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Abstract. In this note the convolved (u,v)-Lucas first kind and the con-
volved (u,v)-Lucas second kind p-polynomials are introduced and study
some of their properties. Several identities related to the common gener-
alization of convolved (u,v)-Lucas first and second kinds p-polynomials
are also presented.

1 Introduction

Buschman [2] introduced the homogeneous linear second order difference equa-
tion with constant coefficients as

Up; Up; Uy = aly +bUy g, fornm > 1, (1)

that generalizes almost all numbers and polynomials sequences. The Lucas
sequence of first and second kinds U = U(a,b) and V = V(a,b) can be re-
covered from (1) by taking Uy =0, U; = 1 and Vp = 2,V; = a respectively.
These two kinds sequences comprise Fibonacci numbers, generalized Fibonacci
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numbers, Lucas numbers, Pell numbers, Pell-Lucas numbers, balancing poly-
nomials, chebyshev polynomials etc. The interested reader may look [1, 3, 4, 5]
for a detail review.

Sahin and Ramirez [6] introduced the convolved (p,q)-Fibonacci polyno-

mials (convolved generalized Lucas polynomials) by g{jizq(t) = (1 —px)t—

qx)t?) =Y, Fg]q g (X)tY, 1€ ZT. In [7], Ye and Zhang gave a common

generalization of convolved generalized Fibonacci and Lucas polynomials and
h(x)+2
are given by > 2 T, rm)(x)t“ = ((Lt)r, r>mand r,m € Z". They
(1—h(x)t—t2)

obtained some recurrence relations and identities of these polynomials.

In this study we introduce convolved (u,v)-Lucas first kind and second kind
p-polynomials and derive some of their identities. Further the common gen-
eralization of these two polynomials is presented and some related results are
discussed.

2 Convolved (u,v)-Lucas first and second kinds
p-polynomials

In this section, we introduce convolved (u,v)-Lucas first kind p-polynomials
and convolved (u,v)-Lucas second kind p-polynomials and present some of
their properties.

Definition 1 Let p be any non-negative integer. The (u,Vv)-Lucas first kind
p-polynomials {Luv;( )Yi=p+1 are defined recursively by

]—Evj(x) u(x )]—ﬁv] 10¢) +v(x )Lﬁw —po1(x)
with initials LEM (x) =0 and LEV]( x) = (u(x))" forj=1...p and u(x) and

v(x) are polynomials with real coefficients.

Let ghv(t) be the generating function of LuV)H( x).
1

g‘ﬂ)\;(t) = Z] —0 LE.V 1 ( )t] = W The ﬁndlng result is the criterion

Then it is easy to see

to define the convolved (u,v)-Lucas first kind p-polynomials.

Definition 2 Let u(x) and v(x) be polynomials with real coefficients. Then

the convolved (u,v)-Lucas first kind p-polynomials {Luv]( Jhjen for p > 1 are
defined by

gl'(1) =Y LN (08 = (1 —ut—v)t ™) 7, rezt. ()
j=0
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Further simplification of relation (2) gives the following explicit formula

l51)

(py7) (1)j—pk —(p+1)k Kk
| N = )= . 3
u\v)]+1 (X) Z (1 _ (p ] )k) !k'u (X)V (X) ( )

k=0

Consideration of formula (3) for different measures of (p,r) with r =4 yield
some values of convolved (u,v)-Lucas first kind p-polynomials which are listed
in Table 1.

Table 1: Convolved (u,v)-Lucas first kind p-polynomials

j (P»T) = (1,4) (par) = (2,4) (P>T) = (3,4) (Pﬂ') = (4,4)

01 1 1 1

1| 4u(x) 4u(x) 4u(x) 4u(x)

2 10u?(x) +4v(x) | 10u?(x) 10u2(x) 10u?(x)

3 20u3(x) + | 20u3(x) +4v(x) | 20u3(x) 20u3(x)
20u(x)v(x)

4] 35u*(x) + | 35u(x) + | 35ut(x) +4v(x) | 35ut(x)
60w (x)v(x) + | 20u(x)v(x)
10v3(x)

5| 56u°(x) + | 56u’(x) + | 56u°(x) + | 56u’(x) +4v(x)
14013 (x)v(x) + | 60u?(x)v(x) 20u(x)v(x)
60u( V2 (x)

6| 84u°(x) + | 84ub(x) + | 84u’(x) + | 84u®(x)) +
280ut(x)v(x) + | 140u(x)v(x) + | 60u?(x)v(x) 20u(x)v(x)
21002 (%) V2 (x)+ | 10v?(x)
20v3(x)

Theorem 1 The convolved (u,v)-Lucas first kind p-polynomials Lu\)J-H (x)
satisfies the following relation

w()LPT () vl o)+ LR g = 1P (), (4)

LL,V,]—] WV, )—p— 1 w,V,) LLV,]
with parameters v > 1 and j > 1.

Proof. Using the explicit formula (3) on the left-hand side of (4), we get

(r)j—2-pk —1—(p+1)k Kk (T)j—p—2-pk
i—2—pruow® Ve T o
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% uj—P—Z—(P+1)k(x)vk+1 (x) (] _(:: (111)_’_]13)]]1) ™ uj—]—(P+1)k(x)vk(X)
_ (T)j—2—pk =T (p+ Dk (o ya k (T)5—2—pk
“G-2—(p+ KK R e i NI TIPSO T
% uj—]—(p-H)k(x)vk(X) + (r— ])j*]*Pk j—]—(p-i—])k(x)vk(x)

G—T1—(p+ 1K)k
B W=k (x vk (x) [() —1—-(p+ 1)k) (T)j—1-px K(1)i—1—pk
S -1—=(p+ KK (r+j—2—7pk) (r+j—2—pk)
(r—1)(r)j—1-px
" (r+j—2—pk)]

( )] 1—pk 1 (peT)k .
(1—1—(p+1)k)!k! PR v (x)

_L(P> )(

- u?v)j

x).

This completes the proof. O

Theorem 2 The following relation

T T
K 1 , X
S = g [ v ] 6

— u(x)

holds forj = 1 with Lf’ 1= =0.

V.

Proof. Taking summation over 1 to r in relation (4), we have

T T T
(p,k) _ (p,k) (p,k—1)
DLy () =ula) LI Z Llp 00+ 3 L
k=1 k=1 k=1
L T R
_ Pyk) P,k
—u(x)ZL U,V,j— 1 ZL ,v,J—p () + Lu»v,i (%).
k=1 k=1

It follows that

T

T
(pk)
Luvv] Z LuV)J 1 ( ) LquV)j_p_] (X))
=1 k=1

we get the desired result by replacing j + 1 instead of j. g
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Theorem 3 Forj>p+1 and Luv J( x) = 0, the polynomial LLLV)+1( x) holds
the following relation
c )
,T
ZLuv1+1 +ZLI:\)1+1
j—p—1 (6)
= (] _V(X)) Z Luv1+1 + Z uv1+1
i=0 i=j—p
Proof. Consider j = 1,2,... in relation (4), follows
‘ 1
WL ) + VLG, () + LR (x) = L2 (x)
) ) 1)
WL (x) + LD ) + L () = LR (x)
Y ] )
u() L () + VLI () + L 00 = LI (x)
Y ) 1 )
WLD () +vEILE () + L D) = LD L (x)
y y 1)
WL ) FveILDT L ) + L0 () = LI (x)
b b ] )
WL () +veILD () + L () = LI ().
Summation of these equalities yields the desired result. O

Definition 3 Let p be any non-negative integer and u(x) and v(x) are poly-
nomials of real coefficients. Then the (u,v)-Lucas second kind p-polynomials
{Muv] )}].210+1 are defined recursively by

My, () = uBIMy s (%) +v(IME s (%),

with initials MY, (x) = (p + 1M and M7 . (x) = My~ (x) for j =

1...p and My(x) is the first term of Lucas second kind like polynomial se-
quences.

Many well-known polynomial sequences are special cases of (u,v)-Lucas sec-
ond kind p-polynomials. For example, for p = 1, when ( x),v(x) ) , 1)
and M; = x, (u(x),v(x)) = (2x,1) and My = 2x, ( ,v(x) 6x,—1
and M; = 3x, (u(x),v(x)) = (1,2x) and My = 1, (u(x),v(x)) = (3x,—
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and M = 3x etc. the (u,v)-Lucas second kind p-polynomials turn into classi-
cal Lucas polynomials, Pell-Lucas polynomials, Lucas-balancing polynomials,
Jacobsthal-Lucas polynomials, Fermat-Lucas polynomials respectively.

Let hf,(t) denotes the generating function of Mu\)]+1( x). Then

_ Mib) + +(p+ 1) XMy ()P

u(x)

Z M (x T —u(x)t —v(x)tr+!

The generating function hl,(t) is more precious to define convolved (u,v)-
Lucas second kind p-polynomials.

Definition 4 Let p be any positive integer. Then the conwvolved (u,v)-Lucas

second kind p-polynomials {Muv] )} are defined by

jeN
i (M) (DI M ()
) =Y MPT (0 = ( b )  reZt. (7)
y = u,v,j+1 (] . u(X)t _ V(X)tp+1)

Expression (7) reduces to the explicit formula

minr) L2 N
)—PK—Pp1 Mt 1 ky k+1i
)v\]+1 Z Z < >1| ]_.pk (p T '])i)! 1(X)(p + ) v (X)
% u] (P+1) —(p+Di (x).

(8)

Consideration of formula (8) for different measures of (p, r) gives some values
of convolved (u,v)-Lucas second kind p-polynomials which are listed in Table 2.

Theorem 4 The convolved (u,v)-Lucas second kind p-polynomials M x)

satisfies following relation

uv,)—H(

MPT (%) =u(x)MP | (x) +vOMPD | (x)

w,v,j w,v,j—1 u,v,j—1—p
v(x) - 9)
+ MM () + (p + g™ oM (),

with parameters v > 1 and j > 1.
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Table 2: Convolved (u,Vv)-Lucas second kind p-polynomials
) (P»r) = (2’ ]) (par) = (2)2) (P>T) = (2’3) (par) = (2)4)
0 M(x) Mi(x) M3 (x) M (x)
1| My (x)u(x) ZM%(x)u x) 3M?(x)u(x) 4M‘]‘(x)u(x)
2l My (x)u?(x) SM%(X)LLZ x) + 61\4?(7()11,2 x) + 10M?(x)u2(x) +
3M (x)v(x) 6M% (x)v(x) 9M?(x)v(x) 12M‘1‘(x)v(x)
u(x) u(x) u(x) u(x)
3 Mi()uwd(x)  + | 4MI(x)ud(x) + | TOM3(x)ud(x) + | 20M7(x)ud(x) +
4M; (x)v(x) 14M%(x)v(x) 30M?(x)v(x) SZM?(X)V(X)
4 My (x)ut(x) SME(x)ut(x) + | 15M3 (x)ut (x) + | 35M3 (x)ut(x) +
5M;j (x)u(x)v(x) 24M%(x u(x)v(x) 66M?(x)u(x)v(x) 140M‘f(x)u(x)
+9M$(x)v2(x) +27M?(x)vz(x) X\)(X) +
uZ(x) u?(x 54M% (x)v2 (x)
u?(x)
5 My (x)u’(x) 6MI(x)u’(x) + | 21M3(x)u’(x) + | 56MT(x)u’(x) +
6M; (x)u?(x)v(x) 36M%(x u?(x) 120M%(x)u2(x) SOOM‘]‘(X u?(x)
3, ()2 (x) xv(x) + | xv(x) + | xv(x) +
+ u(x)
30M%(X) (x) 108M% (x)v2(x) 264M‘11(x)v2(x)
u(x) u(x) u(x)

(Mi(x) + (p + DEGM ()EP)" (M1 + (p+ D EG M (X))
B oY e o et L B C PV TR M TR
(M%) + (p+ 1) 2 My (x)t9) ! (x)
+2 u(x) yix
X tPT 4+ My (x) (1 —ulx t—v(x)tp“)T] t+(p+1) (X)M1(X)
(M) + 4+ DM )
(1 —u(x)t v(x)tP”)T_]
~ (Mi) + (p+ D EgMIIE) "
B (1 —u(x )t—v(x)tp+) t[u( St vt ]
M, 12 M -
(Ma(x) + (p + 1) gigMi ()t 1) [Mﬂx) (p_H)v(x) M1(x)tp]
(T—u(x)t —v(x)tr+1)™ u(x)

(Mi(x) + (p +1)

v(x)
u(x)

u(x)t + v(x)tPH!

M, (X)tp)r |:

T —u(x)t —v(x)trt!
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_ (M) +p+DIMIE)
(T —ut vt 7

which proves the result. ]

Theorem 5 The polynomial Mu\)]-i-]( x) obey the following relation

T T
MU 00 =10 3 MU 00+ v00 3 M ()
k=1 k=1
r—1 X r—1 (10)
k
+(Ml (X) - 1) MEE\),)‘)(X) + (p +1 X Z Mu v,) p
k=1 =1

with parameterst>1,5>2 2, p > 1 and vao]ﬂ( ) =0.

Proof. Consider r =1,2,... in relation (9) which follows

MPY (%) = uIMP () +vIMPE () + My (MY (x)
o DI MM (0

DA = ubIMPE () FvEIMPE )+ My (xOMP ] (%)
DI MM (0

P =M () +veIMP ) + M (OMPE (x)
o+ DI MM (0

V) w,V Jfll uavaj 'U-,V,]-
v(x) (pir—1)
+ ( +”mM1( ) u’v’)_p( )
Summation of these bunch equalities yields the desired result. O

In order to verify the result (10), assume j =5 with (p,r) = (2, 3), gives

,v5_ ZMuv4 ZM ,VZ

3 3
k=1 k=1
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2
_] ZMuVS 7; ZMuVS
k=1
Simplification of right-hand side gives
W) [ME () + M2 () + M (x)] +v(x) [ME) (x) + ME2 ()
+MEL 0] + (M (x) = 1) M (x) + M (x ]

+3u((x))M1(x)[M{fJ3( x) + M2 ()] = 15M3 (x)ut (x)

2
1 66M3 (x)u(x)v(x) + 27M3(x) vz((z) =M (x),

u,v,4

—

e

and the result is verified.

3 Common generalization of convolved (u,v)-Lucas
first and second kinds p-polynomials

In this section we give the common generalization of convolved (u,v)-Lucas
first and second kinds p-polynomials and obtain some recurrence relations of
these polynomials.

Definition 5 Let p, v and m be all positive integers. Then the common gen-
eralization of convolved (W, Vv)-Lucas first and second kinds p-polynomials

{E p’rm } are defined by

)VJ

_ (Mib) + (p+ DIHM9E)"

X

> el :
= (1 —u(x)t —v(x)tr+T)

, T M. (11)

Assumption of m = 0 and m = r reduces the expression (11) to convolved
(u,v)-Lucas first kind p-polynomials and convolved (u,v)-Lucas second kind
p-polynomials respectively.

Theorem 6 The common generalization of convolved (\,v)-Lucas first and
second kinds p-polynomaials has the following explicit formula

min(m,j) 577 ]
T”m )j—pk-—pi m K, ki
M +1
b Z Z < )]_pk BT 0P + 1

% uJ (PH)k (p+1)i Yx).
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Proof. We run the proof by taking right-hand side of the expression (11)

(M1 (x) + (p + D2 M, (x)t7) ™
(T —u(x)t —v(x)tpt1)’

:Z Z Z <T]]:>M‘1“(X)(p+1)kvk+i(x)uj—(p+1)k—(p+1)i(x)

=0 k=0  i=0
" (T)j—pk—pi i
G—pk—(p+ D)l

Comparing the left-hand side of expression (11), we get the required result. [J

Theorem 7 The common generalization of convolved (W, Vv)-Lucas first and
second kinds p-polynomials obeys the following relations

b " ] .
() Eung™ () = WO E L () +vOES y (0) + B ()
) ] r A
(ii) EL T (x) = MyEF™ () + (p + 1 EE My () ED™ (x);
sy _ 1 +] ( »rfh ) [ +])M ( ) ( ) ( »T71) 7])
(ii) EDT™ (x) = u(x){ﬁEJ:v,mm (x) = BES g Bl (%)
—(p+ 1)v(x)E$;f;T; (x)}.
Proof. Using the expression (11), we have
i _ (Mib) + (p+ DM 0E)"
E (p,r,m) (x)
Z WV, (T —u(x)t—v(x )tp+1)
j=0
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~(Mi0) + (p+ DEMIGIP) ™ (bt +v () )
(1 —u()t—v)tr 1)
(My(x) + (p + 1) 25
(1 —u(x)t—v(x)tr+1)"!
(Mi(x) + (p + DM tP) ™
(1T —u(x)t —v(x)tr+1)"
(M1 + (p + D EG M ()tP)™
(1—ulx )t— (1)’
(M1 + (p+ DEGM ()tP)™

(1 —ux)t— v(x)tp+‘)

M; (x)tP)™

\_,

—

<

=u(x

+v(x pt]

and the expression (i) follows. The proof of (ii) is analogous to (i). In order to
proof (iii), we proceed as follows:

The common generalization of convolved (u,v)-Lucas first and second kinds
p-polynomials can be written undoubtedly as

(Mi(x) + (p+n%§ 1)e)™
(T =ult = veet!)’
@ (MiG) + (p + DMt )
dt (1T —u(x)t —v(x)tr+1)" !
1

v(x) (Mi(x) + (p + DEGM )P) ™
_P(P‘f‘])@ m (1—11.() V(X)tp+1)r—1 t )

(r—1)(ux) = (p+ v(x)tP)

and if and only if

(r—1) [u(X)E(p,r!m) (x) + (p—H )V(X)E(p’r’.m) (X)] ( +1)E P,Y 1,m) (x)

w,v,j w,v,j—p u,v,j+1
v(x) ;o—1,m—1
—p(p+ 1) M KImEET (o).
This follows the result. ]

The following corollary is an immediate consequence of Theorem 7.

Corollary 1 Let v and m be any positive integers with v > m. Then, the
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following relations

T—m
[W(x)ERTES™ (x) +v(x)E$;?fé’T]))(x)] = EEEQ;‘“) (x) — E&z},m) ) (12)
P
and
S K
> MIELT ()
0 (13)
u(x) (pyrym+1) m+1 (p,m,0)
= Eiv) - M EP"
S MG B ) = MR (0]
hold.

The following are some examples to understand the above corollary.

Example 1 Consider v =4 and m = 3 on the left of relation (12), gives

1

43 343
> [uOIRSG 00+ VIR 9]
k=1

43 43
ED 00 + V(X)EEFV,J Ypin )

)(M1(x)+(p+n M, (x)tP)°
(1 —ux)t— v(x)tP”)
(Mi(x) + (p + 1 EGM (x)1P)
(1 —u(x)t—v(x)ﬂ’“)4
(M (%) + (p + D 2 My (x)t7)°
(1 —ulx t—v(x)tp+‘)4

(Mi(x) + (p + 1) 25 My () tP)°

=u(x)

=u(x

+v(x) P

= (u(x)t +v(x)tPH! — 1)

(1 —u(x)t —v(x)tr+1)*

(Mi(x) + (P + DEIM(0P)° (My(x) + (p+ 1) 2 My (x)tP)
(1 —ulx)t —v(x)r+1)* (1 —u(x)t —v(x)tr+1)?
_EP43)( ) P33)(

u V)) )v\]

_l’_

3

X).
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Example 2 Consider v =5 and m = 2 in relation (13), we have

2
52-K) \ u(x) (p,5,3) 3 5,0)
3 MBS () = Sy v B 09~ MIGIBSG (],

(14)
Ezpansion of left side of (14) gives

B () + MiGOET, () + MEGOE Y, (x)
(M) + (p+ D EGM )
B (1 —u(x)t —v(x)ﬂ’“)5
(M1l + (p + ])K(X)M] (><5)tv) tP 4+ M3 (x) 1 =tP
(1 —u(x)t —v(x)tr+T) (1 —u(x)t —v(x)tr+T)
3MI(x) + (p + 125 M) + 3(p + 1)

u?(x ny
(1 —u(x)t —v(x)tp+! )5

tP + M (x)

X

On the other hand, expansion of right side of (14) gives

u(x) (p,5,3) 3(x ) E P50
VR DM i ) M0
B u(x) (M1 (x) + (p + 1) 25 My (x)t9)°
C v (p + 1M (x) (1 —u(x)t—v(x)tp“)s

1
(1—u(x )t— ( Jtp)?
C3ME) + (A 2P+ 3(p + 1) 29 M (x)tptp
_ 5 _

(1 — u(x)t —v(x)trH)

—Mj(x)

Theorem 8 The following identity

(pyrym) _ LL(X) ,T,m)
) = S T TM iy ) M0+ DELT)

—ru()ER ™Y ) —r(p + IV ()]

holds for every mon-negative integers v and m.
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Proof. It is observed that

(M1 + (P + NIFMII) (Ma() + (p+ D IG M ()™
(1 —u(x)t—v(x)tP“)T B (1 —u(x)t— (X)tpH)
< (M1 )+ (p+ 12 My ()

Differentiating both sides gives

d (Mi(x) + (p+ 1) Mi()tP)" v(x)
dt (1T —u(x)t —v(x)tr+1)" B

d (Mi(x)+ (p + 1)3&’31\41 ()™

*at (1T —u(x)t —v(x)tr+1)"
L r—mp(p + 1)3((’;))1\41 ()]

(Mi(x) + (p + 1) XMy (x)t9) ™

(1 —u(x)t —v(x)tp+! )T

bl

and we have

d (M109 +(p+ g (1)’ v(x)
@t (—urvpwr)y PPy M
(Mi(x) + (p + ])%NH (x)tp)r—‘ .

(] —U(X)t—\;(x)thr])r

(Mi(x) + (p + 1)%;\41 (x)tP)"
(1 —u(x)t —v(x )tp+1)r+1

00+ D)
(1—1,L( t—v )thr])T-H

+ T1u(x) +1(p + T)v(x)

X

Now, we get

v(x) md (Mi09 + (v + Hff& 109e)"
(M] (x)+ (p+ 1)®M1 (X)tp) E (] —v(x )tp+1)r
x r—1
) ) (M) + (p + 1)W§M1 ()
+ (r—m)p(p+ 1)u(x) M (x)tP (1 —u()t —v(x)e )
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- v(x) (Mi(x) + (p+ 1) 2 My (x)t9) ™
—?p(p—i—”ml\/l](x) (1—u(x)t—v(x)ﬂ>+1)T P+ rulx)
(M1 (%) + (p + D2 M, ()t
T =y (tp+1)f+‘ +rip+1vix)
L (Mib + (p+ 1) XMy (x)t )
(1—u(x)t—v tP“)T”

It follows that

v(x) a (Mi) + (p + DM ()) "™

u(x) dt (1 —ux)t —v(x)tr+1)"

(X)M (x )(M1(X)+(p+1)1‘i(();))M1(X)tp)m
up (T—ul)t— v(x)tp+1)r
(Mi(x) + (p + 1) 2O M,y () 19) ™!

u(x

= ru(x) (1 Ry v(x)tP“)TH +1(p+1)v(x)

(MG (o M) ™

(1—u(x)t — v(x)tr+1)"!

(Mi(x) +(p+1)

M, (X)tp)

—mp(p+1) P

This implies

v(x) d (p,r,m) v(x)
M;(x)tP) —EP — 1)——
(M) + (p 4+ 1) LT MI0O) B (x) = mplp +1) 5
T+T,mA+1 ;T mA1
x My(ERT L (x) = ru()EF ™ () + r(p + v BV ().
Further simplification gives
V(X .
P+ DI MG = mp)ELT ) = ral B 0) 4 v+ 1)
1 )
x V)EFT B (x) — My (x) G+ DERST (%),
and the result follows. O]
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