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Abstract. Let A be a non-archimedean Banach algebra with unit e
over an algebraically closed field. In this paper, we give a generalization
of results of the paper [2] and we establish a new necessary and sufficient
condition on the resolvent of an element a ∈ A such that for all n ∈
N, ∥an∥ ≤ 1.

1 Introduction and preliminaries

Throughout this paper, A is a non-archimedean Banach algebra with unit e(
∥e∥ = 1

)
over a non trivially complete non-archimedean valued field K which

is also algebraically closed with valuation | · |, Qp is the field of p-adic numbers
equipped with p-adic valuation |.|p and Zp denotes the ring of p-adic integers
of Qp. For more details, we refer to [6] and [8]. We denote the completion
of algebraic closure of Qp under the p-adic valuation | · |p by Cp ([6]). Let
r > 0 and let Ωr be the clopen ball of K centred at 0 with radius r > 0,
that is Ωr = {t ∈ K : |t| < r}. A non-archimedean normed algebra is a non-
archimedean normed space with linear associative multiplication satisfying for
all a, b ∈ A, ∥ab∥ ≤ ∥a∥∥b∥. A non-archimedean complete normed algebra is
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called a non-archimedean Banach algebra, moreover, if there is e ∈ A such that
for all a ∈ A, ae = ea = a and ∥e∥ = 1, A is said to be a non-archimedean
Banach algebra with unit e. For more details, we refer to [1], [3], [8] and [10].
We have the following lemma.

Lemma 1 ([8]) Let A be a non-archimedean Banach algebra with unit e, let
a ∈ A such that ∥a∥ < 1, then e−a is invertible in A and (e−a)−1 =

∑∞
k=0 a

k.

let a ∈ A, we set σ(a) = {λ ∈ K : a− λe is not invertible}.

Definition 1 ([9]) Let A be a non-archimedean Banach algebra with unit e.

Set r(a) = infn ∥an∥
1
n = limn ∥an∥

1
n , a is said to be a spectral element if

sup{|λ| : λ ∈ σ(a)} = r(a). For a ∈ A, set

Ua = {λ ∈ K : (e− λa)−1 exists in A}.(
Ua is open and 0 ∈ Ua

)
and

Ca = {α ∈ K : B(0, |β|) ⊂ Ua for some β ∈ K, |β| > |α|}.

We generalize the Proposition 6.6 of [9] as follows.

Proposition 1 [9] Let A be a non-archimedean Banach algebra with unit e,
then the following are equivalent.

(i) a is a spectral element.

(ii) For all λ ∈ Ca, (e− λa)−1 =
∑∞

n=0 λ
nan.

(iii) For each α ∈ C∗
a, the function λ 7→ (e− λa)−1 is analytic on B(0, |α|).

2 Main results

In the rest of this paper, for an element a ∈ A such that for all n ∈ N, ∥an∥ ≤
1, we assume that Ua = Ω1 where for all λ ∈ Ua, R(λ, a) = (e− λa)−1.

Proposition 2 Let A be a non-archimedean Banach algebra over K with unit
e, let a be a spectral element such that sup

n∈N
∥an∥ ≤ 1. Then,

for all λ ∈ Ca, ∥R(λ, a)∥ ≤ 1.
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Proof. From Proposition 1, for each λ ∈ Ca, limn→∞ |λ|n∥an∥ = 0, then

∥R(λ, a)∥ =

∥∥∥∥ ∞∑
n=0

λnan

∥∥∥∥
≤ max

n∈N
|λn|

= 1.

□

Proposition 3 Let A be a non-archimedean Banach algebra over K with unit
e, let a be a spectral element such that sup

n∈N
∥an∥ ≤ 1. Then, for all λ, µ ∈ Ca,

λR(λ, a) − µR(µ, a) = (λ− µ)R(λ, a)R(µ, a).

Proof. If λ, µ ∈ Ca, then

λR(λ, a)(e− µa)R(µ, a) − µR(λ, a)(e− λa)R(µ, a) (1)

and

(1) = λR(λ, a)R(µ, a) − λµR(λ, a)aR(µ, a) − µR(λ, a)R(µ, a)

+λµR(λ, a)aR(µ, a)

= λR(λ, a)R(µ, a) − µR(λ, a)R(µ, a)

= (λ− µ)R(λ, a)R(µ, a).

□

Proposition 4 Let A be a non-archimedean Banach algebra over K with
unit e, let a be a spectral element such that sup

n∈N
∥an∥ ≤ 1. Then for all

λ ∈ Ca, ∥R(λ, a) − e∥ ≤ |λ|.

Proof. Since a ∈ A is a spectral element, we get for each λ ∈ Ca, R(λ, a) =∑∞
n=0 λ

nan. Then, for any λ ∈ Ca,

∥R(λ, a) − e∥ = ∥
∞∑
n=1

λnan∥ (2)

≤ sup
n≥1

∥λnan∥ (3)

≤ |λ|. (4)

□
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Proposition 5 Let A be a non-archimedean Banach algebra over K with unit
e, let a be a spectral element such that sup

n∈N
∥an∥ ≤ 1. Then for any n ∈ N, α ∈

C∗
a, λ ∈ Ω|α|,

R(n)(λ, a) =
n!(R(λ, a) − e)nR(λ, a)

λn
.

Proof. From Proposition 3, for each λ, µ ∈ Ω|α| with α ∈ C∗
a,(

λe+ (µ− λ)e+ (λ− µ)R(λ, a)
)
R(µ, a) = λR(λ, a). (5)

Thus (
e−

1

λ
(µ− λ)(R(λ, a) − e)

)
R(µ, a) = R(λ, a). (6)

The quantity in square brackets on the left of this equation is invertible for
|λ|−1|µ− λ|∥R(λ, a) − e∥ < 1. Then

R(µ, a) =

∞∑
n=0

(R(λ, a) − e)nR(λ, a)

λn
(µ− λ)n. (7)

But it follows by Proposition 1 that R(µ, a) is analytic on B(λ, |α|). Since
a ∈ A is a spectral element, we get for all λ, µ ∈ Ω|α|, R(µ, a) can be written
as follows:

R(µ, a) =

∞∑
n=0

R(n)(λ, a)

n!
(µ− λ)n.

Then, for any n ∈ N, λ ∈ Ω|α|,

R(n)(λ, a) =
n!(R(λ, a) − e)nR(λ, a)

λn
.

□

We have the following theorem.

Theorem 1 Let A be a non-archimedean Banach algebra over K with unit e,
let a be a spectral element. Then for all n ∈ N, ∥an∥ ≤ 1 if and only if∥∥∥(R(λ, a) − e

)n
R(λ, a)

∥∥∥ ≤ |λ|n, (8)

for all λ ∈ Ω|α| where α ∈ C∗
a and R(λ, a) = (e− λa)−1.
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Proof. Suppose that for each n ∈ N, ∥an∥ ≤ 1, let α ∈ C∗
a, from Proposition

1, R(λ, a) = (e− λa)−1 =
∑∞

k=0 λ
kak is analytic on Ω|α|. By Proposition 5, for

any n ∈ N, λ ∈ Ω|α|,

R(n)(λ, a) =
n!(R(λ, a) − e)nR(λ, a)

λn
(9)

and

R(n)(λ, a) =

∞∑
k=n

k(k− 1) · · · (k− n+ 1)λk−nak =

∞∑
k=n

n!

(
k

n

)
λk−nak.

Hence for each n ∈ N and for all λ ∈ Ω|α|,∥∥∥∥R(n)(λ, a)

n!

∥∥∥∥ =

∥∥∥∥ ∞∑
k=n

(
k

n

)
λk−nak

∥∥∥∥ (10)

≤ sup
k≥n

∣∣∣∣(k

n

)∣∣∣∣|λ|k−n∥ak∥ (11)

≤ sup
k≥n

|λ|k−n∥ak∥ (12)

≤ 1. (13)

Then, for any n ∈ N and λ ∈ Ω|α|,∥∥∥R(n)(λ, a)

n!

∥∥∥ ≤ 1. (14)

From (9) and (14), we have for any n ∈ N, λ ∈ Ω|α|,

∥(R(λ, a) − e)nR(λ, a)∥ ≤ |λ|n. (15)

Conversely, we assume that (8) holds. From a is spectral, we have for any λ ∈
Ω|α|, R(λ, a) =

∑∞
n=0 λ

nan. Put for any λ ∈ Ω|α|, k ∈ N, Sk(λ) = λ−k(R(λ, a)−

e)kR(λ, a), then for any λ ∈ Ω|α|, k ∈ N, ∥Sk(λ)∥ ≤ 1. Since a and R(λ, a)
commute, we have

Sk(λ) = λ−k
((

e− (e− λa)
)
R(λ, a)

)k
R(λ, a), (16)

= λ−k(λaR(λ, a))kR(λ, a), (17)

= akR(λ, a)k+1. (18)
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Then for each λ ∈ Ω|α| and for all k ∈ N,

∥ak∥ = ∥(e− λa)k+1Sk(λ)∥, (19)

≤ ∥(e− λa)k+1∥∥Sk(λ)∥, (20)

≤

∥∥∥∥∥
k+1∑
j=0

(
k+ 1

j

)
(−λa)j

∥∥∥∥∥, (21)

≤ max{1, ∥λa∥, ∥λ2a2∥, · · · , ∥λk+1ak+1∥}, (22)

for λ → 0, we get for all k ∈ N, ∥ak∥ ≤ 1. □

We generalize the result of [4] in non-archimedean Banach algebra as follows.

Theorem 2 Let A be a non-archimedean Banach algebra over K with unit e,
let a ∈ A be a spectral element with Ua = Ω1, then for all n ≥ 1, ∥an∥ ≤ 1 if
and only if ∥∥∥(R(λ, a) − e

)k∥∥∥ ≤ |λ|k, (23)

for all λ ∈ Ω|α|, k ≥ 1 where α ∈ C∗
a and R(λ, a) = (e− λa)−1.

Proof. Assume that for any n ∈ N, ∥an∥ ≤ 1, let α ∈ C∗
a, then R(λ, a) =

(e−λa)−1 =
∑∞

k=0 λ
kak is analytic on Ω|α|. Using R(λ, a)− e = λaR(λ, a) and

Proposition 5, we have

(R(λ, a) − e)n+1 = λa(R(λ, a) − e)nR(λ, a) =
λn+1

n!
aR(n)(λ, a)

and

R(n)(λ, a) =

∞∑
k=n

k(k− 1) · · · (k− n+ 1)λk−nak =

∞∑
k=n

n!

(
k

n

)
λk−nak.

Thus

(R(λ, a) − e)n+1 =

∞∑
k=n

(
k

n

)
(λa)k+1.

Then for all n ∈ N and for any λ ∈ Ω|α|,∥∥∥(R(λ, a) − e)n+1
∥∥∥ =

∥∥∥∥ ∞∑
k=n

(
k

n

)
(λa)k+1

∥∥∥∥
≤ sup

k≥n

∣∣∣∣(k

n

)∣∣∣∣|λ|k+1
∥∥ak+1

∥∥
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≤ sup
k≥n

|λ|k+1∥ak+1∥

≤ |λ|n+1.

Conversely, we assume that (23) holds. Since a is a spectral element, then
for all λ ∈ Ω|α|, R(λ, a) =

∑∞
n=0 λ

nan. Put for any λ ∈ Ω|α|, k ∈ N, Sk(λ) =

λ−k−1(R(λ, a) − e)k+1, then for all λ ∈ Ω|α|, k ∈ N, ∥Sk(λ)∥ ≤ 1. Since a and

R(λ, a) commute. From R(λ, a)− e = λaR(λ, a), we get Sk(λ) = (aR(λ, a))k+1,

hence:
ak+1 = (e− λa)k+1Sk(λ).

Then for all λ ∈ Ω|α| and for each k ∈ N,

∥ak+1∥ = ∥(e− λa)k+1Sk(λ)∥
≤ ∥(e− λa)k+1∥∥Sk(λ)∥

≤
∥∥∥∥ k+1∑

j=0

(
k+ 1

j

)
(−λa)j

∥∥∥∥
≤ max{1, ∥λa∥, ∥λ2a2∥, · · · , ∥λk+1ak+1∥},

for λ → 0, we get for any k ∈ N, ∥ak+1∥ ≤ 1. □
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