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Abstract. In this note the convolved (u, v)-Lucas �rst kind and the con-

volved (u, v)-Lucas second kind p-polynomials are introduced and study

some of their properties. Several identities related to the common gener-

alization of convolved (u, v)-Lucas �rst and second kinds p-polynomials

are also presented.

1 Introduction

Buschman [2] introduced the homogeneous linear second order di�erence equa-
tion with constant coe�cients as

U0; U1; Un+1 = aUn + bUn−1, for n ≥ 1, (1)

that generalizes almost all numbers and polynomials sequences. The Lucas
sequence of �rst and second kinds U = U(a, b) and V = V(a, b) can be re-
covered from (1) by taking U0 = 0, U1 = 1 and V0 = 2, V1 = a respectively.
These two kinds sequences comprise Fibonacci numbers, generalized Fibonacci
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numbers, Lucas numbers, Pell numbers, Pell-Lucas numbers, balancing poly-
nomials, chebyshev polynomials etc. The interested reader may look [1, 3, 4, 5]
for a detail review.
�ahin and Ramírez [6] introduced the convolved (p, q)-Fibonacci polyno-

mials (convolved generalized Lucas polynomials) by g
(r)
p,q(t) =

(
1 − p(x)t −

q(x)t2
)−r

=
∑∞

n=0 F
(r)
p,q,n+1(x)t

n, r ∈ Z+. In [7], Ye and Zhang gave a common
generalization of convolved generalized Fibonacci and Lucas polynomials and

are given by
∑∞

n=0 T
(r,m)
h,n (x)tn =

(
h(x)+2t

)m(
1−h(x)t−t2

)r , r ≥ m and r,m ∈ Z+. They

obtained some recurrence relations and identities of these polynomials.
In this study we introduce convolved (u, v)-Lucas �rst kind and second kind

p-polynomials and derive some of their identities. Further the common gen-
eralization of these two polynomials is presented and some related results are
discussed.

2 Convolved (u, v)-Lucas �rst and second kinds

p-polynomials

In this section, we introduce convolved (u, v)-Lucas �rst kind p-polynomials
and convolved (u, v)-Lucas second kind p-polynomials and present some of
their properties.

De�nition 1 Let p be any non-negative integer. The (u, v)-Lucas �rst kind

p-polynomials {L
p
u,v,j(x)}j>p+1 are de�ned recursively by

L
p
u,v,j(x) = u(x)Lpu,v,j−1(x) + v(x)Lpu,v,j−p−1(x)

with initials Lpu,v,0(x) = 0 and L
p
u,v,j(x) = (u(x))j−1 for j = 1 . . . p and u(x) and

v(x) are polynomials with real coe�cients.

Let g
p
u,v(t) be the generating function of Lpu,v,j+1(x). Then it is easy to see

g
p
u,v(t) =

∑∞
j=0 L

p
u,v,j+1(x)t

j = 1
1−u(x)t−v(x)tp+1 . The �nding result is the criterion

to de�ne the convolved (u, v)-Lucas �rst kind p-polynomials.

De�nition 2 Let u(x) and v(x) be polynomials with real coe�cients. Then

the convolved (u, v)-Lucas �rst kind p-polynomials {L
(p,r)
u,v,j(x)}j∈N for p > 1 are

de�ned by

g
(p,r)
u,v (t) =

∞∑
j=0

L
(p,r)
u,v,j+1(x)t

j =
(
1− u(x)t− v(x)tp+1

)−r
, r ∈ Z+. (2)
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Further simpli�cation of relation (2) gives the following explicit formula

L
(p,r)
u,v,j+1(x) =

b j
p+1

c∑
k=0

(r)j−pk(
j− (p+ 1)k

)
!k!

uj−(p+1)k(x)vk(x). (3)

Consideration of formula (3) for di�erent measures of (p, r) with r = 4 yield
some values of convolved (u, v)-Lucas �rst kind p-polynomials which are listed
in Table 1.

Table 1: Convolved (u, v)-Lucas �rst kind p-polynomials
j (p, r) = (1, 4) (p, r) = (2, 4) (p, r) = (3, 4) (p, r) = (4, 4)

0 1 1 1 1
1 4u(x) 4u(x) 4u(x) 4u(x)
2 10u2(x) + 4v(x) 10u2(x) 10u2(x) 10u2(x)
3 20u3(x) +

20u(x)v(x)
20u3(x) + 4v(x) 20u3(x) 20u3(x)

4 35u4(x) +
60u2(x)v(x) +
10v2(x)

35u4(x) +
20u(x)v(x)

35u4(x) + 4v(x) 35u4(x)

5 56u5(x) +
140u3(x)v(x) +
60u(x)v2(x)

56u5(x) +
60u2(x)v(x)

56u5(x) +
20u(x)v(x)

56u5(x) + 4v(x)

6 84u6(x) +
280u4(x)v(x) +
210u2(x))v2(x)+
20v3(x)

84u6(x) +
140u3(x)v(x) +
10v2(x)

84u6(x) +
60u2(x)v(x)

84u6(x)) +
20u(x)v(x)

Theorem 1 The convolved (u, v)-Lucas �rst kind p-polynomials L
(p,r)
u,v,j+1(x)

satis�es the following relation

u(x)L
(p,r)
u,v,j−1(x) + v(x)L

(p,r)
u,v,j−p−1(x) + L

(p,r−1)
u,v,j (x) = L

(p,r)
u,v,j(x), (4)

with parameters r > 1 and j > 1.

Proof. Using the explicit formula (3) on the left-hand side of (4), we get

(r)j−2−pk(
j− 2− (p+ 1)k

)
!k!

uj−1−(p+1)k(x)vk(x) +
(r)j−p−2−pk(

j− p− 2− (p+ 1)k
)
!k!
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× uj−p−2−(p+1)k(x)vk+1(x) +
(r− 1)j−1−pk(

j− 1− (p+ 1)k
)
!k!

uj−1−(p+1)k(x)vk(x)

=
(r)j−2−pk(

j− 2− (p+ 1)k
)
!k!

uj−1−(p+1)k(x)vk(x) +
(r)j−2−pk(

j− 1− (p+ 1)k
)
!(k− 1)!

× uj−1−(p+1)k(x)vk(x) +
(r− 1)j−1−pk(

j− 1− (p+ 1)k
)
!k!

uj−1−(p+1)k(x)vk(x)

=
uj−1−(p+1)k(x)vk(x)(
j− 1− (p+ 1)k

)
!k!

[(
j− 1− (p+ 1)k

)
(r)j−1−pk

(r+ j− 2− pk)
+

k(r)j−1−pk

(r+ j− 2− pk)

+
(r− 1)(r)j−1−pk

(r+ j− 2− pk)

]
=

(r)j−1−pk(
j− 1− (p+ 1)k

)
!k!

uj−1−(p+1)k(x)vk(x)

=L
(p,r)
u,v,j(x).

This completes the proof. �

Theorem 2 The following relation

r∑
k=1

L
(p,k)
u,v,j (x) =

1

u(x)

[
L
(p,r)
u,v,j+1(x) − v(x)

r∑
k=1

L
(p,k)
u,v,j−p(x)

]
(5)

holds for j > 1 with L
(p,0)
u,v,j+1 = 0.

Proof. Taking summation over 1 to r in relation (4), we have

r∑
k=1

L
(p,k)
u,v,j (x) = u(x)

r∑
k=1

L
(p,k)
u,v,j−1(x) + v(x)

r∑
k=1

L
(p,k)
u,v,j−p−1(x) +

r∑
k=1

L
(p,k−1)
u,v,j (x)

= u(x)

r∑
k=1

L
(p,k)
u,v,j−1(x) + v(x)

r∑
k=1

L
(p,k)
u,v,j−p−1(x) +

r−1∑
k=1

L
(p,k)
u,v,j (x).

It follows that

L
(p,r)
u,v,j(x) = u(x)

r∑
k=1

L
(p,k)
u,v,j−1(x) + v(x)

r∑
k=1

L
(p,k)
u,v,j−p−1(x),

we get the desired result by replacing j+ 1 instead of j. �
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Theorem 3 For j > p+ 1 and L
(p,r)
u,v,−j(x) = 0, the polynomial L

(p,r)
u,v,j+1(x) holds

the following relation

u(x)

j−1∑
i=0

L
(p,r)
u,v,i+1(x) +

j∑
i=0

L
(p,r−1)
u,v,i+1(x)

=
(
1− v(x)

) j−p−1∑
i=0

L
(p,r)
u,v,i+1(x) +

j∑
i=j−p

L
(p,r)
u,v,i+1(x).

(6)

Proof. Consider j = 1, 2, . . . in relation (4), follows

u(x)L
(p,r)
u,v,0(x) + v(x)L

(p,r)
u,v,−p(x) + L

(p,r−1)
u,v,1 (x) = L

(p,r)
u,v,1(x)

u(x)L
(p,r)
u,v,1(x) + v(x)L

(p,r)
u,v,−p+1(x) + L

(p,r−1)
u,v,2 (x) = L

(p,r)
u,v,2(x)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

u(x)L
(p,r)
u,v,p(x) + v(x)L

(p,r)
u,v,0(x) + L

(p,r−1)
u,v,p+1(x) = L

(p,r)
u,v,p+1(x)

u(x)L
(p,r)
u,v,p+1(x) + v(x)L

(p,r)
u,v,1(x) + L

(p,r−1)
u,v,p+2(x) = L

(p,r)
u,v,p+2(x)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

u(x)L
(p,r)
u,v,j−1(x) + v(x)L

(p,r)
u,v,j−p−1(x) + L

(p,r−1)
u,v,j (x) = L

(p,r)
u,v,j(x)

u(x)L
(p,r)
u,v,j(x) + v(x)L

(p,r)
u,v,j−p(x) + L

(p,r−1)
u,v,j+1(x) = L

(p,r)
u,v,j+1(x).

Summation of these equalities yields the desired result. �

De�nition 3 Let p be any non-negative integer and u(x) and v(x) are poly-

nomials of real coe�cients. Then the (u, v)-Lucas second kind p-polynomials{
M

p
u,v,j(x)

}
j>p+1

are de�ned recursively by

M
p
u,v,j(x) = u(x)Mp

u,v,j−1(x) + v(x)Mp
u,v,j−p−1(x),

with initials M
p
u,v,0(x) = (p + 1)M1(x)

u(x) and M
p
u,v,j(x) = M1(x)u

j−1(x) for j =

1 . . . p and M1(x) is the �rst term of Lucas second kind like polynomial se-

quences.

Many well-known polynomial sequences are special cases of (u, v)-Lucas sec-
ond kind p-polynomials. For example, for p = 1, when

(
u(x), v(x)

)
= (x, 1)

and M1 = x,
(
u(x), v(x)

)
= (2x, 1) and M1 = 2x,

(
u(x), v(x)

)
= (6x,−1)

and M1 = 3x,
(
u(x), v(x)

)
= (1, 2x) and M1 = 1,

(
u(x), v(x)

)
= (3x,−2)
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and M1 = 3x etc. the (u, v)-Lucas second kind p-polynomials turn into classi-
cal Lucas polynomials, Pell-Lucas polynomials, Lucas-balancing polynomials,
Jacobsthal-Lucas polynomials, Fermat-Lucas polynomials respectively.
Let hp

u,v(t) denotes the generating function of Mp
u,v,j+1(x). Then

hp
u,v(t) =

∞∑
j=0

M
p
u,v,j+1(x)t

j =
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p

1− u(x)t− v(x)tp+1
.

The generating function h
p
u,v(t) is more precious to de�ne convolved (u, v)-

Lucas second kind p-polynomials.

De�nition 4 Let p be any positive integer. Then the convolved (u, v)-Lucas

second kind p-polynomials
{
M

(p,r)
u,v,j(x)

}
j∈N are de�ned by

h
(p,r)
u,v (t) =

∞∑
j=0

M
(p,r)
u,v,j+1(x)t

j =

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r , r ∈ Z+. (7)

Expression (7) reduces to the explicit formula

M
(p,r)
u,v,j+1(x) =

min{r,j}∑
k=0

b j−pk
p+1

c∑
i=0

(
r

k

)
(r)j−pk−pi

i!(j− pk− (p+ 1)i)!
Mr

1(x)(p+ 1)kvk+i(x)

× uj−(p+1)k−(p+1)i(x).

(8)

Consideration of formula (8) for di�erent measures of (p, r) gives some values
of convolved (u, v)-Lucas second kind p-polynomials which are listed in Table 2.

Theorem 4 The convolved (u, v)-Lucas second kind p-polynomials M
(p,r)
u,v,j+1(x)

satis�es following relation

M
(p,r)
u,v,j(x) =u(x)M

(p,r)
u,v,j−1(x) + v(x)M

(p,r)
u,v,j−1−p(x)

+M1(x)M
(p,r−1)
u,v,j (x) + (p+ 1)

v(x)

u(x)
M1(x)M

(p,r−1)
u,v,j−p(x),

(9)

with parameters r > 1 and j > 1.
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Table 2: Convolved (u, v)-Lucas second kind p-polynomials
j (p, r) = (2, 1) (p, r) = (2, 2) (p, r) = (2, 3) (p, r) = (2, 4)

0 M1(x) M2
1(x) M3

1(x) M4
1(x)

1 M1(x)u(x) 2M2
1(x)u(x) 3M3

1(x)u(x) 4M4
1(x)u(x)

2 M1(x)u
2(x) +

3M1(x)v(x)
u(x)

3M2
1(x)u

2(x) +
6M2

1(x)v(x)

u(x)

6M3
1(x)u

2(x) +
9M3

1(x)v(x)

u(x)

10M4
1(x)u

2(x)+
12M4

1(x)v(x)

u(x)

3 M1(x)u
3(x) +

4M1(x)v(x)
4M2

1(x)u
3(x) +

14M2
1(x)v(x)

10M3
1(x)u

3(x)+
30M3

1(x)v(x)
20M4

1(x)u
3(x)+

52M4
1(x)v(x)

4 M1(x)u
4(x) +

5M1(x)u(x)v(x)
5M2

1(x)u
4(x) +

24M2
1(x)u(x)v(x)

+
9M2

1(x)v
2(x)

u2(x)

15M3
1(x)u

4(x)+
66M3

1(x)u(x)v(x)

+
27M3

1(x)v
2(x)

u2(x)

35M4
1(x)u

4(x)+
140M4

1(x)u(x)
×v(x) +
54M4

1(x)v
2(x)

u2(x)

5 M1(x)u
5(x) +

6M1(x)u
2(x)v(x)

+ 3M1(x)v
2(x)

u(x)

6M2
1(x)u

5(x) +
36M2

1(x)u
2(x)

×v(x) +
30M2

1(x)v
2(x)

u(x)

21M3
1(x)u

5(x)+
120M3

1(x)u
2(x)

×v(x) +
108M3

1(x)v
2(x)

u(x)

56M4
1(x)u

5(x)+
300M4

1(x)u
2(x)

×v(x) +
264M4

1(x)v
2(x)

u(x)

Proof. Using (7) on the right-hand side of relation (9), we get

u(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r t2 + v(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r

× tp+2 +M1(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r−1(

1− u(x)t− v(x)tp+1
)r−1

t+ (p+ 1)
v(x)

u(x)
M1(x)

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r−1(

1− u(x)t− v(x)tp+1
)r−1

tp+1

=

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r t

[
u(x)t+ v(x)tp+1

]
+

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r−1(

1− u(x)t− v(x)tp+1
)r−1

t

[
M1(x) + (p+ 1)

v(x)

u(x)
M1(x)t

p

]

=

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r−1

t

[
u(x)t+ v(x)tp+1

1− u(x)t− v(x)tp+1
+ 1

]
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=

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r t,

which proves the result. �

Theorem 5 The polynomial M
(p,r)
u,v,j+1(x) obey the following relation

M
(p,r)
u,v,j(x) = u(x)

r∑
k=1

M
(p,k)
u,v,j−1(x) + v(x)

r∑
k=1

M
(p,k)
u,v,j−1−p(x)

+
(
M1(x) − 1

) r−1∑
k=1

M
(p,k)
u,v,j (x) + (p+ 1)

v(x)

u(x)
M1(x)

r−1∑
k=1

M
(p,k)
u,v,j−p(x),

(10)

with parameters r > 1, j > 2, p > 1 and M
(p,0)
u,v,j+1(x) = 0.

Proof. Consider r = 1, 2, . . . in relation (9) which follows

M
(p,1)
u,v,j (x) = u(x)M

(p,1)
u,v,j−1(x) + v(x)M

(p,1)
u,v,j−1−p(x) +M1(x)M

(p,0)
u,v,j (x)

+ (p+ 1)
v(x)

u(x)
M1(x)M

(p,0)
u,v,j−p(x)

M
(p,2)
u,v,j (x) = u(x)M

(p,2)
u,v,j−1(x) + v(x)M

(p,2)
u,v,j−1−p(x) +M1(x)M

(p,1)
u,v,j (x)

+ (p+ 1)
v(x)

u(x)
M1(x)M

(p,1)
u,v,j−p(x)

M
(p,3)
u,v,j (x) = u(x)M

(p,3)
u,v,j−1(x) + v(x)M

(p,3)
u,v,j−1−p(x) +M1(x)M

(p,2)
u,v,j (x)

+ (p+ 1)
v(x)

u(x)
M1(x)M

(p,2)
u,v,j−p(x)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

M
(p,r)
u,v,j(x) = u(x)M

(p,r)
u,v,j−1(x) + v(x)M

(p,r)
u,v,j−1−p(x) +M1(x)M

(p,r−1)
u,v,j (x)

+ (p+ 1)
v(x)

u(x)
M1(x)M

(p,r−1)
u,v,j−p(x).

Summation of these bunch equalities yields the desired result. �

In order to verify the result (10), assume j = 5 with (p, r) = (2, 3), gives

M
(2,3)
u,v,5 = u(x)

3∑
k=1

M
(2,k)
u,v,4(x) + v(x)

3∑
k=1

M
(2,k)
u,v,2(x)
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+
(
M1(x) − 1

) 2∑
k=1

M
(2,k)
u,v,5(x) + 3

v(x)

u(x)
M1(x)

2∑
k=1

M
(2,k)
u,v,3(x).

Simpli�cation of right-hand side gives

u(x)
[
M

(2,1)
u,v,4(x) +M

(2,2)
u,v,4(x) +M

(2,3)
u,v,4(x)

]
+ v(x)

[
M

(2,1)
u,v,2(x) +M

(2,2)
u,v,2(x)

+M
(2,3)
u,v,2(x)

]
+
(
M1(x) − 1

)[
M

(2,1)
u,v,5(x) +M

(2,2)
u,v,5(x)

]
+ 3

v(x)

u(x)
M1(x)

[
M

(2,1)
u,v,3(x) +M

(2,2)
u,v,3(x)

]
= 15M3

1(x)u
4(x)

+ 66M3
1(x)u(x)v(x) + 27M3

1(x)
v2(x)

u2(x)
= M

(2,3)
u,v,5(x),

and the result is veri�ed.

3 Common generalization of convolved (u, v)-Lucas

�rst and second kinds p-polynomials

In this section we give the common generalization of convolved (u, v)-Lucas
�rst and second kinds p-polynomials and obtain some recurrence relations of
these polynomials.

De�nition 5 Let p, r and m be all positive integers. Then the common gen-

eralization of convolved (u, v)-Lucas �rst and second kinds p-polynomials{
E
(p,r,m)
u,v,j (x)

}
j∈N are de�ned by

∞∑
j=0

E
(p,r,m)
u,v,j (x)tj =

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r , r > m. (11)

Assumption of m = 0 and m = r reduces the expression (11) to convolved
(u, v)-Lucas �rst kind p-polynomials and convolved (u, v)-Lucas second kind
p-polynomials respectively.

Theorem 6 The common generalization of convolved (u, v)-Lucas �rst and

second kinds p-polynomials has the following explicit formula

E
(p,r,m)
u,v,j (x) =

min{m,j}∑
k=0

b j−pk
p+1

c∑
i=0

(
m

k

)
(r)j−pk−pi(

j− pk− (p+ 1)i
)
!i!

Mm
1 (x)(p+ 1)kvk+i(x)

× uj−(p+1)k−(p+1)i(x).
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Proof. We run the proof by taking right-hand side of the expression (11)(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r

=

m∑
k=0

(
m

k

)
Mm−k

1 (x)
(
(p+ 1)

v(x)

u(x)
M1(x)t

p
)k ∞∑

j=0

(
−r

j

)
(−t)j

(
u(x) + v(x)tp

)j
=

m∑
k=0

(
m

k

)
Mm−k

1 (x)(p+ 1)k
vk(x)

uk(x)
Mk

1(x)t
pk

∞∑
j=0

(r)j
j!

tj
j∑

i=0

(
j

i

)
uj−i(x)vi(x)tpi

=

∞∑
j=0

min{m,j}∑
k=0

b j−pk
p+1

c∑
i=0

(
m

k

)
Mm

1 (x)(p+ 1)k
vk(x)

uk(x)
tpk

(r)j−pk−pi

(j− pk− pi)!
tj−pk−pi

× (j− pk− pi)!(
j− pk− (p+ 1)i

)
!i!

uj−pk−(p+1)i(x)vi(x)tpi

=

∞∑
j=0

min{m,j}∑
k=0

b j−pk
p+1

c∑
i=0

(
m

k

)
Mm

1 (x)(p+ 1)kvk+i(x)uj−(p+1)k−(p+1)i(x)

×
(r)j−pk−pi(

j− pk− (p+ 1)i
)
!i!

tj.

Comparing the left-hand side of expression (11), we get the required result. �

Theorem 7 The common generalization of convolved (u, v)-Lucas �rst and

second kinds p-polynomials obeys the following relations

(i) E
(p,r,m)
u,v,j (x) = u(x)E

(p,r,m)
u,v,j−1(x) + v(x)E

(p,r,m)
u,v,j−(p+1)(x) + E

(p,r−1,m)
u,v,j (x);

(ii) E
(p,r,m+1)
u,v,j (x) = M1(x)E

(p,r,m)
u,v,j (x) + (p+ 1) v(x)

u(x)M1(x)E
(p,r,m)
u,v,j−p(x);

(iii) E
(p,r,m)
u,v,j (x) = 1

u(x)

{
j+1
r−1E

(p,r−1,m)
u,v,j+1 (x) − p(p+1)M1(x)m

r−1
v(x)
u(x)E

(p,r−1,m−1)
u,v,j+1−p (x)

− (p+ 1)v(x)E
(p,r,m)
u,v,j−p(x)

}
.

Proof. Using the expression (11), we have

∞∑
j=0

E
(p,r,m)
u,v,j (x)tj =

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r



Common generalization of convolved Lucas p-polynomials 315

=

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

u(x)t+ v(x)tp+1
)(

1− u(x)t− v(x)tp+1
)r

+

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r−1

= u(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r t

+ v(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r tp+1

+

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r−1

,

and the expression (i) follows. The proof of (ii) is analogous to (i). In order to
proof (iii), we proceed as follows:
The common generalization of convolved (u, v)-Lucas �rst and second kinds

p-polynomials can be written undoubtedly as

(r− 1)
(
u(x) − (p+ 1)v(x)tp

)(M1(x) + (p+ 1) v(x)
u(x)M1(x)t

p
)m(

1− u(x)t− v(x)tp+1
)r

=
d

dt

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r−1

− p(p+ 1)
v(x)

u(x)
M1(x)m

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m−1(

1− u(x)t− v(x)tp+1
)r−1

tp−1,

and if and only if

(r− 1)
[
u(x)E

(p,r,m)
u,v,j (x) + (p+1)v(x)E

(p,r,m)
u,v,j−p(x)

]
= (j+ 1)E

(p,r−1,m)
u,v,j+1 (x)

− p(p+ 1)
v(x)

u(x)
M1(x)mE

(p,r−1,m−1)
u,v,j+1−p (x).

This follows the result. �

The following corollary is an immediate consequence of Theorem 7.

Corollary 1 Let r and m be any positive integers with r ≥ m. Then, the
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following relations

r−m∑
k=1

[
u(x)Ep,m+k,m

u,v,j−1 (x) + v(x)E
(p,m+k,m)
u,v,j−(p+1)(x)

]
= E

(p,r,m)
u,v,j (x) − E

(p,m,m)
u,v,j (x) (12)

and

m∑
k=0

Mk
1(x)E

(p,r,m−k)
u,v,j−p (x)

=
u(x)

v(x)(p+ 1)M1(x)

[
E
(p,r,m+1)
u,v,j (x) −Mm+1

1 (x)E
(p,r,0)
u,v,j (x)

] (13)

hold.

The following are some examples to understand the above corollary.

Example 1 Consider r = 4 and m = 3 on the left of relation (12), gives

1∑
k=1

[
u(x)E

(p,3+k,3)
u,v,j−1 (x) + v(x)E

(p,3+k,3)
u,v,j−(p+1)(x)

]
= u(x)E

(p,4,3)
u,v,j−1(x) + v(x)E

(p,4,3)
u,v,j−(p+1)(x)

= u(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)3(

1− u(x)t− v(x)tp+1
)4 t

+ v(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)3(

1− u(x)t− v(x)tp+1
)4 tp+1

=
(
u(x)t+ v(x)tp+1 − 1

)(M1(x) + (p+ 1) v(x)
u(x)M1(x)t

p
)3(

1− u(x)t− v(x)tp+1
)4

+

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)3(

1− u(x)t− v(x)tp+1
)4

=

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)3(

1− u(x)t− v(x)tp+1
)4 −

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)3(

1− u(x)t− v(x)tp+1
)3

= E
(p,4,3)
u,v,j (x) − E

(p,3,3)
u,v,j (x).
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Example 2 Consider r = 5 and m = 2 in relation (13), we have

2∑
k=0

Mk
1(x)E

(p,5,2−k)
u,v,j−p (x) =

u(x)

v(x)(p+ 1)M1(x)

[
E
(p,5,3)
u,v,j (x) −M3

1(x)E
(p,5,0)
u,v,j (x)

]
.

(14)
Expansion of left side of (14) gives

E
(p,5,2)
u,v,j−p(x) +M1(x)E

(p,5,1)
u,v,j−p(x) +M2

1(x)E
(p,5,0)
u,v,j−p(x)

=

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)2(

1− u(x)t− v(x)tp+1
)5 tp +M1(x)

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)

(
1− u(x)t− v(x)tp+1

)5 tp +M2
1(x)

1(
1− u(x)t− v(x)tp+1

)5 tp
=

3M2
1(x) + (p+ 1)2 v2(x)

u2(x)
M2

1(x)t
2p + 3(p+ 1) v(x)

u(x)M
2
1(x)t

p(
1− u(x)t− v(x)tp+1

)5 tp.

On the other hand, expansion of right side of (14) gives

u(x)

v(x)(p+ 1)M1(x)

[
E
(p,5,3)
u,v,j (x) −M3

1(x)E
(p,5,0)
u,v,j (x)

]
=

u(x)

v(x)(p+ 1)M1(x)

[(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)3(

1− u(x)t− v(x)tp+1
)5

−M3
1(x)

1(
1− u(x)t− v(x)tp+1

)5
]

=
3M2

1(x) + (p+ 1)2 v2(x)
u2(x)

M2
1(x)t

2p + 3(p+ 1) v(x)
u(x)M

2
1(x)t

p(
1− u(x)t− v(x)tp+1

)5 tp.

Theorem 8 The following identity

E
(p,r,m)
u,v,j+1−p(x) =

u(x)

v(x)(p+ 1)M1(x)(mp− j)

[
M1(x)(j+ 1)E

(p,r,m)
u,v,j+1(x)

−ru(x)E
(p,r+1,m+1)
u,v,j (x) − r(p+ 1)v(x)E

(p,r+1,m+1)
u,v,j−p (x)

]
holds for every non-negative integers r and m.
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Proof. It is observed that(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r =

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r

×
(
M1(x) + (p+ 1)

v(x)

u(x)
M1(x)t

p
)r−m

.

Di�erentiating both sides gives

d

dt

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r =

(
M1(x) + (p+ 1)

v(x)

u(x)
M1(x)t

p
)r−m

× d

dt

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r

+ (r−m)p(p+ 1)
v(x)

u(x)
M1(x)t

p−1

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r−1(

1− u(x)t− v(x)tp+1
)r ,

and we have

d

dt

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r = rp(p+ 1)

v(x)

u(x)
M1(x)

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r−1(

1− u(x)t− v(x)tp+1
)r tp−1

+ ru(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r+1

+ r(p+ 1)v(x)

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r+1

tp.

Now, we get

(
M1(x) + (p+ 1)

v(x)

u(x)
M1(x)t

p
)r−m d

dt

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r

+ (r−m)p(p+ 1)
v(x)

u(x)
M1(x)t

p−1

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r−1(

1− u(x)t− v(x)tp+1
)r
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= rp(p+ 1)
v(x)

u(x)
M1(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r−1(

1− u(x)t− v(x)tp+1
)r tp−1 + ru(x)

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r+1

+ r(p+ 1)v(x)

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)r(

1− u(x)t− v(x)tp+1
)r+1

tp.

It follows that(
M1(x) + (p+ 1)

v(x)

u(x)
M1(x)t

p
) d
dt

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r

−mp(p+ 1)
v(x)

u(x)
M1(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m(

1− u(x)t− v(x)tp+1
)r tp−1

= ru(x)

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m+1(

1− u(x)t− v(x)tp+1
)r+1

+ r(p+ 1)v(x)

×

(
M1(x) + (p+ 1) v(x)

u(x)M1(x)t
p
)m+1(

1− u(x)t− v(x)tp+1
)r+1

tp.

This implies(
M1(x) + (p+ 1)

v(x)

u(x)
M1(x)t

p
) d
dt

E
(p,r,m)
u,v,j (x) −mp(p+ 1)

v(x)

u(x)

×M1(x)E
(p,r,m)
u,v,j+1−p(x) = ru(x)E

(p,r+1,m+1)
u,v,j (x) + r(p+ 1)v(x)E

(p,r+1,m+1)
u,v,j−p (x).

Further simpli�cation gives

(p+ 1)
v(x)

u(x)
M1(x)(j−mp)E

(p,r,m)
u,v,j+1−p(x) = ru(x)E

(p,r+1,m+1)
u,v,j (x) + r(p+ 1)

× v(x)E
(p,r+1,m+1)
u,v,j−p (x) −M1(x)(j+ 1)E

(p,r,m)
u,v,j+1(x),

and the result follows. �
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