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Abstract. In [3] Bege introduced the generalized Apostol’s Mobius
functions py m(n). In this paper we present new properties of these
functions. By introducing the special set of k-free numbers, we have ob-
tained some asymptotic formulas for the partial sums of these functions.

1 Introduction

Mbobius function of order k, introduced by T. M. Apostol [1], is defined by the
following formula:

1 ifn=1,
0 if p¥t1 | n for some prime p,
He(n) = ¢ (=17 ifn=pk - prTTp{, witho <oy <k,
i>r
1 otherwise.

The generalized function is denoted by py m(n), where T <k < m.
If m =Xk, pxk(n) is defined to be puy(n), and if m > k the function is defined
as follows:

1 ifn=1,
1 if p¥ 4 n for each prime p,
Mem(M) =4 (1) ifn=pP-pm[[pY, witho<a<k, (1)
i>r
0 otherwise.
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In this paper we show some relations that hold among the functions py m(n).
We introduce the new type of k-free integers and we make a connection be-
tween generalized Mobius function and the characteristic function gy ., (n)
of these. We use these to derive an asymptotic formula for the sumrrfatory
function of q*k)m(n).

2 Basic lemmas

The generalization py m, like Apostol’s px(n), is a multiplicative function of
N, so it is determined by its values at the prime powers. We have

1 if 0<a<k,
m(p® =4 -1 if a=k,
0 if o>k,

whereas
1 if 0<a<k,

o) 0 if k<a<m,
-1 if a=m,
0 if oa>m.

Hi,m(P

In [1] Apostol obtained the asymptotic formula

3 uk(n) = Agx + O(x logx), (3)

n<x

where 5 :
Are=TT(1-2+ > |
k 1:[ ( pk Tkt

Later, Suryanarayana [5] showed that, on the assumption of the Riemann
hypothesis, the error term in (3) can be improved to

4k
) <x4k2+1 w(x)) , (4)
where
w(x) = exp{A log x(loglog x) ™'}

for some positive constant k.
In 2001 A. Bege [3] proved the following asymptotic formulas.
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Lemma 1 ( [3], Theorem 3.1.) Forx >3 and m >k > 2, we have

i XTL2 Xk,m %
EX weml™) = Fipmioecmy * 0 (OmFR) )
(T‘,TL_) =1

uniformly in x, n and k, where 0(n) is the number of square-free divisors of
n?

1
Xk,m = H (] T m—k+1 m—k+2 . m) ’
: p +p 4+ Fp

1
OCk,m(n) = TIH <1 - pm—k+] + pm—kJrZ 4+ .4 pm> ’
pn

1 1
wk(n):nH<1+p—l—~-+pk1>,
pin
and

ox(x) = exp {—A K5 log% x (loglog x)*%}, A > 0.

Lemma 2 ([3], Theorem 3.2.) If the Riemann hypothesis is true, then for
x >3 and m >k > 2 we have

- xn? oem -
EX (1) = e 40 (omx=Twx)  (6)
(r, n_) =1

uniformly in x, n and k.

Lemma 3 ([2]) Ifs>0,s#1,x>1, then

1 1 1
> e o).

n<x

3 Generalized k-free numbers

Let Qy denote the set of k-free numbers and let qx(n) to be the characteristic
function of this set. Cohen [4] introduced the Qj} set, the set of positive
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integers n with the property that the multiplicity of each prime divisor of n is
not a multiple of k. Let qj(n) be the characteristic function of these integers.

1, ifn=1
qpm) =< 1, ifn=p...pp*, a;Z0 (mod k)
0, otherwise.

We introduce the following special set of integers
Qk,m: = {n|n:n1'n2) (n1an2):1»n1€Qk)
ny=1lorny=(pr...pJ)"™, pi € P},

with the characteristic function

B 1, ifne Qk,m
™ ={ o itngom

The function qy m(n) is multiplicative and

di,m(n) = [pgm(n)l. (7)

We introduce the following set Qy ,,, which, in the generalization of Qy. The
integer n is in the set Qy ,,, 1 < k < m iff the power of each prime divisor
of n divided by m has the remainder between 1 and k — 1. The characteristic
functions of these numbers is

£ (n) = I, ifn=p...pp% 3 m< o <lm+k
Qiem!T) = 0, otherwise.

If we write the generating functions for this functions, we have the following
result.

Theorem 1 If m > k and the series converges absolutely, we have

= emn) o1

YR = T (1 et s )
o dem(™ 1

>t = as)ams)rp[(l & pm+p(mﬂ)s), (9)
— dm(n) 1 1 1

S = oI (1 et e )
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Proof. Because the function py m(n) is multiplicative, when the series con-
verges absolutely (s > 1), we have:

0 x
S lik,ms(n) _ (1 n ukms(p) - uk,milo ) ) _
= n p P

— dim(m) 9i.m(P) Qiem(P%)

y Shm o ||<1+ km - 44k +...>:
n P pes

n=1 P

1 1 1
= ds)ems) [ (1 —pm—pmwmﬂ)s)-
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Because gy m(n) is multiplicative and gy m(n) = [pkm(n)|, we have:
0 o
Z qk,ms(n) _ H <] + qk,nls(p) + .+ qk,nlo(;j ) + > _
n p p
n=1 P
—H<1+1+ - +]>—
- ps T S(k=1)s T pms | T
o P p S P
1 1 1 1
- H 1 — ) =
1 H< ks ms (m+1) )
p 1— 1; P p P p e
1 1 1
= C(S)H<1_ks+nls_ )
(m+1)
; pks p(m+1)s
|
In the particular case when m = k, we have pxm(n) = px(n), qxm(n) =
dr+1(n) and
— kk(n) 2 1
) = C(S)H<]_k+ K1)s |
o ns 5 P s p( )s
$- @l d
~= mns C((k+1)s)
We have the following convolution type formulas.
Theorem 2 If m >k
Gm™ = Y em(d), (11)
dmdé=n
pom™) = Y u(d)agm(d). (12)
dmé=n

Proof. Because gy m(n) and pyx m(n) are multiplicative, it results that both
sides of (11) are multiplicative functions. Hence it is enough if we verify the
identity for n = p%, a prime power.

fa=fm+iand 0 <i<k

D wem®) = wemP ™+ T + L e (0™ +
dmd=p%

+ (@Y =1 = qrmP®).
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If a =fm+1and k <1< m, then

> wem@®) = ™Y A ™Y 4 4 (™) +
dmd=p%

+  pem®PY) =0 = qrm(p%).

If x =4m

D teml® = emP™) A+ P 4 em(P™) A+ aem(1) =
dm d=p«

= —14+1=0=qm(p%).

(12) results from the Mobius inversion formula.
|

4 Asymptotic formulas

Theorem 3 Forx >3 and m >k > 2, we have

Y ainn = ’W +0 (xF8(x)) (13)

r<x

uniformly in x, n and k, where

1
Xk,m = H <1 T m—k+1 m—k+2 m)
: P +p - Fp

8(x) = exp {—A log% x (loglog x)_]?},

for some absolute constant A > 0.

Proof. Based on (11) and (5) with n =1, we have

S odimm= Y mm®= Y Y )=

r<x 5d™ < x d<xm 0<%

- x {6 |-
d<x

1
m
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X0, 1 1_ 1
== ) S O Slxe Y P
d< X d< X
Now we use (3), and the fact that 5(x)x€ is increasing for all € > 0, we choose
€ >0, so that ¥ —em > 1+ €’ and we obtain (13). |

Applying the method used to prove Theorem 1, and making use of Lemma 2,
we get

Theorem 4 If the Riemann hypothesis is true, then forx >3 and m >k > 2

we have {(m)
> dlmlr) = TR 40 (T w(x) (14)

r<x

uniformly in x, n and k.
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