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Abstract. A signed graph is a graph in which positive or negative signs
are assigned to its edges. We consider equitable colouring and Hamil-
tonian colouring to obtain induced signed graphs. An equitable colour-
induced signed graph is a signed graph constructed from a given graph
in which each edge uv receives a sign (−1)|c(v)−c(u)|, where c is an equi-
table colouring of vertex v. A Hamiltonian colour-induced signed graph
is a signed graph obtained from a graph G in which for each edge e = uv,
the signature function σ(uv) = (−1)|c(v)−c(u)|, gives a sign such that,
|c(u)− c(v)| ≥ n− 1−D(u, v) where c is a function that assigns a colour
to each vertex satisfying the given condition. This paper discusses the
properties and characteristics of signed graphs induced by the equitable
and Hamiltonian colouring of graphs.
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1 Introduction

A signed graph is a graph S obtained from a graph G where each edge is
assigned a sign, either ‘+’ or ‘−’. The function σ : E(S) → {+,−} which
assigns the signs to edges is known as the sign function or signature of the
signed graph (see [13]). The signature σ is defined on all edges and the sign of
free loop is considered to be positive always. The underlying graph of a signed
graph S is an ordinary undirected graph obtained by removing the signs of all
edges of S. If the context is clear, the underlying graph of S may be denoted
by G.

A cycle in a signed graph S is said to be balanced if the number of negative
edges is even and the signed graph S is said to be a balanced signed graph
if every cycle in it is balanced (see [5]). A signed graph S is said to be k-
clusterable if its vertex set can be partitioned into k sets such that the edges
between the points of the same part have the positive sign and the edges
between the different parts get the negative sign. The sign of a free loop is
always considered positive. Suppose every edge in a signed graph is positive.
In that case, the graph is said to be positive homogeneous, and similarly, if
it is negative, it is called negative homogeneous. Otherwise, a signed graph is
called heterogeneous or non-homogeneous (see [14]).

A marking of a signed graph S is a function µ : V(S)→ {+,−}, which assigns
a sign to each vertex of S according to some conditions. A marked signed graph
is a signed graph in which every vertex has a sign. A graph is called marked
if each vertex is assigned either a positive or negative sign. We call a marked
signed graph coherent if all its vertices have the same sign. A signed graph
is said to be positive coherent (resp. negative coherent) if all its vertices have
the positive sign (resp. negative sign). A signed graph is incoherent if it is
not coherent. A signed graph S is said to be sign-compatible if there exists
a marking µ of its vertices such that the end vertices of every negative edge
receive the sign − in µ and no positive edge holds this property (see [10]).

In this paper, we consider two types of markings: the canonical marking
µ and the natural marking ν. In canonical marking µ : V(S) → {+,−}, each
vertex v receives the sign which is the product of signs of the edges incident
at v, whereas in natural marking ν : V(S) → {+,−}, the vertices are assigned
signs as ν(u) = (−1)|φ(u)| where the function φ denotes a vertex labelling (see
[6]). A signed graph is said to be consistent if for every cycle in the signed
graph, have even number of negative vertices.
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A switching function for a signed graph S is a function ζ : V → {+,−}. The
switched signature is σζ(e) = ζ(v)σ(e)ζ(w), where e has endpoints v,w. The
switched signed graph is Sζ := (G,σζ). We say

∑
is switched by ζ (see [14]).

The term induced signed graph, denoted by SG, was introduced in the paper
[1]. It is a signed graph obtained from a graph G, where the signature function
is defined for each edge e = (uv) as σ(uv) = (−1)|φ(u)−φ(v)|. The function φ
maps from V(G) to a set of labels or weights associated with each vertex.
The authors considered the degree and eccentricity of vertices to sign a graph.
Similarly, in the paper [2], an edge in a graph is signed considering the product
of the degree of its end vertices.

Though the concept of a signed graph arose from its application, its has
been extended. For a very long time, opposite relationships in social networks
have been modelled using signed graphs. In social psychology, signed graphs
with positive edges denoting friendships and negative edges denoting enmities
between nodes, which represent persons, have been used to describe social
situations. While negative cycles are unbalanced and are supposed to be un-
stable social conditions, positive cycles are balanced and are supposed to be
stable social situations. By balance theory, an unbalanced graph can depict an
unstable state. As a consequence, every cycle in a balanced signed graph has
an even number of negative edges.

Meyer proposed an equitable colouring scheme that addressed the scheduling
problem. Hamiltonian colouring also has numerous uses in various branches of
science and technology. In this paper, we introduce an induced signed graph
based on the equitable and Hamiltonian colouring of graphs, and we study the
properties of this induced signed graph.

For the terminology of graphs, we refer to [12], and for signed graphs, we
refer to [13, 8, 9]. The terminology of graph colouring follows from [3]. Unless
otherwise mentioned, the graphs considered for the study are simple, connected
and undirected graphs. Throughout the discussion, we use minimum colours
available for the colouring.

2 Equitable colour-induced signed graphs

Equitable colouring of a graph is a proper colouring which assigns a colour to
the vertices of a graph G such that the number of vertices in any two colour
classes differ by at most one [11]. The notion of equitable colour-induced signed
graphs is defined and explored in this section.
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Definition 1 The equitable colour-induced signed graph of a graph G is a
signed graph, denoted by SE, which is induced by equitably colouring the graph
G whose signature function is defined by

σ(uv) = (−1)|φ(v)−φ(u)|,

where σ : E(G) → {+,−} and φ is a mapping defined by φ : V(G) → Z, Z is
the set of weights (or labels associated with each vertex in the signed graph S).

Figure 1 is an equitable colour-induced graph of a wheel W1,7, where the
graph is equitably coloured with five colours and assigned signs to the edges
using the Definition 1. The dashed line in the graph represents the negative
edge. The vertices are marked using canonical marking.

c5− c1 −

c2

−c3

+

c4−

c1
+

c2

−

c3
−

Figure 1: Equitably coloured induced signed graph of W1,7

Theorem 2 (Harary’s balance theorem) [5] A signed graph S is balanced
if and only if there is a bipartition of its vertex set, V = X∪Y, such that every
positive edge is induced by X or Y while every negative edge has one endpoint
in X and one in Y.

Theorem 3 An equitable colour-induced signed graph SE of a graph G is bal-
anced.

Proof. Consider an equitable colour-induced signed graph SE with vertex set
VE. If all vertices of the induced signed graph are of the same parity, then it
is positive homogeneous and hence is balanced. Hence, assume the contrary.
Let V1 and V2 be two partitions of VE such that vertices with even parity
belongs to V1 and vertices with odd parity comes in partition V2. Therefore
by Theorem 2, the graph is balanced. �
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A marked signed graph S is said to be coherent if all the vertices are of
the same sign. A signed graph S is called positive coherent if µ(v) = + for
all v ∈ V(S) and is called negative coherent if µ(v) = − for all v ∈ V(S). An
incoherent signed graph is one which is not coherent.

A necessary and sufficient condition for the equitable colour-induced signed
graphs to be sign-invariant is discussed in the following theorem.

Proposition 4 Consider a cycle Cn where n is even. Then, the correspond-
ing equitable colour-induced signed graph is negative homogeneous, and it is
positive coherent with respect to canonical marking.

Proof. Let Cn be an even cycle. The equitable colouring of Cn is done with
two colours so that adjacent vertices receive different colours. Then, the edges
of the colour-induced signed graph receive the negative sign, and hence it is
negative homogeneous. Since every edge is negative, the vertices will be signed
positive with respect to the canonical marking. �

Theorem 5 The equitable colour-induced signed graph of a complete graph
Kn is positive coherent with respect to canonical marking if and only if n ≡
0, 2 (mod 4).

Proof. Consider a complete graph Kn equitably coloured with n distinct
colours. For every vertex, n2 or n

2 − 1 negative edges are incident to it. Since
n ≡ 0, 2 (mod 4), we have n

2 or n
2 − 1 is even and hence the vertices receive

the positive sign by canonical marking. Hence, the signed graph is positive
coherent.

Now, suppose that the graph is positive coherent. Thus, there is an even
number of negative edges incident with every vertex of Kn. Since every vertex
in Kn has degree n − 1, either n

2 or n
2 − 1 negative edges should be incident

to each vertex. Since the graph is positive coherent, the number of negative
edges incident should be even. Hence, n2 or n

2 − 1 is even. �

The ladder graph Ln (see [7]) is a planar undirected graph with 2n vertices
and 3n− 2 edges. The ladder graph can be obtained as the Cartesian product
of two path graphs, one of which has only one edge: Ln,1 = Pn�P2.

Proposition 6 The equitable colour-induced signed graph SE(Ln) of a ladder
graph is negative homogeneous.

Proof. The equitable chromatic number of a ladder graph Ln is 2, and any
two adjacent vertices receive different colours. Since for each edge, the end
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vertices are of opposite parity; every edge becomes negative after signing.
Hence, SE(Ln) is negative homogeneous. �

Proposition 7 The equitable colour-induced signed graph of a ladder graph
SE(Ln) is consistent with respect to canonical marking.

Proof. Let SE(Ln) be the equitable colour-induced graph of a ladder graph.
The vertices with degree 2 receive the positive sign, and the remaining vertices
receive the negative sign with respect to the canonical marking. Since the graph
contains only even cycles, there can be cycles with an even number of positive
and negative vertices or cycles with an even number of negative vertices alone.
In both cases, the cycles are consistent. Hence, the graph SE(Ln) is consistent.
�

The circular ladder graph CLn (see [4]) is a connected planar graph with
2n vertices and 3n edges. The circular ladder graph can be obtained as the
Cartesian product of a cycle of length n ≥ 3 and an edge: CLn = Cn�P2.

Proposition 8 The equitable colour-induced signed graph of a circular ladder
graph SE(CLn) is negative homogeneous if and only if n is even.

Proof. Consider a colour-induced signed graph of a circular ladder graph
SE(CLn). Since n is even, the equitable chromatic number is 2. By Proposition
4, the equitable colour-induced signed graph of Cn is negative homogeneous.
Thus, the Cartesian product of Cn with P2 gives negative sign to every edge.
Hence, SE(CLn) with n even is negative homogeneous. Suppose that SE(CLn)
is negative homogeneous. If n is odd, the CLn can be equitably coloured with
3 colours. Thus by the Definition 1, there will be at least one positive edge,
which contradicts that SE(CLn) is negative homogeneous. Hence n is even. �

A necessary and sufficient condition for the equitable colour-induced signed
graphs to be sign-invariant is discussed in the following theorem.

Theorem 9 An equitable colour-induced signed graph SE is sign-invariant if
and only if the corresponding marked graph is coherent (both positive and neg-
ative) with respect to canonical marking.

Proof. Assume that the equitable colour-induced signed graph SE is sign-
invariant. That is, the equitable colour-induced signed graph and its switched
graph are sign-isomorphic. Consider an edge e = uv in the signed graph SE.
The sign of the edge is preserved only if the product of the sign of the vertices
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is positive. That is, u and v are of the same parity. This implies that the
marked graph is coherent.

Conversely, assume that all the vertices are coherent. Then, each edge of the
switched graph of SE receives the sign which is the sign of the product of two
vertices and the sign of the edge between them. Since the graph is coherent,
the switched graph will be the same as the signed graph. Hence, the graph is
sign-invariant. �

Proposition 10 If the equitable colour-induced signed graph SE is positive
coherent or negative coherent without odd cycles, then SE is consistent.

Proof. Consider an equitable colour-induced signed graph SE. The case is
trivial if the graph is positive coherent. Suppose that the graph SE is negative
coherent without odd cycles. Then every cycle in SE has an even number
of negative vertices. Hence the equitable colour-induced signed graph SE is
consistent. �

Theorem 11 The equitable colour-induced signed graph of a complete bi-
partite Km,n, where m = n is negative homogeneous, consistent and sign-
invariant.

Proof. Consider an equitable colour-induced signed graph of a complete bi-
partite Km,n, where m = n. The equitable chromatic number of a complete
bipartite Km,m is 2 as vertices in each partite can be labelled with each one of
the two colours. Now we have the following cases.

Case 1: When m is even, by Definition 1, each edge receives negative sign.
Hence, the graph is negative homogeneous. Also, by canonical marking, every
vertex receives a positive sign as the degree of each vertex is even. As a result,
the graph is positive coherent and hence consistent. Thus, by Theorem 9,
equitable colour-induced signed graph of a complete bipartite Km,m is sign-
invariant.

Case 2: When m is odd, the graph is similar to case 1 and is negative
homogeneous. The canonical marking makes the graph negative coherent as
the degree of each vertex is odd. Since a complete bipartite graph has no odd
cycles, each cycle will contain an even number of negative vertices. Hence,
the graph is consistent. Then, by Theorem 9, equitable colour-induced signed
graph of a complete bipartite Km,m is sign-invariant. �

Proposition 12 Let CE be an equitable colour-induced cycle with n vertices.
If n is even, then CE is atmost n clusterable and if n is odd, then CE is at
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most n− |E+(G)| clusterable where |E+(G)| denotes the cardinality of edge set
with positive sign.

Proof. Consider CE, an equitable colour-induced cycle with n vertices. If n
is even, then CE is negative homogeneous. Thus, each vertex can be occu-
pied in each cluster. Hence, it is at most n clusterable. If n is odd, then the
clusterability can be done in the following manner:

The end vertices of each edge with the positive sign can be partitioned in
at most |E+(G)| clusters and each of the remaining vertices can be occupied
in one cluster. Thus, odd cycle is n− |E+(G)| clusterable. �

Theorem 13 The equitable colour-induced signed graph of a star graph SE is
at most |E−(SE)|+ 1 clusterable where |E−(G)| denotes the number of negative
edges in the signed graph.

Proof. Consider an equitable colour-induced signed graph of a star graph SE.
The clusterability of V(SE) can be done in such a way that the end vertices
of positive edges along with the central vertex can be occupied in one cluster.
The remaining vertices are adjacent to the central vertex by negative edges and
hence can be partitioned so that each vertex is in one cluster. The number of
such negative edges is nothing but |E−(SE)|. Hence, the maximum clusterability
of the signed graph SE is |E−(SE)|+ 1. �

Theorem 14 The equitable colour-induced signed graph of a complete graph
Kn is atmost 2-clusterable.

Proof. Consider an equitable colour-induced signed graph SE(Kn) whose ver-
tices are coloured with n distinct colours. For a complete graph, the vertex set
can be partitioned into two sets V1 and V2 such that the vertices with even
parity are in V1 and vertices with odd parity are in V2. Here the condition
for clusterability is satisfied as edges with end vertices in different clusters
have the negative sign and edges with end vertices within the cluster have the
positive sign by Definition 1. Hence it is 2-clusterable.

Suppose there exist a third cluster V3 which contains vertices from either of
the two clusters or from both.

Case 1: Consider a vertex vi ∈ V3 of even (odd) parity. Then, the edges
with end vertices vi and vertex from V1(or V2) should be negative, which is
a contradiction, as an edge with end vertices having the same parity receives
positive sign.
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Case 2: Suppose vi, vj ∈ V3 are of opposite parity. Since the graph is com-
plete and hence by Definition 1 the edge (vi, vj) is negative which again con-
tradicts the definition of clusterability. �

Proposition 15 The switched graph of an equitable colour-induced signed
graph of a complete bipartite Km,m+1 is positive homogeneous.

Proof. Consider an equitable colour-induced signed graph of a complete bi-
partite Km,m+1. Since the equitable chromatic number is 2, by Definition 1,
each edge receives negative sign. Hence, the graph is negative homogeneous.
while marking, the vertices in the partite with an even degree get the negative
sign and the vertices with an odd degree get the positive sign. Thus, while
switching, we get a positive homogeneous graph. �

Definition 16 A natural marking is the assignment of signs of vertices v of
SE where each vertex receives a sign (−1)|φ(v)|, where φ(v) is a parameter under
consideration that is assigned to the vertex v.

Theorem 17 The switched graph of any colour-induced signed graph SE with
respect to natural marking is positive homogeneous.

Proof. Let SE be an equitable colour-induced signed graph. By Definition
1 an edge e = uv in SE receives the sign by the sigma function σ(uv) =
(−1)|c(v)−c(u)|, where c(v) is the colour of the vertex v and also by Definition
16, each vertex receives a sign (−1)|c(v)|. Now we have the following cases.

Case 1: Let c(v) and c(u) have colours of same parity. Since both the colours
are of the same parity, the difference gives the positive sign to the edge uv.
Also, since the end vertices of the edge uv are of the same parity, the product
of the sign of end vertices will be positive. Thus, the switched graph gets a
positive sign.

Case 2: Let c(v) and c(u) have colours of opposite parity then, by Definition
1, the get the uv receives negative sign. Also since the end vertices of the edges
are of opposite parity, the product of signs becomes negative. Hence while
switching, the graph will be positive homogeneous. �

Corollary 18 The switched graph of any equitable colour-induced signed graph
SE with respect to natural marking is positive homogeneous.
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3 Hamiltonian colour-induced signed graphs

Recall that the detour distance between two vertices u and v in a connected
graph G is the length of the longest uv path in G. A connected graph G of
order n has a vertex colouring c such that D(u, v) + |c(u) − c(v)| ≥ n− 1 for
every two distinct vertices u and v of G is called as Hamiltonian colouring,
where D(u, v) is called as the detour distance.

In this section, we define a new induced signed graph considering the Hamil-
tonian colouring of graphs. The Hamiltonian colour-induced signed graph is
defined as follows:

Definition 19 The Hamiltonian colour signed graph, denoted by SH, is the
graph obtained from a graph G assigning each edge a sign either + or − with
respect to the signature function σ defined as,

σ(uv) = (−1)|c(u)−c(v)|

where c is the function which assigns a colour to each vertex, such that,

|c(u) − c(v)| ≥ n− 1−D(u, v),

where D(u, v) is the length of the longest u− v path in G.

Figure 2, illustrates a Hamiltonian colour-induced signed graph of paw
graph. The negative edges of the signed graph are represented by the dashed
edges.

4

1

6

2

4

Figure 2: Example of Hamiltonian colour-induced signed graph of paw graph.

Theorem 20 The Hamiltonian colour-induced signed graphs are balanced.

Proof. Let SH be a Hamiltonian colour-induced signed graph of a graph G. If
SH is positive homogeneous, then the proof is complete. Hence, assume that
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SH is non-homogeneous with the vertex set V(SH). Then, we can partition the
vertex set V(SH) into two sets, say X and Y such that all vertices of even parity
(for which c(v) is even) belong to X, and all vertices of odd parity (for which
c(v) is odd) belong to Y. Clearly, the edges having both end vertices in the
same partition receives the sign +, while the edges with one end vertex in X
and the end vertex in Y will get the sign −. Then, by Theorem 2 the signed
graph SH is balanced. �

Proposition 21 The Hamiltonian colour-induced signed graph of path graph
Pn is negative homogeneous when n is odd.

Proof. Consider a path graph SH(Pn) with n odd which is coloured with
Hamiltonian colouring. The adjacent vertices are received colours with oppo-
site parity, and hence every edge of the Hamiltonian colour-induced signed
graph of Pn receives a negative sign. �

The following proposition gives the number of negative edges in a Hamilto-
nian colour-induced graph of cycles.

Proposition 22 Consider the Hamiltonian colour-induced signed graph of cy-
cles Cn. Then,

|E−(Cn)| =

{
n− 2 when n is even,

n− 3 when n is odd.

Proof. Let Cn be a Hamiltonian colour-induced signed cycle. Here, the fol-
lowing cases are to be considered:

Case 1 : When n is even, two pairs of adjacent vertices receive the same odd
colour and the edges with end vertices having the same colours receives a
positive sign. Since there are only two such pairs, the number of positive edges
is 2.

Case 2 : When n is odd, along with the two pairs of adjacent vertices having
the same odd colour, one vertex of either of these pairs is adjacent to a vertex
with an odd colour. Hence there are 3 edges with a positive sign. �

Theorem 23 The Hamiltonian colour-induced signed graphs of cycles are
consistent with respect to canonical marking. Furthermore, their switched signed
graphs are balanced.

Proof. Consider the Hamiltonian colour-induced signed graph Cn and its
canonically marked graphs. We have the following cases:
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Case 1: Let n be even. Then, by Proposition 22, there are only two positive
edges. These edges can either be adjacent or non-adjacent. Since we consider
the Hamiltonian colouring, the two positive edges are non-adjacent. The (n−2)
edges of Cn are negative, and hence the end vertices of the two positive edges
receive a negative sign in the canonical marking. Therefore, the number of
negative vertices of Cn is even and hence the graph is consistent.

Case 2: Let n be odd. By Proposition 22, the graph consists of three positive
edges. Then, we have the following three subcases:
Subcase 2.1 : The three positive edges induce a path graph of length three.
The end vertices of this path receive negative signs as the other edges incident
to these vertices are negative. We know that there are (n− 3) negative edges
for Cn and hence (n − 3) negative vertices in the canonically marked graph,
making it consistent.

Subcase 2.2 : In this case, the two positive edges are adjacent and one is non-
adjacent, that is, we get a path graph of length 2 and 1 which are non-adjacent
to each other. Then, the edges at the end of the path receives negative signs.
Subcase 2.3 : In this case, the three positive edges are non-adjacent. That is,
there exists three paths of length 1 which are non-adjacent to each other and
having negative edges at the end vertices of all the three paths.

In all three cases mentioned above, the positive edges contribute to even
number of negative vertices which are adjacent to them. Hence, the canonically
marked graphs are consistent and switched graphs are balanced. (The pendant
vertices of positive paths will receive negative signs.) �

Note that the naturally marked graph of cycles are inconsistent and since
the switched graphs of Hamiltonian colour-induced signed graph is positive
homogeneous with respect to natural marking, the switched graph is balanced.
The Hamiltonian colour-induced signed graph and the switched graph (natural
marking) does not preserve sign isomorphism.

Proposition 24 The Hamiltonian colour-induced signed graph of complete
graphs have the following properties:

(i) SH(Kn) is positive homogeneous.

(ii) SH(Kn) is consistent with respect to canonical marking.

(iii) The switched graphs of SH(Kn) are balanced.

(iv) The SH(Kn) and its switched graph are sign-isomorphic.
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Proof. We prove some properties of the Hamiltonian colour-induced signed
graph of a complete graph SH(Kn).

(i) The Hamiltonian chromatic number of complete graphs Kn is 1. There-
fore, each vertex of the complete graph receives the same colour. This
implies that every edge of the Hamiltonian colour-induced signed graph
receives a positive sign.

(ii) Since the graphs are positive homogeneous after canonical marking; the
marked graph of SH(Kn) is positive coherent. Hence every cycle in it is
positive, and the graph is consistent.

(iii) SH(Kn) is positive homogeneous and positive coherent, then the switched
graph of SH(Kn) is positive homogeneous and balanced.

(iv) Since the SH(Kn) and its switched graph is positive homogeneous; they
are sign-isomorphic.

�

The natural marking of ν : V(SH)→ {+,−} of a Hamiltonian colour-induced
signed graph is a marking of the signed graph SH defined by ν(v) = (−1)|c(v)|,
for all v ∈ V(SH), where c is a Hamiltonian colouring of the underlying graph
G.

Proposition 25 Let S be the Hamiltonian colour-induced signed graph of the
complete graph Kn. Then,

(i) The naturally marked signed graph of S is always negative coher-
ent.

(ii) The naturally marked signed graph of S is always inconsistent.

(iii) S is isomorphic to its switched signed graph.

Proof.

(i) Let S denote the Hamiltonian colour-induced signed graph of Kn. Each
vertex of the naturally marked signed graph of S is negative since the
Hamiltonian chromatic number of a complete graph is 1. Hence, the
graph is negative coherent.

(ii) The naturally marked signed graph of S is inconsistent as any odd cycle
in this graph is inconsistent with an odd number of negative vertices.
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(iii) Since S is positive homogeneous and the corresponding naturally marked
signed graph is negative coherent, each edge of the corresponding switched
signed graph is positive (by taking the product of two negative vertices
and a positive edge). Therefore, the switched signed graph is positive
homogeneous and hence is isomorphic to S. This completes the proof.

�

Proposition 26 The Hamiltonian colour-induced signed graph of a star graph
K1,(n−1) is negative homogeneous when n is odd. Moreover, when n is even,
the signed graph is non-homogeneous with n

2 positive edges.

Proof. Let S denote a Hamiltonian colour-induced signed graph of a star graph
K1,n−1. Let v be the central vertex of the star graph. Then, for any other vertex
u of K1,n−1, we have D(u, v) = 1. We start the Hamiltonian colouring of the
graph by giving the colour 1 to v. That is, c(v) = 1.

Let n be odd. As per colouring protocol, we have |c(u) − c(v)| ≥ n − 1 −
D(u, v) = n − 2, and hence |c(u) − 1| ≥ (2` − 1), where ` is a positive in-
teger. Note that the smallest c(u) should be obtained such that c(u) − 1 is
odd. Therefore, c(u) = 2` = n − 1, which is even. Therefore, S is negative
homogeneous.

Let n be even. Then, we have |c(u)−1| ≥ n−1−D(u, v) = n−2 = 2`, which
is also even for any given positive integer `. As mentioned earlier, we have to
choose the smallest c(u); we have c(u) = 2`− 1, which is odd. Therefore, S is
positive homogeneous. �

Proposition 27 The Hamiltonian colour-induced signed graph of wheel graph
SH(W1,n) have the following properties:

(i) SH(W1,n) is positive homogeneous.

(ii) The canonically marked graph of SH(W1,n) is positive coherent and
consistent.

(iii) Switched graph of SH(W1,n) is positive homogeneous and balanced.

(iv) The signed graph SH(W1,n) and switched graph are sign-invariant.

Proof.

(i) The Hamiltonian chromatic number of wheel graph W1,n is 1 and hence
every edge of the Hamiltonian colour-induced signed graph SH(W1,n)
receives positive sign. Thus the graph SH(W1,n) is positive homogeneous.



352 N. Sudheer, A. C. George, A. Aniyan, S. Naduvath

(ii) In canonical marking, each vertex received a sign which is the product of
signs of the edges adjacent to it. Since SH(W1,n) is positive homogeneous,
every vertex gets a positive sign after canonical marking, and the graph
becomes positive coherent. Every cycle in SH(W1,n) is consistent since
the graph is positive coherent, and hence the marked graph is consistent.

(iii) The sign of each edge of the switched graph is assigned by the signature
function, σζ(e) := ζ(v)σ(e)ζ(w), where e has endpoints v,w. By (i)
and (ii), we know that the Hamiltonian colour-induced signed graph
is positive homogeneous and the canonically marked graph is positive
coherent, respectively. Hence each edge of the switched graph becomes
positive. Since the switched graph is positive homogeneous, every cycle
in it is positive, and therefore it is balanced.

(iv) From (i) and (iii), the signed graph of SH(W1,n) and its switched graph
(with respect to canonical marking) are both positive homogeneous, and
hence they are sign-invariant. �

Proposition 28 Consider the Hamiltonian colour-induced signed graph of
wheel graph SH(W1,n). The naturally marked graph of SH(W1,n) is negative
coherent. Moreover, the switched graph of this graph is balanced and also the
signed graph SH(W1,n) and switched graph are sign-invariant.

Proof. The Hamiltonian chromatic number of wheel graph W1,n is 1 and
according to the definition of the naturally marked graph, that is, the vertices
are assigned signs as (−1)φ(u) where the function φ is the vertex labelling, we
obtain the vertex signs as all negative, making the graphs negative coherent.

�

4 Conclusion

The major research areas in mathematics have gone wide, especially in the field
of graph colouring and signed graphs. Signed graphs have many applications in
social network analysis, data clustering, neuroscience and software engineering.
In this paper, we have introduced the concept of equitable and Hamiltonian
colour-induced signed graphs. So far, we have discussed the properties such
as balance, consistency, clusterability, homogeneity, and sign compatibility of
these colour-induced signed graphs for different graph classes. We have also
found out some properties of switched graphs of these signed graphs with
respect to canonical as well as natural marking.
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