u(t) for different values of the frequency 

8. Conclusion 

A study of an RFCS constituted of a relay with symmetrical hysteresis and a 

linear first order filter feedback circuit has been presented. The pulse durations 

and the period of self-oscillations in case of constant reference signals have been 

established. The RFCS generates a PWM with variable frequency and variable 

duty-cycle. The conditions under which the regulation and the tracking are 

possible have been analyzed. The conditions for tracking under the assumption 

that the signal varies slowly in comparison to the pulse durations of the self-

oscillations have been extended. Our analysis has led to the conclusion that the 

width of hysteresis band plays a key role in the design of trackers based on PWM 

techniques. For applications such as choppers, a complete design can be achieved 

based on the mathematical expressions obtained in the paper. For DC-AC 

inverters, the design based on our results is useful but imposes more constraints, 

since it depends on both the amplitude and the frequency of the sine wave 

reference signal. For arbitrary signals, the possibility and quality of the tracking 

depends on the amplitude and on frequencies contained in the reference signals. 
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However, for such complex reference signals, the simulation and the realization 

of experimental prototypes are essential tools for testing the possibilities and the 

performances of our RFCS in order to confirm their usefulness according to the 

requirements of the application at hand. 
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