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Abstract. Let A be a non-archimedean Banach algebra with unit e
over an algebraically closed field. In this paper, we give a generalization
of results of the paper [2] and we establish a new necessary and sufficient
condition on the resolvent of an element a € A such that for all n €
N, fla™] < 1.

1 Introduction and preliminaries

Throughout this paper, A is a non-archimedean Banach algebra with unit e
(He” = 1) over a non trivially complete non-archimedean valued field K which

is also algebraically closed with valuation |-[, Q, is the field of p-adic numbers
equipped with p-adic valuation |.|, and Z, denotes the ring of p-adic integers
of Qp. For more details, we refer to [6] and [8]. We denote the completion
of algebraic closure of Q, under the p-adic valuation |- [, by C, ([6]). Let
T > 0 and let Q. be the clopen ball of K centred at 0 with radius r > 0,
that is Q, = {t € K : [t| < r}. A non-archimedean normed algebra is a non-
archimedean normed space with linear associative multiplication satisfying for
all a,b € A, |lab]| < |a||[/b]|- A non-archimedean complete normed algebra is
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called a non-archimedean Banach algebra, moreover, if there is e € A such that
for all a € A, ae = ea = a and |le|| = 1, A is said to be a non-archimedean
Banach algebra with unit e. For more details, we refer to [1], [3], [8] and [10].
We have the following lemma.

Lemma 1 ([8]) Let A be a non-archimedean Banach algebra with unit e, let
a € A such that ||a|| < 1, then e—a is invertible in A and (e—a)~' =Y 22, ak.

let a € A, we set o(a) ={A € K: a— Ae is not invertible}.

Definition 1 ([9]) Let A be a non-archimedean Banach algebra with unit e.
Set r(a) = infy Ha”||% = limp Ha“||%, a is said to be a spectral element if
sup{|]A| : A € o(a)} =r(a). For a € A, set

U, =N eK:(e—Aa)"" exists in A.
(U.,;l 18 open and 0 € U.a) and

Co ={xeK:B(0,|B]) C Ug for some B € K, |B] > |«l}.
We generalize the Proposition 6.6 of [9] as follows.

Proposition 1 [9] Let A be a non-archimedean Banach algebra with unit e,
then the following are equivalent.

(i) a is a spectral element.
(ii) For all A € Cq, (e —Aa)™!' =Y 22, Ata™,

(iii) For each « € C¥, the function A — (e —Aa)™" is analytic on B(0,|«]).

2 Main results

In the rest of this paper, for an element a € A such that for alln € N, ||a"|| <
1, we assume that Ug = Q; where for all A € Uy, R(A,a) = (e —Aa) .

Proposition 2 Let A be a non-archimedean Banach algebra over K with unit

e, let a be a spectral element such that sup ||a™|| < 1. Then,
neN

for allA € Cq, [[R(A,a)|| <T.
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Proof. From Proposition 1, for each A € Cq, limp_00 [A™||a™|| = 0, then

o0
>
n=0
< max]|A\"
neN
= 1.

IR(A @) =

0

Proposition 3 Let A be a non-archimedean Banach algebra over K with unit

e, let a be a spectral element such that sug |la™|| < 1. Then, for all \,pn € Cq,
ne

}\RO\) (1) - HR(H> a) = (}\ - H)R(A) G)R(H-) (1).
Proof. If A, u € Cg, then
AR(A, @)(e — pa)R(k, a) — uR(A, ) (e — Aa)R (1, a) (1)

and

+AuR(A, a)aR(y, a)
= )\RU\) G)R(H> a)— HRU\) G)R(H) a)
= (A—=wR(A,a)R(y, a).

(1) = ARO\) (I)R(}l, (1) - }\URO\) G)GR(PH a) - HR(}\) G)R(LL, a)
(
)

O

Proposition 4 Let A be a non-archimedean Banach algebra over K with

unit e, let a be a spectral element such that sup ||[a™|| < 1. Then for all
neN

A€ Cq RN a) —el| <A

Proof. Since a € A is a spectral element, we get for each A € Co, R(A,a) =
Y o oAta™. Then, for any A € Cq,

IR, a)—ell = || )_A"a"| (2)
n=1

< sup|Ata"| (3)
n>1

< L (4)
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Proposition 5 Let A be a non-archimedean Banach algebra over K with unit
e, let a be a spectral element such that sup ||a"™|| < 1. Then for anyn € N, €

neN
CZ) Ae Q\oc\)

R(ﬂ)()\’ a) = TL!(R(}\, a));le)nRO\, a) .

Proof. From Proposition 3, for each A, u € Qi with « € C§,

(Ae + (—AJe+ (A — WRM, @))R(k, @) = AR(A, @). (5)

Thus

(e—%(u—M(RO\, a) —¢))R(, @) = R(A, a). (6)

The quantity in square brackets on the left of this equation is invertible for
A —AlIR(A, @) —e|| < 1. Then

= (R(A,a) —e)"R(A, a)
Riwa) =) ——————(u—A" (7)
n=0
But it follows by Proposition 1 that R(w,a) is analytic on B(A,|x|). Since
a € A is a spectral element, we get for all A, u € Qyyj, R(1, a) can be written
as follows:
= RM(A, a)
Rima) =) ——(u—A"

n
n=0

Then, for any n € N, A € Qy,
(R(A,a) —e)"R(A, a)

|
RV a) = = = .

We have the following theorem.

Theorem 1 Let A be a non-archimedean Banach algebra over K with unit e,
let a be a spectral element. Then for alln € N, |[a™|| <1 if and only if

H (R(?\, a)— e)nR(A, a)H <A™, ®)

for all A € Qs where x € Cy and R(A,a) = (e — Aa)~ .
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Proof. Suppose that for each n € N, [[a™|| < 1, let « € C}, from Proposition
1, R\ a)=(e—Aa) ! = Y o Akak is analytic on Q. By Proposition 5, for
any n € NJA € Q\od)

n!(R(A, a) — e)"R(A, a)

R, a) = S 9)
and
o0 o k
R(n) _ -1... o 1 k-—n _k _ ! Ak—n k.
(A a) ];k(k )-o- (k—n+ DA "a ];n - a

Hence for each n € N and for all A € Qy),

R™MQ, a) A TUE
H - = > <n>)\ "a (10)
k=n
k k—ny ,k
< sup |( ) |VF o] (11)
k>n | \TU
< sup A*TM|a¥|| (12)
k>n
< 1. (13)
Then, for any n € N and A € Q4,
(n)
HMH <1, (14)
n!
From (9) and (14), we have for any n € N, A € Qy,
[(R(A, @) — e)"R(A, a)[| < A" (15)

Conversely, we assume that (8) holds. From a is spectral, we have for any A €
Qioy R a) = 3 2 (A™a™. Put for any A € Qy), k € N, S¢(A) = AR, a)—
e)*R(A, a), then for any A € Qo k € Ny [[Sk(A)]| < 1. Since a and R(A, a)
commute, we have

SL(A) = >rk<(e— (e — Aa))R(A, a))kRO\, a), (16)

= A *(AaR(A, @))*R(A, @), (17)
= a*R(\, @), (18)
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Then for each A € Q) and for all k € N,

lafl = llte =Aa)** S]], (19)
< e =Aa) ISk, (20)
k+1
K+ 1 ,

< | (TN, (21)

=0\ J
< max{1, [Aaf, [Aa?[l,- -, AT, (22)
for A — 0, we get for all k € N, ||a¥|| < 1. O

We generalize the result of [4] in non-archimedean Banach algebra as follows.

Theorem 2 Let A be a non-archimedean Banach algebra over K with unit e,
let a € A be a spectral element with Ug = Qy, then for alln > 1, |[a™] < 1 if
and only if

k
(R @) =) || <Ak (23)
for all A € Qyj, k > 1 where o« € C and R(A,a) = (e —Aa) .

Proof. Assume that for any n € N, [|a™|| < 1, let o« € C}, then R(A,a) =
(e—Aa) ' = Yo Aka¥ is analytic on Q- Using R(A, a) —e = AaR(A, a) and
Proposition 5, we have

n+1
(RO a) — )™ =Aa(R(A, a) — e)"R(A, @) = T: aRM (A, )
and
RY(Aa) = 3 Kk 1) (k—n + 1A "a¥ :an@)vnak.
k=n k=n
Thus
n+1 _ — k k+1
(RO a) — e)™ _];(n) A@).

Then for all n € N and for any A € Qy),
— (k
Z < )()\a)k—H
n
k=n
<k> ’wkﬂ Hak+1 H
n|\n

H(R()\, Q) — e)™t! H

IN
~
A=

o
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IN

sup |)\|k+1 ”akJrl ||
>n

|7\|n+1'

IN

Conversely, we assume that (23) holds. Since a is a spectral element, then
for all A € Qiy, R(A, @) = 3 22 A™a™. Put for any A € Qy, k € N, Sg(A) =
A T(R(A, a) — e)**!, then for all A € Qs k € N, ||Sk(A)]| < 1. Since a and
R(A, a) commute. From R(A, a) —e = AaR(A, a), we get Si(A) = (aR(A, a))*HT,
hence:

M = (e — Aa)*TTSi(A).

Then for all A € Qy and for each k € N,

[ = (e =AQ) 'S\
< lle—Aa)lISk(A)]]
k+1
k+1 -
< I|Ix ( i )(—AaP
A
< max(1,[[Aall, [A*a®,- -, A,
for A — 0, we get for any k € N, [|a*1|| < 1. O
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