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Abstract. For some classes of family of real valued functions defined in
a unit disk, we use a linear operator to obtain some interesting differential
subordination results.
1 Introduction and preliminaries
Let EZ, denote the family of all functions F(z), in the unit disk U, of the form
(o)
Flz)=1+) anz" ™" a={2,3,4...} (1)
n=1

satisfying F(0) = 1.
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Let E, denote the family of all functions F(z), in the unit disk U, of the
form

(e ¢]
Flz) =1-) anz™ ™% «=1{2,3,4...} (2)
n=I1
which satisfy the condition F(0) = 1.

We know that if functions f and g are analytic in U, then f is called sub-
ordinate to g if there exists a Schwarz function w(z), analytic in U such that
f(z) =gw(z)),andze U={z:2€ C, z| < 1}.

Then we denote this subordination by f(z) < g(z) or simply f < g, but in
a special case if g is univalent in U then above subordination is equivalent to
f(0) = g(0), and f(U) C g(U).

Let ¢ : C3 x U — C and let h analytic in U. Assume that p, ¢ are analytic
and univalent in U and p satisfies the differential superordination

h(z) < d(p(z),zp'(2), 2%p" (2); 2). (3)

Then p is called a solution of the differential superordination.

An analytic function q is called a subordinant if g < p, for all p satisfying
equation (3). A univalent function q such that p < g for all subordinants p of
equation (3) is said to be the best subordinant.

Let E* be the class of analytic functions of the form

fz) =1+ ) anz", z€U, an, by >0.
n=1
Let f,g € ET where
flz) =1+ Z anz™ and g(z)=1+ Z bnz™,
n=1 n=1
then their convolution or Hadamard product f(z) * g(z) is defined by
f(z) x g(z) =1+ ) anbuz", z€U.
n=I1

Juneja et al. [1] define the family ¢($,) so that
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where

b(z) =T+ bnz"
n=1

and .
V(E) =1+ oz
n=1
are analytic in U with the conditions ¢, psin > 0, dn > VY, and
¢(z) xP(z) #0.

Definition 1 Let (l(@,d) be the class of family of all F(z) € Ef such that

F(z) * ¢(2)
Re (F(Z)*f}) > O, zeU

where

x 0
ez) =1+ Y @nz™™V*and 8(z) =1+ Y Dz Ve

n=2 n=2
are analytic in U with specific conditions, ©n,9n > 0, @n > 94 and
F(z) *8(z) # 0 and for alln > 0.

Definition 2 Let ( (¢@,d) be the class of family of all F(z) € E such that
> >0,zeld

where
ez)=1— Y @nz™mV*and d(z) =1— Y Dz Ve
n=2 n=2
are analytic in W with specific conditions, @n,9n > 0, @n > O and
F(z) *8(z) # 0 and for alln > 0.

The aim of the present paper is to propose some sufficient conditions for all
functions F(z) belongs to the new classes Ef and E to satisfy

F(z) * ¢(z)

T2+ 92 < q(z), z€ U.

Where ((z) is a given univalent function in U such that q(0) = 1.
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Define the function @«(a,c;z) by

oxla,cz) =1 —I—Z ((Sinz““/"‘, zel, ce®R\{0,—1,-2...}
1 n

where (a)y is the Pochhammer symbol defined by

Nn+a) 1 ifn=0
(a)nzz{

Ma) ala+1)(a+2)---(a+n—1) ifneN
Corresponding to the function @4(a,c;z), define a linear operator I4(a,c) ,
by

Ia(a,c)F(z) = Ia(a,c;2) x F(z), F(z) € Eg,

or equivalently by

((E;nznn/oc’z c u,C c m\{o,—L—Z}

In(a,c)F(z) =1+ i
;

3

Different authors have used this linear operator for various types of classes
of univalent functions namely, Uralgaddi and Somanatha [4], Cho, Kwon and
Srivastava [5], Saitoh [6], and Sokol and Spelina [7], respectively.

The classes E and E defined above exhibit some interesting properties.
We need the following lemmas.

Lemma 1 [3]. Let q(z) be univalent in the unit U disk and 0(z) be analytic
in a domain D containing q(U). If zq'(2)0(q) is starlike in U , and

zp'(2)0(p(2)) < zq'(2)8(q(2))
then p(z) < q(z) and q(z) is the best dominant.

Theorem 1 Let the function q(z) be univalent in the unit disk U such that
!/
q'(z) # (0) and 2q’(2) # 0 is starlike in U, if F(z) € B, satisfies the subordi-

. q(z)
nation
b [Z(Ioc(a)c)d)(z)), B Z(Ia(a,C)w(Z))’] - bzq'(z)
Ia(a,c)d(z) Iala, c)P(z) q(z)
then,

[Ia(a»c)d)(z)
Ia(a, c)b(z)
Then is q(z) the best dominant.

} < q(z)
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Proof. First we defined the function p(z),

then,

bzp'lz) _ [Z(Ia(a»c)(b(z))/ Z(Ia(a,C)w(Z))’}
a Ix(a,c)d(z) Ix(a, c)(z)

b
By setting, 8(w) = " it can easily observed that 6(w) is analytic in C \ {0}.
Then we obtain that,

b
O(p(z)) = 1?2) and 6(q(z)) = ﬁ

So from equation (4), we have

this implies,
zp'(2)8(p(z)) < zq'(2)0(q(2))

from lemma (1), we have
p(z) < q(z)

this implies,

q)(” < q(z)

Corollary 1 If F(z) satisfies the subordination

b[l(la(a,C)d)(Z))’ Z(Ia(a,C)w(Z))/]<[ b(A —B)z
Ix(a,c)d(z) Ix(a,c)b(z) (1+Az)(1+BZ)

then,
Ix(a,c)Pp(z) 14+ Az
< —-1<A<B<I
[I“(a,c)ll)(z) 1+Bz|’ - =
and (1+Az) 1s the best dominant.
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Corollary 2 If F(z) satisfies the subordination

b[l(lcx(a,C)d)(Z))’ z( a(a,c)w(z))’]%” 2bz }

+2z)(1 +2)
then,
] < i r=asse
and 8 13 is the best dominant.

Lemma 2 [2]. Let q(z) be convex in the unit disk U with q(0) =1 and R(q) >
1/2, ze W. If 0 < U < 1, p is analytic function in with p(0) =1 and if

(1= wp?(z) + 2u—1p(z) —pu+ (1= pzp'(2)
< (1-wa*(z) + 2u—1q(z) —u+ (1 — wzq'(2)
then p(z) < q(z) and q(z) is the best dominant.

Theorem 2 Let q(z) be conver in the unit disk U with q(0) =1 and R(q) >

Io(a,c)d(z)
1/2. If F(z) € Ef and [I(x(ac)xp(z)

] s an analytic function in U satisfies the

subordination
[Tala,0)d(2)]? o [Tala,0)p(z)]
( MLJ&@M@]+QH ”&dwdwm] bt
+(y_mvdmdwﬂ]FH&&dM@Y_th&M&W}<
Iu(a,c)¥(z) | | Tala,c)d(z Tu(a,c)¥(z)
< (1—wa?(2) + 2u—1Na(z) — p+ (1 — wzq'(2)

and q(z) is the best dominant.

Proof. Let the function p(z) be defined by
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since p(0) = 1, therefore
(1= wp?(z) + 2u—1p(z) —n+ (1 — wzp'(z) =
2
o )H RN gy [leleciel]
oca,c) ( a
(
(z)

)
1 Tula,c)0(2)
- [peaed] -
Ln(a,cb(@)]
+

«(a,c)d(z) Ia(a,c)d(z)
=l [a ()] S [ch(a,c)xp(z}_”‘]+
[ «la,c)d(z } [ «la,c)p(z))  z(l« a,C)tl)(Z))’] .
Ix(a,c)P(z) Ix(a,c)d(z) Ix(a,c)Pp(z)
< (1—wa’(z) + (Zu Da(z) —pu+ (1 —wzq'(2)

now by using the Lemma 2, we have

p(z) < d(z)
implies that,
Io(a,c)d(z }
< q(z
ReeTEIREE
and q(z) is the best dominant. O

I
Corollary 3 If F(z) € Ef and [W] is an analytic function in U

satisfying the subordination

: 14+ Az (A—B)z
(1 —w {1 —I—Bz] [(1 T AZ)(] —I—Bz)]

Then,
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14+ Az
1+ Bz

and [ ] 18 the best dominant.

Proof. Let us define q(z) by

(2) = 1+ Az
~|1+Bz

],ZEU

this implies that q(0) = 1 and PR(q) > 1/2 for arbitrary A, B,z € U where

zq'(z) (A—B)z

q(z) (14+ Az)(1+ Bz)

Then applying the Theorem 2, we obtain the result. ]

Ia(a,c)d(z)

—————~| s an analytic function in U
Ia(a,c)w(z)] ytic f

Corollary 4 If F(z) € B} and {

satisfying the subordination

[Tala,0)d(2)]? B [Ia(a,C)dD(Z)]_

( )[Ia(a,c)w(z)] e o | T

0w { a(a,C)Cb(Z)] [Z(Ia(a,C)Cb(Z))’ - z(la(a,c)w(z))'} )
W@ v | | Tala,0)d(z) To(a, c)(2)

2
< (1—p “tj +(2u—1) “J_rj i [:ij [(Hjé—ﬁ}

1
and tz 1s the best dominant.

1—2z

Proof. Let the function q(z) be defined by

1+z
1—2z

q(z)z[ },zeU,

then in view of Theorem 2 we obtain the result.
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Definition 3 The fractional integral of order « is defined, for a function f(z)

by
‘I z
[Xf(z) = J f(z)(z—0)*'dl, 0<a<1

M) Jo
where, the function f(z) is analytic in simply-connected region of the complex
z-plane containing the origin and the multiplicity of (z — {)*~ is removed by
requiring log(z — ¢) to be real when (z — C) > 0. Note that 13f(z) = f(z) X
2%V /T(«) for z> 0 and 0 (see [8, 9, 10, 11]). Let

f(Z) — Z (bnznfn/BJr]foc)
0
this implies that,
I5f(z) = f(z) x 2% "/T(a) =2 "/T(«) ) pnz™ P forz>0
0

o0

= Zanzn—n/ﬁ’ where an = ¢n/T(«),

o

thus,
1+£1%(z) € ME(MY)

then we have the following results.

Theorem 3 Let q(z) be convex in the unit disk U with q(0) = 1 and R(q(z)) >

(14 IX(2) * @(2)
2. IfF + z
1/2. fHz) € Ea and (e o5
the subordination

s an analytic function in U satisfies

(T+IX(z)) oz 2 + [¥f(2)) * ¢(2)
“_u)[ﬂﬂ"‘f )+ 9 Z] { —I-I"‘fz (ZJ—H
Y [LES S IR {( LIS o) 2 4 121(2) +902)

(1+1¢f(z)) xD(z) | [ (T4 I2f(z)) * ( ) (1+1f(z)) x d(z2))
< (1=u)q?(z) + (2u—1)q(z) —u+ (1 —wzq'(z)
then,

{(1 + I27(2)) * 9(2)

(1 +12f(2)) *S(ZJ = alz).
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Proof. Let the function p(z) be defined by

(14 I3f(2)) * @(2)
(1+1(z)) xd(z)’

F(z) = zel

then in view of Theorem 2 we obtain the result. OJ

Theorem 4 Let the function q(z) be univalent in the unit disk U such that
/
q'(z) # 0 and 2q'(z) # 0 is starlike in U, if (1 —1f(z)) € E5 satisfies the

qa(z)
subordination

b [(1 —IZf(z)) x @(z))" (1 —1(z)) *8(2))’] _ bzd'(z)

(T=1gf(2)) x @(z)) (1 —12f(z)) *9(z))

then,

b [(1 —171(2)) * ¢(2)

1 1ef(z)) *%(z)] =< alz)

then q(z) is the best dominant.

Proof. Let the function p(z) be defined by

(1—IZf(z)) * @(2)

(-isfz) oz =Y

then in view of Theorem 2 we obtain the result. O

Acknowledgement

The work presented here was supported by UKM-ST-06-FRGS0107-2009.

References

[1] N. E. Cho, O. S. Kwon, H. M. Srivastava, Inclusion relationships and
argument properties for certain subclasses of multivalent functions asso-
ciated with a family of linear operators, J. Math. Anal. Appl., 292 (2004),
470-483.

[2] O. Juneja, T. Reddy, M. Mogra, A convolution approach for analytic
functions with negative coefficients, Soochow. J. Math., 11 (1985), 69-81.



194

M. Darus, I. Faisal and M. A. M. Nasr

3]

K. S. Miller, B. Ross, An introduction to the fractional calculus and frac-
tional differential equations, John-Wiley and Sons, Inc., 1993.

S. S. Miller, Differential subordinations: theory and applications, Pure and
Applied Mathematics, no. 225, Dekker, N.Y., 2000.

M. Obradovic, T. Yaguchi, H. Saitoh, On some conditions for univalence
and starlikeness in the unit disk, Rendiconti di Math. Series VII 12
(1992), 869-877.

R. K. Raina, H. M. Srivastava, A certain subclass of analytic functions
associated with operators of fractional calculus, Comput. Math. Appl., 32
(1996), 13-19.

R. K. Raina, On certain class of analytic functions and applications to
fractional calculus operator, Integral Transf. and Special Func., 5 (1997),
247-260.

H. Saitoh, A linear operator and its applications of first order differential
subordinations, Math. Japon., 44 (1996), 31-38.

J. Sokol, L. T. Spelina, Convolution properties for certain classes of mul-
tivalent functions, J. Math. Anal. Appl. 337 (2008), 1190-1197.

H. M. Srivastava, S. Owa, Current topics in analytic function theory,
World Scientific Publishing Company, Singapore, New Jersey, London
and Hong Kong, 1992.

B. A. Uralgaddi, C. Somanatha, Certain differential operators for mero-
morphic functions, Houston J. Math., 17 (1991), 279-284.

Received: February 14, 2010



