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Abstract. In this paper we study the convexity and concavity prop-
erties of generalized trigonometric and hyperbolic functions in case of
Logarithmic mean.

1 Introduction

Recently, the study of the generalized trigonometric and generalized hyperbolic
functions has got huge attention of numerous authors, and has appeared the
huge number of papers involving the equalities and inequalities and basis prop-
erties of these function, e.g. see [7, 8, 9, 6, 10, 13, 14, 18, 23] and the references
therein. These generalized trigonometric and generalized hyperbolic functions
p-functions depending on the parameter p > 1 were introduced by Lindqvist
[19] in 1995. These functions coincides with the usual functions for p = 2.
Thereafter Takesheu took one further step and generalized these function for
two parameters p, q > 1, so-called (p, q)-functions. In [8], some convexity and
concavity properties of p-functions were studied. Thereafter those results were
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extended in [5] for two parameters in the sense of Power mean inequality. In
this paper we study the convexity and concavity property of p-function with
respect Logarithmic mean. Before we formulate our main result we will define
generalized trigonometric and hyperbolic functions customarily.

The eigenfunction sin, of the so-called one-dimensional p-Laplacian problem
[12]

/
—Apu = — (Iu’lp_zu’) =AMuP2u, u(0) =u(l) =0, p>1,

is the inverse function of F: (0,1) — (O, 523), defined as
X 1
F(x) = arcsing(x) :J (1 —1tP) vdt,
0
where

2 (! 2 2
7, = 2arcsing (1) = J (1—s) VPP lgs =B <1 — l, 1) S L
0 p i

here B(.,.) denotes the classical beta function.

The function arcsiny, is called the generalized inverse sine function, and coin-
cides with usual inverse sine function for p = 2. Similarly, the other generalized
inverse trigonometric and hyperbolic functions arccosy, : (0,1) — (0,7,/2),
arctany: (0,1) — (0, by), arcsinhy: (0,1) — (0,¢p), arctanhy: (0,1) — (0, 00),

where
1 < <1—i—p> (1)) 1 <1 1 1 1)
bp=— (W[ —L)—wp(—))=2%F(, 1+
P 2p 2p 2p p'p p2

1
1\ 7 11
ch=1|=] F 1,;1+,>,
’ <2> (p p’2

are defined as follows

(1-xP)P

X
arccosp(x) :J (1 —tp)_%dt, arctanp(x) = J (1+t°)7'dt,
0
X 1
arcsinhy (x) :J (14+1tP) »dt, arctanhp( J (1—+tP)~
0

where F(a, b;c;z) is Gaussian hypergeometric function [1].
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The generalized cosine function is defined by

d
o sinp (x) = cosp(x), x € [0,7,/2].

It follows from the definition that

cosp(x) = (1 — (siny(x))P)"/P,

and
|cosp (x)[P + [sinp (x)[P =1, x€R. (1)
Clearly we get
T CO8p (x) = — cosp(x)z_p sinp, (x)P~.
The generalized tangent function tan,, is defined by
sing (x
tany (x) = cosz((x))’

and applying (1) we get

% tany (x) = 1+ tany (x)P.

For x € (0,00}, the inverse of generalized hyperbolic sine function sinhy,(x)
is defined by

X
arcsinhy (x) :J (1+tP)~/Pdt,
0

and generalized hyperbolic cosine and tangent functions are defined by

d . sinhy, (x)
coshp(x) = ™ sinhp(x), tanhp(x) = WZ(X) ,
respectively. It follows from the definitions that
| coshyp (x)[P — [ sinhp (x)[P = 1. (2)

From above definition and (2) we get the following derivative formulas,

—1

4 coshy (x) = coshy, (x)2P sinhy, (x)P7, dix tanhy (x) = 1 — [tanhy (x)[P.

dx

Note that these generalized trigonometric and hyperbolic functions coincide
with usual functions for p = 2.
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For two distinct positive real numbers x and y, the Arithmetic mean, Geo-
metric mean, Logarithmic mean, Harmonic mean and the Power mean of order
p € R are respectively defined by

X +
A(X)y): zy) G(X)y):\/xi)

X~y

I—(X)y) = log(x) —log(y)’ X #y)
1
O = R )
and gt "
mo—{ (5E) L ez

VXY, t=0.

Let f: I — (0,00) be continuous, where I is a sub-interval of (0,00). Let
M and N be the means defined above, the we call that the function f is MN-
convex (concave) if

f(M(x,y)) < (Z)N(f(x), f(y)) for allx,yel.

Recently, Generalized convexity/concavity with respect to general mean val-
ues has been studied by Anderson et al. in [2]. We recall one of their results
as follows

Lemma 1 [2, Theorem 2.4] Let I be an open sub-interval of (0,00) and let
f: 1 — (0,00) be differentiable. Then f is HH-convex (concave) on 1 if and
only if x*f'(x)/f(x)? is increasing (decreasing).

In [4], Baricz studied that if the functions f is differentiable, then it is
(a,b)-convex (concave) on I if and only if x'~%f’(x)/f(x)' P is increasing (de-
creasing).

It is important to mention that (1,1)-convexity means the AA-convexity,
(1,0)-convexity means the AG-convexity, and (0,0)-convexity means GG-
convexity.

Motivated by the results given in [2, 4], we contribute to the topic by giving
the following result.

Theorem 1 Let f:1— (0,00) be a continuous and I C (0,00), then



Generalized trigonometric and hyperbolic functions 123

1. L(f(x), f(y)) = (K)f(L(x,y))y
2. L(f(x), f(y)) > (S)f(Alx,y)),

if £ is increasing and log-convex (concave).

Theorem 2 For x,y € (0,7,/2), the following inequalities
1. L(sinp(x),sinp (y)) <sinp(L(x,y)), p>1,
2. L(cosp(x),cosp(y)) < cosp(L(x,y)), p > 2.

Theorem 3 Forp > 1, we have
1. L(1/sing(x), 1/sinp(y)) > 1/siny (A(x,y)), %,y € (0,7,/2),
2. L(1/ cosp(x),1/ cosp(y)) > 1/ cosp(L(x,y)), %,y € (0,7,/2),
3. L(tanhy(x), tanhy(y)) < tanhy (A(x,y)), x,y € (0,00),
4. L(arcsinhy (x), arcsinhy(y)) < arcsinhp(A(x,y)), x,y € (0, 1),
5

. L{arctany(x), arctany, (y)) < arctan, (A(x,y)), x,y € (0,1).

2 Preliminaries and Proofs

We give the following lemmas which will be used in the proof of our main
result.

Lemma 2 [22] Let f,g : [a,b] — R be integrable functions, both increasing
or both decreasing. Furthermore, let p : [a,b] — R be a positive, integrable
function. Then

pr(x)f(x)dxj

a a

b
px)dx J Pfgldx.  (3)

a

b b

p(x)g(x)dxsj

a

If one of the functions f or g is non-increasing and the other non-decreasing,
then the inequality in (3) is reversed.

Lemma 3 [17] If f(x) is continuous and convex function on [a,b], and ¢(x)
s continuous on [a,b], then

b b
F(goa ), o) < g1 | rot e (W

If function f(x) is continuous and concave on [a,bl, then the inequality in (4)
reverses.
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Lemma 4 [3] For two distinct positive real numbers a,b, we have L < A.
Lemma 5 Forp > 1, the function sinp(x) is HH-concave on (0,7,/2).

Proof. Let f(x) = fi(x)f2(x),x € (0,7p/2), where f1(x) = 1/sin(x) and
fa(x) = x2 cosp(x)/sinp(x). Clearly, f7 is decreasing, so it is enough to prove
that f; is decreasing, then the proof follows from Lemma 1. We get

, sing (x)(cosp (x) —x cosp(x)z_p siny, (x)P~1) — X COSp (x)?
fi(x) = :
smp(x)2
_ cosp (x)2((1— xta‘tnp(x);’_] ) tany (x) —x) () Cf)Sp (x)j’
siny (x) sing, (x)

where f3(x) = tany(x) —x tan, (x)? — 1. Again, one has
f4(x) = p tan, (x)P~' (1 + tan, (x)P)x < 0.

Thus, f3 is decreasing and g(x) < g(0) = 0. This implies that f; < 0, hence
f, is strictly decreasing, the product of two decreasing functions is decreasing.
This implies the proof. O

Proof of Theorem 1. We get

)
_ Jfy) _ Yy
fly) t y flu)
It is assumed that the function f(x) is increasing and logf is convex, this

implies that % is increasing. Letting p(x) = 1,f(x) = f(u) and g(x) =

f’(u)/f(u) in Lemma 2, we get

JX 1du J F(w)du > JX PO 4y J " flw)du.

y y —y flu) y

This is equivalent to

_ f;‘ f/(u)du - f; f(u)du

e

L(f(x), f(y))

By Lemmas 3 and 4, and keeping in mind that log-convexity of f implies the

Judu
e ) =t (*5Y) = i),

convexity of f, we get

L(f(x), f(y)) = f (
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The proof of converse follows similarly. If we repeat the lines of proof of part
(1), and use the concavity of the function, and Lemmas 3 & 4 then we arrive
at the proof of part (2).

Proof of Theorem 2. It is easy to see that the function siny,(x) is increasing
and log-concave. So the proof of part (1) follows easily from Theorem 1. We
also offer another proof as follows:

It can be observed easily that

x , cosp(u)du x , cospudu
p p

L (sinp(x), siny (y)) =

smp 1 X COSEU'
J‘smp( dt J‘U Slnp

and

_ 1d
siny (L (x,y)) = siny <71(0g}j> i <er ]dle) .
Yy

Clearly, cosp(u) and sing (1/u), utilizing Chebyshev inequality, we have

r cosp (u)du Jx sinp (T/u)du < JX

x 1
Tdu | cospusin,—du.
P Pl
y y Yy

Y
So, we get
* cosp (u)

J cospuduj sinp(1/u)du<J ]duJ
Yy Yy Yy Yy

sing (1)

Where we apply simple inequality sin,, (111) < m. In order to prove inequal-
ity (1), we only prove

“1du “1du
X.-qu— S Sinp XJ‘I_J— .
fy sinp (1/u)du fy sing (1/u)du
Consider a partition T of the interval [y,x] into n equal length sub-interval

by means of points y = xp < X1 < --- < xp = x and Ax; = =2, Picking an
arbitrary point &; € [xi_1,xi] and using Lemma 1, we have

n <
< siny,

& &
iL;smp?i Z«Ef



126 B. A. Bhayo, L. Yin

=
A < sin, Y
g (5 gt ) (5 2)
@ X X
fy Tdu “ n ( fy Tdu ) .
Lj sing (T/u)du = ° f;‘ siny (1/u)du

This completes the proof.

For (2), clearly cosp(x) is decreasing and tanp(x)p*1

is increasing. One has
(cosp(x))" = cosp(x) taunp(x)p*2 (1—p+(2—p)tany (x)?) <0,

this implies that cosp(x) is concave on (0,7,/2).
Using Tchebyshef inequality, we have

X X

cosp(u)duJ tany, (WP 'du,

X X
J 1duJ cosp (1) tanp(u)p_] du SJ
y

Yy Y Yy

which is equivalent to

f; cosp (1) tan, (W)P~'du Lj cosp (u)du

f; tany (W)pP~'du jz Tdu

Substituting t = cosp(u) in (6), we get

) [t 1at _ Jycosp(w) tany (WPTdu [} cosp(u)du
lat [enpwrde T

Proof of Theorem 3. Let gi(x) = 1/cosp(x), x € (0,7,/2) and gs(x) =
tanhp(x), x > 0. We get

(log(g1(x)))"” = (p — 1) tany (x)P (1 + tan, (x)?) > 0,
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and
1 — tanhp (x)P

tanhy (x)?
This implies that g7 and g are log-convex, clearly both functions are increas-
ing, and log-convexity implies the convexity, so g; and g, are convex functions.
Now the proof follows easily from Theorem 1. The rest of proof follows simi-
larly.

(log(g2(x)))" = (1T —p) tanh, (x)P — 1) <0.

Corollary 1 Forp > 1, we have

1. L{tanp(x),tany(y)) > tany(L(x,y)), %,y € (sp 7rp/2), where sy is the
unique root of the equation tan,(x) = 1/(p 1HV»,

2. L(arctanhy(x),arctanh,(y)) > arctanh,(L(x,y)), %,y € (rp,1), where
Tp s the unique root of the equation xP~! arctanhp(y) = 1/p.

Proof. Write f1(x) = tany(x). We get

(f{(x))' _ <1+t‘0‘ng(")>/ _ T tanp(x) [(p— 1) tank(x) —1] >0

f(x) tany (x) tan%(x)

(sp, - ) This implies that fy is log-convex, clearly f; is increasing, and the
proof follows easily from Theorem 1. The proof of part (2) follows similarly. [J
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