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Abstract. We offer a new, unitary proof of some generalizations of
results from paper [2]. Our method leads to similar results for other
special means, too.

1 Introduction

A function f : (0,00) — R is said to be completely monotonic (c.m. for short),
if f has derivatives of all orders and satisfies

(=)™ f™W(x)>0forallx >0andn=0,1,2,.... (1)

J. Dubourdieu [3] pointed out that, if a non-constant function f is c.m., then
strict inequality holds in (1). It is known (and called as Bernstein theorem)
that f is c.m. iff f can be represented as

) = | " e aulv), (2)

0

where 1 is a nonnegative measure on [0, 00) such that the integral converges
for all x > 0 (see [11]).

Completely monotonic functions appear naturally in many fields, like, for
example, probability theory and potential theory. The main properties of
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these functions are given in [11]. We also refer to [4, 1, 2], where detailed lists
of references can be found.

Let a,b > 0 be two positive real numbers. The power mean of order k €
R\ {0} of a and b is defined by

ak 4+ pky 'k
)

Ax = Ax(a,b) = (

a+b

2
v ab the arithmetic, resp. geometric means of a and b.
The identric, resp. logarithmic means of a and b are defined by

1

Denote A = Aq(a,b) = , G =G(a,b) = Ag(a,b) = klim Ax(a,b) =
— 00

b 1/(b—a)
[=1I(a,b) = P (b /aa> fora #b; I(a,a) =q
and b
L=L - = f - L = qa.
(a,b) logb _loga or a # b; (a,a) =a

Consider also the weighted geometric mean S of a and b, the weights being
a/(a+b)and b/(a+Db):

S =S(a,b) = a¥/(@tb) . pb/latb)

As one has the identity (see [6])

I(a?,b?)

S(a»b) = I(a b) )

the mean S is connected with the identric mean I.
Other means which occur in this paper are

2ab a?+ b2

H:H(a,b):A_ﬂa,b):m, Q:Q(a)b):AZ(a>b): 7 )

as well as Seiffert’s mean (see [10], [9])

a—D>b

. (a—b)
2 arcsin
a+b

In the paper [2] C.—P. Chen and F. Qi have considered the ratios

P =P(a,b) = for a#b, P(a,a)=a.
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A A A
a) T(Xax+1)a b) E(va+1)v C) ﬁ(X,X‘F]),
O Lot 1), o), 6 a1,
G H H
A
g) T(X)X—f—]))
Alx,x+ 1)

A
h — 1 = -
where I(x,x—i— ) e 1)

ratios a) — f) are c.m., while the ratio from g) is c.m.

In [2] the authors call a function f as logarithmically completely monotonic
(L.c.m. for short) if the function g = log f is c.m. They notice that they proved
earlier (in 2004) that if f is l.c.m., then it is also c.m. We note that this result
has been proved already in paper [4]:

etc., and proved that the logarithms of the

Lemma 1 Iff is l.c.m, then it is also c.m.

The following basic property is well-known (see e.g. [4]):

Lemma 2 Ifa > 0 and f is c.m., then a-f is c.m., too. The sum and the
product of two c.m. functions is c.m., too.

Corollary 1 If k is a positive integer and f is c.m., then the function f* is
c.m., too.

Indeed, it follows by induction from Lemma 2 that, the product of a finite
number of c.m. functions is c¢.m., too.

Particularly, when there are k equal functions, Corollary 1 follows.

The aim of this note is to offer new proofs for more general results than in
[2], and involving also the means S, P, Q.

2 Main results

First we note that, as one has the identity

GZ
H=—
A )
we get immediately
A_A G _A
H G H G
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so that as
lo *—21() ey and log — =log —

by Lemma 2 the ratios ¢) and f) may be reduced to the ratio a).

Similarly, as

I A 1
HG G
the study of ratio e) follows (based again on Lemma 2) from the ratios b) and
d).
As one has
A A1
G-I G
it will be sufficient to consider the ratios a) and d).

A
Therefore, in Theorem 1 of [2] we should prove only that T(X,X + 1) and

A
E(x,x + 1) are l.c.m., and f(x,x + 1) is c.m.

A more general result is contained in the following;:

Theorem 1 For any a > 0 (fized), the ratios

A I
T(X’X +a) and E(X,X—l- a)
are l.c.m., and the ratio
é(x X+ a)
L )

s c.m. function.

Proof. The following series representations are well-known (see e.g. [6, 9]):

A =1 y—x 2k
log 2 (x,y) = Z-( ) ,
G k:12k y+x
log L(xy) = 3 o] (”">2k
G k:12k+1 y+x

By substraction, from (3) and (4) we get

A > 1 y—x 2k
log = — .
og 7 y) ;Zk(Zk—H) (y—l—x) ’

(3)

(4)
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where —(x,y) = M ete
G Y T Gy
By letting y = x + a in (4), we get that
I ] 2k
l .
og (x,x+a ZZk—i—l <2x+a> (6)
1 2k
As x+a is c.m., by Corollary 1, g(x) = (2x+ a) will be c.m., too.

This means that

(—1)"gM™(x) > 0 for any x > 0, n > 0,

I
—(x,x+a)

so by n times differentiation of the series from (6), we get that log G

is c.m., thus E(X’X + a) is L.c.m.

A
The similar proof for T(X’ x + a) follows from the series representation (5).
Finally, by the known identity (see e.g. [6], [9])

I A

we get the last part of Theorem 1. |

Axxta), S xta), -
—=x,x+a), H X, Xx+aj, H

Remark 1 It follows from the above that G

G

ﬁ(x,x—l— a) are all l.c.m. functions.

(x,x+a),

Theorem 2 For any a > 0, the ratios

V2AZ + G2 V2A2 4 G2
7()())(‘ + a)) - =
V3 GV3

are l.c.m. functions.

9(x,x—l—a)

d
(x,x+a) an G

Proof. In paper [8] it is proved that

\/2A2+G d 1 y—x\**
1 — ). (==
T3 ZZk (2k+1 3k) ( ) ! ®)

y+x
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while in [9] that

log ——————

2A2+G iZk< 3k) (y_X)Zk. )

y+x

Letting y = x + a, by the method of proof of Theorem 1, the first part of
Theorem 2 follows. Finally, the identity

o Y2
lOgG ZZk—1 (y +x> (10)

appears in [9]. This leads also to the proof of l.c.m. monotonicity of the ratio

g(x,x—l— a). |

Theorem 3 For any a > 0, the ratios

L H A
a(x,x +a), —f(x,x—i— a) and F(x,x—i— a)
are c.m. functions.

Proof. In [5] (see also [9] for a new proof) it is shown that

L d 1 logx —logy 2k
il — . . 11
gV kZ_O(zk+1)! < 2 > (11)

Letting y = x + a and remarking that the function f(x) = log(x + a) — log x
is c.m., by Corollary 1, and by differentiation of the series from (11), we get

L
that —(x,x + a) is c.m.

The identity

S H
log 2 =1— — 12
08 | 3 (12)

appears in [9]. Since we have the series representations (see [7], [9])

log ZZk_] <y+z>2k (13)

and

S B > 1 y—x 2k
1°gA(X’y)sz(zk—1)'<y+x) ’ (14)
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S I S
by using relation (4), we get log G- log c= log T 50

S 00 2 y—x 2k
log 7(x,y) :;41@1 ' <y +x> ’ .

S H
thus T(X’X + a) is L.c.m., which by (12) implies that the ratio T is l.c.m.

function.
Finally, Seiffert’s identity (see [10], [9])
A d 1 2k [y—x\*

log — = —_— | = 1

80V = ) i) <k) (y+x> | 1o
implies the last part of the theorem. |

S S

Remark 2 By (13), (14) and (15) we get also that E(X’X +a), K(X’X + a)
and T(X’X + a) are l.c.m. functions.
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