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Abstract. Menon’s identity states that for every positive integer n one
has Y} (a—1,n) = @(n)t(n), where a runs through a reduced residue
system (mod n), (a — 1,n) stands for the greatest common divisor of
a—1 and n, @(n) is Euler’s totient function, and t(n) is the number
of divisors of n. Menon’s identity has been the subject of many research
papers, also in the last years. We present detailed, self contained proofs
of this identity by using different methods, and point out those that
we could not identify in the literature. We survey the generalizations
and analogs, and overview the results and proofs given by Menon in his
original paper. Some historical remarks and an updated list of references
are included as well.
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1 Introduction

1.1 Motivation

Menon’s identity states that for every n € N:={1,2,...},

Mn):== ) (a—1,n)=e(n)t(n), (1)
a(mod n)
(am)=1

where a runs through a reduced residue system (mod n), (k,n) stands for
the greatest common divisor of k and n, @ (n) is Euler’s totient function, and
t(n) =} 4, 1 is the divisor function. Identity (1) was proved by the Indian
mathematician P. K. Menon! [50] in 1965. Note that (1) is implicitly contained
in a more general earlier result, regarding n-even functions, due to E. Cohen?
[18] in 1959. See Section 2.9. Other notations, used in the literature, for the
above sum are Zan(Zn) and Zaez;;v where U(Z,) = Z}, denotes the group of
units of the ring Z, = Z/NnZ of residue classes (mod n). However, we prefer
to use the notation in (1).

This arithmetic identity is interesting in itself, it is related to certain num-
ber-theoretic, group-theoretic and combinatorial properties, and has several
different proofs by using pure number-theoretic arguments, the orbit counting
lemma, the finite Fourier representation of n-even functions and Vaidyana-
thaswamy’s® class division of integers (mod m), respectively. Also, there are
many possibilities to obtain generalizations and analogs, which can also be
combined. For example: How to modify identity (1) if (a — 1,n) is replaced
by f((a—1,n)), where f is an arithmetic function, or by (P(a),n), where P is
an arbitrary polynomial with integer coefficients, in particular P(a) = a — s,
with s a given integer? As answers to these questions see identities (7), (32),
(52), (48) and (53).

The sum M(n) is related to the ged-sum function. See Section 1.2. Another
identity, similar to (1), states that for every n € N and s € Z,

Ri(n):= >  cala—s)=pm)en(s), (2)
a(mod n)
(amn)=1

obtained in 1959 by Cohen [18, Cor. 7.2], where pu(n) is the Mobius function

!Puliyakot Kesava Menon (1917-1979)
2Eckford Cohen (1920-2005), an American mathematician
3Ramaswamy S. Vaidyanathaswamy (1894-1960), an Indian mathematician
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and cnp(s) is the Ramanujan sum?, defined by

ca(k)= ) e(ak/n), (3)
a((mo]d:]l)

with e(x) = e2™x,

For a common generalization of (1) and (2) in terms of n-even functions, in
connection with the Brauer-Rademacher identity see (47), (48) and (49).

Menon’s identity has been reproved and generalized in various directions
by several authors, also in many recent papers. However, it seems that the
results and proofs in Menon’s original paper and in some other papers are not
widely known. The goals of the present survey are to present detailed proofs of
this identity by using different methods, and to review its generalizations and
analogs. We point out those proofs and formulas that we could not identify in
the literature. We only discuss the directions of generalizations, and present
certain identities obtained by one or two steps of generalization (some of them
with proofs), but not the most general ones. We also overview the results
and proofs given by Menon in his paper [50], and offer some further historical
remarks. An updated list of references is included.

1.2 The gcd-sum function
The ged-sum function, also called Pillai function® is
Pm):= > (qn)=) de(n/d) (neN). (4)
a(mod n) dn

The given representation follows by grouping the terms according to the
values (a,n) = d. Alternatively, using the Gauss formula n = )_ an @(d) we
have

n n n/d
P=3 Y o@=3 Y o@=Y o@) 1=n) *I,
a=1d|(a,n) a=1 dla dn b=1 dn

dn

showing that P = id x@, in terms of the Dirichlet convolution. It turns out that
the function P is multiplicative, and direct computations show (see Section 2.1)

“named after Srinivasa Ramanujan (1987-1920), the most famous Indian mathematician
Snamed after Subbayya Sivasankaranarayana Pillai (1901-1950), another Indian mathe-
matician
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that for every n € N,

P(n) = H ((V—I— pY —vpv_]) =nt(n) H (1 — V/(\;—i_ ”) .

pYin pYin

See the surveys by Haukkanen [31] and Té6th [80] on further properties of
the ged-sum function and its generalizations and analogs.

1.3 Notation

Throughout this survey we use the following main notations. Those not in-
cluded here are explained in the text.

e N={1,2,...},

e P is the set of primes,

e the prime power factorization of n € Nisn = HpeP pYr (M) where all but
a finite number of the exponents v,(n) are zero,

e (ng,...1) and ged(ny,...ny) denote the greatest common divisor of
ny,...,ng €N,

e [ny,...,ny] and lem(ni,...,ny) denote the least common multiple of
ny,...,ng €N,

e C,, is the cyclic group of order n,

® 7n = Z/NZ is the group/ring of residue classes (mod n),

e U(Zy) = Z7, is the group of units of the ring Z,

e 1 is the function 1(n) =1 (n € N),

e id is the function id(n) =n (n € N),

e 1 is the Mdobius function,

e w(n) is the number of distinct prime factors of n € N,

e 05(n) = Zd\n d® (s € R),

e 0(n) = 07(n) is the sum of divisors of n,

e T(n) = 0gp(n) is the number of divisors of n,

e J; is the Jordan function of order s given by Js(n) = n® Hp‘n —1/p%)
(s €R),

e @ = Jj is Euler’s totient function,

e P(n)=3"_;(a,n) is the ged-sum function,

o e(x) = ezmx7
e cq(n ) are the Ramanujan sums,
o (fxg)(n) =3 4, f(d)g(n/d) is the Dirichlet convolution of the arithmetic

functions f and g,
o (f®g)k) = > iv=k (mod ) f(a)g(b) is the Cauchy convolution of the
n-periodic functions f and g,
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e d || n means that d is a unitary divisor of n, i.e., d | n and (d,n/d) =1,

o (fxg)(n) =2 4, f(d)g(n/d) is the unitary convolution of the arithmetic
functions f and g,

e 05(n) =3 4, d° (s €R),

e 0°(n) = 07(n) is the sum of unitary divisors of n,

o T"(n) =2°M is the number of unitary divisors of n.

2 Proofs of the classical Menon identity

In this Section we present direct, self contained proofs of the Menon identity
(1). Perhaps the first idea that comes to mind is to show that the given sum
is a multiplicative function of n (Method I). The condition (a,n) = 1 can
be treated by the inclusion-exclusion principle (Method II). Alternatively, the
Mobius function, respectively exponential sums can be used, combined with
certain convolutional identities (Methods III, TV, V, VII, VIII). Application
of the orbit counting lemma provides a different proof (Method VI). Finite
Fourier representations of n-even functions can also be applied (Method IX).
Finally, some properties related to Vaidyanathaswamy’s class division of inte-
gers (mod n) lead to another proof (Method X).

A variant of Method I, as well as Methods VI and X have been used by
Menon [50]. The approach of Methods IV and V goes back to Sita Ramaiah
[67]. Method IX was first applied by Cohen [18] and Nageswara Rao [56]. See
Section 3 for more details. We are not aware of references concerning Methods
I1, II1, VII and VIIIL.

2.1 Method I: Proof by multiplicativity

Both sides of identity (1) are multiplicative in n. This is clear for the right
hand side, and we prove it for the left hand side M(n). Let (ny,ny) = 1. We
apply the following well-known property: If a; runs through a reduced residue
system (mod mp) and a; runs through a reduced residue system (mod n;),
then a = ajny + ayny runs through a reduced residue system (mod niny).
See, e.g., Hardy and Wright [25, Th. 61]. Hence

Miuma) = 3 ) (@matam—Tuny)
a (mod Tl]) az(mod nz)
(ar,ng)=1 (az,nz)=1

- ) Y (ama+an —1ng)(amn + any —1,ny)
aj(mod ny) az(mod ny)
(arny)=1  (az,n2)=1
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= ) (am—1n) ) (e —1n)=MMn)M(Nny),
aj(mod ny) az (mod ny)
(ar,nqg)=1 (az,nz)=1

where we use that a;n, runs through a reduced residue system (mod n;) and
apng runs through a reduced residue system (mod n;).
Now, for a prime power p¥ (v > 1) we have

Mp )= > (a=T,p )= > (a=1,p")=) (p—1,p")

a (mod pY) a (mod pY) j=1
(a{P):1

Py
= ) (ap)-) 1=Pp")-
=1

a (mod pY)

To compute P(pY), which is the value of the gcd-sum function for n = p¥, one
can use the convolutional representation (4). To give here a direct argument,
let us group the terms according to the values (a,p¥) = p' with 0 < t < v.
Then a = bp', where 1 <b < p¥ ' and p { b. The number of such values b is
@(p¥Y). Therefore,

.
=Y plo ) =p +Zp p ) = (v )pY—vp L (5)
t=0

We deduce that

MPY) = (v+1pY —vp* ' —p T = (v+ D" —p ") = o(p")T(pY).

This completes the proof of (1).

2.2 Method II: Proof by the inclusion-exclusion principle

Let n = p}” ---pyr > 1. We have by the inclusion-exclusion principle,
n n
Z (a—1,n) Za—]n ZZa—1n
a=1 a=1 1<5<r a=1
(a,n)=1 pila
n n
+ 2 Q2 la-im— ) ) (a-Tm+
1<j<k<r a=1 1<<k<t<r a=1

pipxla PiPKkPela



Menon’s identity: a survey 149

n
+=1)" ) (a—T,m).
a=1
P1--prla
Here
n n
Z(a_ ],Tl) = Z(a)n) = P(Tl),
a=1 a=1
the ged-sum function. Furthermore, for every j,
n n/Pj
Sj = Z(O—_ ])n) = Z(bp]' - ]>n/p;)))
a=1 b=1
pjla

since (bp; — 1,p;/j) = 1. We deduce

v-fl vj
p;’ n/py’

ZZ( k—1)n/p)’ +c)pj — 1“/]9])

1 vj

P; n/p;/j V] n/p;
= ((k—l)n/p]-“*1 +0Pj—1,n/pjvj) Z > (CPJ 1,n/p)’ )
k=1 c=1 k=1 c=1
v-fl
Z P(n/p;") "P(n/p)"),

using that together with ¢, the values cpj run through a complete residue
Vj .
system (mod n/p;’). That is,

n p?’i*]
D (a—1,n)=Pn)——=—.
a=1 P(p) )
p]la
In a similar way,
n vi=1_vi—1
Y (a=Tim) =P(n) oty
= P(p;")P(p*)

pipxla
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n Vi—=1_vi—1_v—1

P; Kk ¢
—1I,n)="P )
; @ ) = P g e o)
PjPxPela

etc., and we have

Vj*] Vj*] Vi—1

P; P; K
M(n) =P(n)—P(n) ) +P(n) J—V
1§'grp(pj]) @KZM P(p) )P (py)

Vi—l_vi—1 W 1 vi—1 ve—1

Pi Pk LR 2
—P ]V 1P 1
(n)@;mgrp(vj IP(py )P(pz@ﬁ P e R

=TI (P —» ") =TT ((v+ 100" = v —p* ) =
pYin

— H(v—l— DpY—p ) = em)t(n),

p¥in
by using (5). This proof is similar to the well known proof for Euler’s ¢
function.
2.3 Method III: Proof by convolutional identities

Slightly more generally, let f be an arbitrary arithmetic function. We have, by
grouping the terms according to the values (a —1,n) = d,

n n
M¢(n) := Z f((a—1,n)) Zf Z 1.
a=1 din a=1
(amn)=1 (amn)=1
dla—1
((a=1)/d,n/d)=1

Now using the property of the Mobius p function, namely,

ZH {, ifn=1,

am 0, otherwise,
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we have
n n
Mim)=) f(d) > > u®)=) f(d)) u®
dn a=1 §|((a—1)/d,n/d) dn dn/d a=1
(a,n =1 (a$ )=1
dla—1 dla—1
8l(a—1)/d
n
= f(d ) weE) Y1 (6)
din dn/d a=1
(a,n)=1
a=1(mod db)

We need the following lemma.

Lemma 1 Letn,d €N, d|n and let x € Z. Then

i ]_{(p(d;’ if(x>d):1a
0 .

otherwise.

For any d and 6 such that d | n and & | n/d we have (dé) | n. Applying
Lemma 1 to (6), with dd instead of d, and with x = 1, we deduce that

Mi(n) = o(n) }_ f(d Z“ = Z SPIRIC
din 5In/d dét

We obtain the following result.

Theorem 1 Let f be an arbitrary arithmetic function. Then for everyn € N,

(ke f)(d)

Mf(n) = (p(d) )

(7)

M=

f(la—T,n) = om) ¥

1 dn
=1

)
ek

where * denotes the Dirichlet convolution.

Now, if f = id, where id(n) =n (n € N), then p xid = ¢, and we deduce
(1).

Lemma 1 is well-known in the literature, usually proved by the inclusion-
exclusion principle. See, e.g., Apostol [2, Th. 5.32]. Here we use a different
approach.
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Proof.[Proof of Lemma 1] For each term of the sum, since (a,n) = 1, we
have (x,d) = (a,d) = 1. We can assume that (x,d) =1 (otherwise the sum is
empty, and equals zero). Using the property of the Mdbius function, the given
sum, say T, can be written as

n n/e
T= > ule)=> ue >
a=1 el(a,n) eln j=1
a=x (mod d) ej=x (mod d)

Let d and e be such that d | n and e | n. The linear congruence ej = x (mod
d) has solutions in j if and only if (d,e) | x, equivalent to (d,e) = 1, since
(x,d) =1. For (d,e) =1 there is one solution (mod d), and there are n/(de)
solutions (mod n/e), since n/e = (n/(de)) - d. Here n/(de) is an integer by
the condition (d,e) = 1. We obtain

E ol 2 0)

eln eln Pln

(e,d)=T1 (e,d)=1 pid
n 1 NN n en) d en)
- — 1—— 1T——) == : = )
dl}( p)l];d( p) A n eld el@

2.4 Method IV: A variant of Method III

The proof by Method III can be shortened by using first the identity f(n) =
Zdln(u x T)(d). Note that in the case f = id, this is the Gauss formula n =
2 _am @(d). We deduce

Mi(n):= > flla=T,n)= > > (uxf)(d)
a=1 a:1 d\(a—],n)
(amn)=1 (an)=
Y wen@=Y (0@ Yy 1.
a=1 dla—1 dn a=1
(an)=1 dn (a,n)=1

a=1(mod d)

Here the inner sum is @(n)/¢@(d) by Lemma 1, which proves identity (7).
In the case f = id we obtain (1).
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2.5 Method V: Another variant of Method III

The proof by Method III can also be presented in a slightly different form, by
changing the order of summation. Namely, by using first the property of the
Mobius u function,

n n
M;(n) := Z f((a—],n)):Z ((a—1,n)) Z u(d
a=1 a=1 d|(a,n)
(a,n)=T
:i (a—1,n)) Z u(d Zu Zf ((a—1,n))
a=1 dla,dn din

d\a

Here we need the following lemma.
Lemma 2 If f is an arithmetic function and n,d € N such that d | n, then

> flla=1m)=% 3 e fte)

a=1 eln
dla (e,d)=1

Using Lemma 2 we deduce

Yug ¥ PO S S KR @

dn eln eln dn
(e)d):] (d,e):]

where the inner sum is (@(n)/n)(@(e)/e)”" (see the proof of Lemma 1), giving

(e f)(e)
M¢(n) = @(n -
f( ) (p( ) Z (p(e) )
eln
which is identity (7).
Proof.[Proof of Lemma 2] By using that f(n de wx* f)(d), we deduce

n/d n/d

n
U:=> f((a—1,n)) Zf Gd=T,m) =) > (uxf)(e
a=1

1 eljd—T1,en
T j=1 elj \

n/d

=2 (wxfle) > 1,

en j=1
jd=1(mod e)
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where the inner sum is, see the proof of Lemma 1, n/(de) if (d,e) =1 and 0
otherwise. This gives

U= Y (uenfe =ty el

en en
(e,d)=1 (e,d)=1

g

We remark that by grouping the terms in (8) according to the values de = 6
we have

MenY LY @ nle) = Y 2hx (we 1))

Sn de=56 Sn
(dye)=1

= (id *(p x (u* )))(n), (9)

where X is the unitary convolution. If f is multiplicative, then it follows that
M is also multiplicative, and for every prime power p¥ (v > 1),

Me(pY) = (id*(1 x (n=*)))(pY) = ZPH(H x (n*f))(p))
=0

="+ ) P ) + (nxD)(p) vaw*f)(p]) pr
j=1 j=0

= (id#p* F)(p*) —p" ' = (@ + H(p") —p* 7,
giving the identity
Mitn) = T ((e+ ") —p* ). (10)
pY¥ln

2.6 Method VI: Proof by the orbit counting lemma

The orbit counting lemma or Cauchy-Frobenius-Burnside lemma can be stated
as follows. See, e.g., Bogart [4], Neumann [60], Rotman [64, Ch. 2], Wright [104]
for its proof, history and applications.

Lemma 3 Let G be a finite group and X be a finite set. Let b : G x X — X,
P(g,x) = gx (g € G, x € X) be an action of G on the set X. Let X/G be the
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set of orbits and let X9 = {x € X : gx = x} be the set of elements x € X fized
by g € G. Then

X/61= & ¥ X
geG

Apply this lemma in the case of G = U(Z,,) ={k (mod n) : (k,n) = 1}, the
group of units of the ring Z, of residue classes (mod m), which is a group of
order @(n), and X ={1,2,...,n}. For any k € U(Z,) and x € {1,2,...,n} let
P(k,x) = £, where kx = £ (mod n), which is a group action. Here X* = {x :
I <x<nkx=x(modn)} ={x:1<x <n,(k—1)x =0 (mod n)}. Note
that [X¥| = (k — 1,n).

To determine the number of orbits, we need the following lemma.

Lemma 4 Let a,b € Z and n € N be given integers. The congruence ax = b
(mod n) has solutions x such that (x,n) =1 if and only if (a,n) = (b,n).

This lemma shows that the orbits of the considered group action are Og =
{k:1<k<n,(k,n) = d}, where d is a divisor of n. Therefore, the number
of orbits is [X/G| = t(n). This completes the proof of identity (1).
Proof.[Proof of Lemma 4] Assume that there is a solution x = t satisfying
at = b (mod n) and (t,n) = 1. Then (at,n) = (b,n). Since (t,n) =1, we
obtain that (a,n) = (b,n).

Conversely, suppose that (a,n) = (b,n) = d. Let us denote A = a/d,
B =b/d, N =n/d. Then (A,N) = (B,N) = 1. Hence the linear congruence
Ax = B (mod N) has a solution x = x¢ (it has, in fact, one solution x modulo
N) satisfying Axg = B (mod N). Note that (Axp,N) = (B,N) = 1, hence
(xo, N) = 1. It follows that the solutions of the original congruence ax = b
(mod n) are xj; = xp + jN, where 0 <j < d — 1. We have to show that there
exist solutions xj such that (x;,n) = 1.

Let C =T[4, pin P where (C,N) = 1. By the Chinese remainder theorem,
for the simultaneous congruences y = xo (mod N), y = 1 (mod C) there
is a solution y = yp satisfying yo = xo (mod N), yo = 1 (mod C). Hence
(UO)N) = (XO)N) =1 and (y07C) =1

This gives (yo,n) =1 and Ayy = Axp = B (mod N). Hence ayy = b (mod
n), and yp is a solution coprime to n. ]

It can be proved that in the case (a,n) = (b,n) = d, the number of incon-
gruent solutions of the congruence ax =b (mod n) is

en) 1
on/a) ¢ H (1 p)' )
pin/d
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See Bibak et al. [3, Th. 3.1], Grosek and Porubsky [24, Th. 2] for the use of
two different approaches to deduce (11). Also see paper Garcia and Ligh [23],
defining a generalization of Euler’s totient function for arithmetic progressions,
and deducing the same formula (11).

2.7 Method VII: Proof by exponential sums
We have by denoting a —1=b,

Mn):= > (a—1n)= > (b

a (mod n) a,b (mod n)
(amn)=1 a—T1=b (mod n)
(an)=1

By the familiar orthogonality property

! : ]) if n | k,)
n > elkj/m) = {o e (12)
j (mod n) y oOtherwise,
we deduce that
1
M S 1 _
(=— 3 (bn) ) el(l—a+bl/m)

a,b (mod n) j (mod n)

:% Y e/ Y (bmelim) Y e(—aj/m).  (13)

j (mod n) b (mod n) a (mod n)
(am)=1

Here the last sum is Ramanujan’s sum cn(—j) = cn(j), and we use its
Holder’s evaluation, namely

 emum/G,n))
) = = oG

We also need the next result. See Téth [83, Prop. 7].

(yn eN). (14)

Lemma 5 For everyn € N and k € Z,

Z( e(ka/n) = Z de(n/d). (15)

a=1 dl(k,n)
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According to (13), (14) and (15),

M) = 2™ S i) Y deim/a) ((/(’“)))

j (mod n) d|(j,n)

and by grouping the terms of the last sum according to the values (j,n) = &
with j = 6t, (t,n/d) =1 we have

Z” qum/d S elt/(n/8),

dn d|s t (mod n/b)
(t,n/8)=1

the last sum being c,,/5(1) = u(n/d) by (14). This gives

Z i Z de(n/d) = 0 (16)
Sn dlé dek=n e

Z de Z 2(6)

dm=n ke=m (p(e))

where the inner sum is m/¢@(m) (Landau’s identity), and obtain

e S am=gm) Y 1= o).
dm=n dm=n

Proof.[Proof of Lemma 5] Using the Gauss formulan =3, ¢(d) we have

n n

Z(a, n)e(ka/n) = Z e(ka/n) Z e(d) = Z e(d Z e(ka/n)
a=1 a=1 d|(a,n) dn
d\a
n/d
=Y o(@) ekb/n/d) =Y Told= Y de(n/d),
dn b=1 d\n‘k d|(k,n)
n/d

applying (12). 0
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2.8 Method VIII: Another proof by exponential sums

Observe that

(17)

M:
o
|
:
lvl
M
Sy
|
2

a=1 b=1 a=1
(a,n)=1 (bn)=1 ab=1 (mod n)
since for every fixed b with T < b < n and (b,n) = 1 there is exactly one
integer a such that 1 < a <n and ab =1 (mod n), whence (a,n) = 1; and
for different values of b the corresponding values of a are different. Note that
the condition (b,n) =1 can be removed in (17), but we keep it and use it in
what follows.
By property (12) we deduce that

oyt =
—~Y e(—i/m) 3 Y (a—1,n)e(abj/n))
j=1 b=1 a=l
(byn)=1
According to (15),
Y (a—T,n)e(abj/n)) =) (a,n)e((a+1)bj/n))
a=1 a=1

=e(bj/n) ) de(n/d) =e(bj/n) ) de(n/d),

d|(bj,n) d(m)
with (b,n) = 1. This gives

n n/d
:T]led(p(n/d Z Z b—1)t/(n/d)),
" ot

where, by (12) again, the last sum isn/d if b =1 (mod n/d) and 0 otherwise.
Hence

=Y e/ Y 1= Y e/ 2Tk — gmn)

dn b=1 dn
(byn)=1
b=1 (mod n/d)
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by using Lemma 1. Note that Ramanujan sums are not needed here.
One may wonder whether this method works by using character sums in-
stead of exponential sums. Well, using the orthogonality property

1 —.y )1, ifu=v (modmn),
o(n) %X(u)X(V) B {O, otherwise, (18)

where the sum is over the Dirichlet characters x (mod n), from (17) we have

However, as well-known,
n . . .
@(n), if x =xo, the principal character
D x(b)= { 0 ’ ’ (20)
b=1 )

otherwise,

therefore (19) gives nothing but the definition of the sum M(n). On the other
hand, the sum

n
S (a—1,n)x(a)
a=1
can be computed for an arbitrary Dirichlet character (mod n), and it gives a
generalization of Menon’s identity. See Section 4.14.

2.9 Method IX: Proof via the finite Fourier representation of
n-even functions

A function f : N — C is said to be an n-even function — or even function
(mod n) — if f(k) = f((k,n)) for all k € N, where n € N is fixed and (k,n) is
the ged of k and n. Note that if f is n-even, then f is n-periodic, and by this
periodicity it can be extended to a function defined on Z. For example, the
function k — (k,n) is n-even. More generally, k — F((k,n)) is n-even, where F
is an arbitrary arithmetic function. Another example of an n-even function is
k — cn(k), where cq (k) is the Ramanujan sum, defined by (3), and evaluated
as
en(k)= ) du(n/d) (kneN).
d|(k,n)
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The set &, of n-even functions forms a t(n) dimensional linear space, and
the Ramanujan sums k +— c4q(k) with d | n form a basis of the space &,.
Consequently, every n-even function f has a (Ramanujan-)Fourier expansion
of the form

=Y afd)ealk) (keN), (21)

dn

where the (Ramanujan-)Fourier coefficients og(d) (d | n) of f are uniquely
determined and given by

ai(d) = 2 3 f(eJeneln/d)

en

:% > e(u=f)(n/e). (22)

eln/d

In order to deduce a Menon-type identity, related to the finite Fourier ex-
pansion of n-even functions, we need the following further preliminaries.
The Cauchy convolution of the n-periodic functions f and g is defined by

(fegk)= >  flagd) (keN).

a+b=k (mod n)

For example, the Cauchy convolution of the exponential functions f(a) =
e(as/n) and g(b) = e(bt/n) is

_ _ Jne(ks/n), if s =t (mod n),
(f®g)(k) = > e(as/n)e(bt/n) = {O

a+b=k (mod n) ) otherwise.

(23)
We need the following lemmas.

Lemma 6 If d | n and e | n, then the Cauchy convolution of the Ramanujan
sums a — cq(a) and b — ce(b) is

Y cd(a)ce(b)z{“cd(k)’ yd=e (24)

a+b=k (mod n) 0) otherwise.

Proof.[Proof of Lemma 6] Let n = dd; = ee;. Then

> calaeld)= Y Z e(aj/d) ) e(tb/e)
21

a+b=k (mod n) a+b=k (mod n) j=I
(3, d):1 (L,e)=
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d
- Z Z Z e(ajd;/n)e(ble;/n)

j=1 (=1 a+b=k (mod n)

d
=) 2 ne(kjd/n),

j=1 =1 _jdi=le; (mod n)

according to (23). Here 1 < dy <jd; < ddj =n, 1 < e; < le; < ee; =n,
hence jd; = ey (mod n) holds if and only if jd; = Le;, that is jd;de = Le;de,
jne = €dn, je = {d. Taking into account that (j,d) =1, ({,e) =1, we deduce
that j = € and d = e. Hence, if d # e, then the sum is zero (empty) and if
d = e, then it is

n Z e(jk/d) = ncq(k),
(J,d) 1

completing the proof. U

Lemma 7 Iff and g are n-even functions, then the Cauchy convolution f® g
s also n-even, and its Fourier coefficients are

Xfpg(d) =noar(d)ag(d) (d[n). (25)
Proof.[Proof of Lemma 7] We have

(fogl= Y  flag(b)

a+b=k (mod n)

= Z ZO{f(d)Cd(a)Z“g(e)Ce(b)

a+b=k (mod n) dn en
=Y Y wldagle) Y caladee(d) = Y nar(d)ag(dlea(k),
dn en a+b=k (mod n) din

by using (24). Since for d | n the function k — cq4(k) is n-even we deduce that
f ® g is also n-even, and its Fourier coefficients are no(d)og(d). O

See Haukkanen [29], McCarthy [49, Ch. 2], Montgomery [54, Ch. 2], Téth
and Haukkanen [92] for more details on these notions and properties.
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Now, for the proof of a Menon-type identity let f be an arbitrary n-even
function with Fourier coefficients a¢(d) (d | n). Consider the sum

Se(kym):= > f(k—D).
b (mod n)
(byn)=1

If f(b) = (b,n) (b € N) is the ged function and k = 1, then S¢(1,n) is
exactly the sum appearing in Menon’s identity.

For any n-even function f and any k € N the sum S¢(k,n) can be written
as

sikom)= Y flw= Y flasbn), (26
a+b=k (mod n) a+b=k(mod n)
(b,n)=1
which is the Cauchy convolution of the function f and the Kronecker 9, given
here by 6(b,n) =1if (b,n) =1, and 8(b,n) =0 if (b,n) > 1. Note that 0 is
n-even.

The main observation, which leads to the proof of a Menon-type identity is
that the function k — S¢(k,n) is also n-even, being the Cauchy convolution
of n-even functions, by Lemma 7.

The Fourier coefficients of § are

@(nju(d)

as(d) = Lea(n/d) = ek

(dlmn), (27)
the second equality being a consequence of Hélder’s evaluation (14) of the

Ramanujan sums.
Now, (26) and (25) imply that

Se(kyn) =n Y as(d)os(d)ca(k).
dn

By using (27) we deduce the following general identity, due to Cohen [18]
in an implicit form. See McCarthy [49, p. 85].

Theorem 2 Let f be an arbitrary n-even function with Fourier coefficients
ae(d) (d[n). Then

Se(kyn):= ) fk—b)=e(n) ) «ld)
b(g)nf)d:?) dn

o
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In fact, Cohen [18, Th. 1] stated the result of Lemma 7, and then presented
a series of corollaries, including formulas for the sums S¢(k,n) of above with
special functions f, e.g., f(b) = t((b,n)), o((b,n)), cn(b), (n,b)*, where c,(b)
is the Ramanujan sum, s is real. See [18, Cor. 2.2, 2.3, 7.2, 17.1].

Now we show how Menon’s identity is deduced from Theorem 2. Consider
the function f(b) = (b,n). If a | n, then we have

(uxf)(a Zf wla/d) = Zdu(a/d):(p(a).

dla dla

Therefore, by using (22) we deduce that the Fourier coefficients «(d) of the
function f(b) = (b,n) are

1
= Z ep(n/e).
en/d

We obtain that

_ oy = @) g p(d)
S(k,n) = Zn(k byn) =~ %(p(d)cd(k)Ze(p(n/e).

eln/d

Now let k = 1. Then c4q(1) = u(d) and with the notationn = dt, t =n/d =
ej,

S(1 ZHSZe(pn/e Zuj ),

dn en/d dej=n

which is identical to (16), and gives @(n)t(n).

2.10 Method X: Proof by Vaidyanathaswamy’s class division
of integers (mod n)

Group the elements a of the set S = {1,2,...,n} according to the values
(a,n) = d. Let Sg = {a € S: (a,n) = d}, where d | n. It is clear that
S = UgmSq and |S4q| = @(n/d) for any d | n. This leads to the Gauss formula
n= Zd\n (n/d) = Zd\n e(d)

Vaidyanathaswamy [93] defined the sum of the subsets Sq, and Sq, (d [ n,
dy | m), denoted by Sq, @ Sq,, as the multiset

Sq, ®Saq, ={x+y (modn):x € Sq,,y € Sg,}-
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The main related property proved in paper [93] is that in Sq, @ Sq, all ele-
ments of a class Sq occur the same number of times, denoted by y(ds, da, d),
which depends only on d;, d; and d. The coefficients y(d;, d2, d) can be eval-
uated in terms of the Ramanujan sums, which is a result of Ramanathan [62].

Lemma 8 1) For any di |n and d; | n one has

Sa, ® Sa, = (Jv(dr, dz, d)S4,
dn

where y(dy, d2, d)Sq means the multiset where each element occurs

1
v(di,dz,d) = o Z Cn/d; (8)Cnya, (8)cn s(d). (28)
Sn

times.
2) In the special case di = d; = 1 we have for any d | n,

v(l,hd)ch(n)H<1—1>- (20)

pn p—1

Now, for the proof of Menon’s identity we follow the arguments given by
Menon [50], and explain some more details by using properties of n-even func-
tions. Note that Menon [50] did not use the concept of n-even functions, which
has been introduced and investigated by Cohen in a series of papers, including
15, 17, 18].

Let f be an arithmetic function, let d; | n, d; | n and consider the sum

Fin,di,d):i= Y f((a+dzm)).

a (mod n)
(a,n):d1
The following property is needed. See below its proof.

Lemma 9 The sum F(n, dy, dz) is unchanged if dy is replaced by any integer
b such that (b,n) = d,.

By Lemma 9,

Fin,di,dy)= >  f({a+b,n)), where (b,n)=d,. (30)

a (mod n)
(a,n):d1
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If we sum equations (30) over the values of b, note that there are @(n/d;)
such values of b (mod n), we obtain

1
F = f((a+b
(n)dhdZ) (P(n/dl)ab(mzodn) ((a+ ,TL)),
(a,n):d]
(b)n):dz

and grouping the terms according to the values a + b = ¢ we have

F(Tl,dhdz):(p(rg/dz) > fllem) Y

¢ (mod n) a,b (mod n)
(a,n):d1
(b)n):dZ
a+b=c (mod n)
Here the inner sum is exactly the Cauchy convolution (p7 ® p2)(c) of the
functions p; and py, where

pj(a)z{]’ tlam)=dy 4, (31)

0, otherwise,

Since p; and p; are n-even, p; ® py is also n-even by Lemma 7, that is
(p1 ® p2)(c) = (p1 @ p2)((c,n)). We have

Findiyda) = obos 3 tllem)or @ p2)((e,n)

¢ (mod n)
d)( d
n/dz Zf ¢(n/d)(p1 @ p2)(d),

by grouping the terms accordlng to the values (c,n) = d. Observe that (p; ®
p2)(d) =vy(dy,dyz, d), given by (29). This leads to the following general result
of Menon [50, Eq. (4.5)].

Theorem 3 Let f be an arithmetic function, let n € N and di,dy | n. Then

D> flla+dym)) = n/dz Zf y(di, dz, d)(n/d).
a(mod n) din
((l,TL):d]

If d; = d; =1, then by (29) we deduce the next formula, given by Menon
50, Eq. (4.8)].
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Corollary 1 Let f be an arithmetic function and n € N. Then

> flla=1,n) =) flden/d) H<1—p]_]). (32)

a(mod n) dn pin
(a,n) =1 pJ[d

We remark that it can be showed by direct computations that

ot/ T (1= 15 ) =t X 20, (33)

pin sin/a P
ptd

and that for any function f,

5) (rf)(d)
Sy MOy o, o
; olds) o(d)
n 5\n/d dn
therefore (32), (33) and (34) imply formula (7), which reduces to Menon’s

original identity in the case f = id.
Proof.[Proof of Lemma 8] 1) According to its definition,

v(di, dy,d) = > 1=(p1 ®p2)(d),
a+b=d (mod n)
(a»n):d]
(b»n):dz

representing the Cauchy convolution of the functions p; and p;, given by
(31). As mentioned above, the function p; ® p; is n-even. Also, the Fourier
coefficients of p; (j =1,2) are

1
o, (d Z pie)ense(n/d) = —cn/q(n/d) (d[n).
en
Therefore, by Lemma 7, the Fourier coefficients of p; ® p; are

pr002(Q) = Ly (0/d)enay(n/d) (d]n),

and from the Fourier representation (21) we obtain identity (28).
2) If dy = d; = 1, then (28) implies (29) by direct computations using
properties of the Ramanujan sums. O
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Let dy, dy, d be divisors of n. It can be shown that y(d;, dz,d) = 0, unless
(d1,d2) = (di,d) = (d2,d) = 5, when

_e(n/di)e(n/d;) 1
vidi, dy,d) = LHELES pl}é (1 p_]).

ptd/s
ptdy /6
ptd2/8

For d; = d; =1 this recovers formula (29). See Haukkanen [28] and Sivara-
makrishnan [72, Ch. XV] for more details.
Proof.[Proof of Lemma 9] Consider the functions g(a) = f((a,n)) and pq, (a),
defined by (31), which are n-even functions. Also

Fin,di,da) = > pgla)gla—d)= Y  pa (a)g(b)

a (mod n) a+b=d; (mod n)

= (pg, x g)(d2),
the Cauchy convolution of the functions pgq, and g. Therefore the function
d; — F(n,dy, dy) is also n-even (where d; is fixed). So, if (b,n) = d;, then
F(T'L, d])b) :F(Tl, d])(b)n)) :F(T'L, d])dZ)- U

3 Historical remarks

3.1 Remarks on the paper by Menon

Menon [50] gave three different proofs of (1). His first proof is by using the
orbit counting lemma. See Section 2.6. The third proof is by using Vaidyana-
thaswamy’s class division of integers (mod n). See Section 2.10. The second
proof given by Menon [50] is purely number-theoretic, by using multiplicative
functions of several variables. Namely, he proved the following result. See the

survey paper by the author [86] on multiplicative functions of several variables.
Also see Subbarao [74].

Lemma 10 ([50, Lemma]) Let f be a multiplicative arithmetic function of
T variables and let Py € Z[x] (1 <1< 7) be polynomials. Then the function

n

F(n):= ) f((Pi(a),n),...,(Pr(a),n)) (35)

a=1

is multiplicative in the single variable n, where (Pi(a),n) (1 < i < r) is the
gcd of Pi(a) and n.
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For the proof, he showed that for any nj,n, € N with (n;,n,) = 1 one
has F(nyny) = F(ny)F(ny). Then, by applying Lemma 10 in the case v = 2,
Pi(x) = x — 1, P2(x) = x and f(n;,ny) = f(n;)Eo(ny), where Ey(n) = 1 for
n> 1, Eo(1) =1, the following result is deduced.

Theorem 4 ([50, Th. 1]) Let f be a multiplicative arithmetic function of a
single variable. Then

Y fla-1,m=T] ch S -y | (30
a=1 pYin
(an)=1

Here (36) is the same as identity (10), deduced by different arguments, and it
has been recovered by Sivaramakrishnan [70, Th. 6.1] by the theory of n-even
functions.

By selecting f(n) =n in Theorem 4 we have the original identity (1). Some
other particular choices of f are also given. For example, see [50, p. 159],

i o((a—1,n)) —nH< +V—p), (37)

a=1 pYin
(a,n)=1
= 2v4+1 v
Z (p((a—l,n)):nH<1+v— +2>. (38)
a=1 pVin P 4

(ayn)=1

The case f(n) = n* has been treated by Sivaramakrishnan [69]. It has been
pointed out by Tarnauceanu [78, Cor. 2], applying the weighted form of the
orbit counting lemma that

Y glla—T1,n)) = @(n)o(n), (39)

(ayn)=1

where g = id @ x 1, i.e.,, g(n) = Zd‘n de(d). Here (39) immediately follows
from identity (7).
Menon also proved the following result, related to the ged-sum function (4).

Theorem 5 ([50, Th. 2]) Let f be a multiplicative arithmetic function of a
single variable. Then

Zf((az—an H ZZ(p v) —pV . (40)

a=1 pYIn | j=0
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Then he presented some of its corollaries. For example, see [50, p. 161],
Z o((a? — a,n)) = nt(n?).

Certain generalizations of (40) have been given by Venkatramaiah [96].
Note that by the convolution method, similar to that given in Section 2.4,
for the function (35) one has

LELIP I T CRLC

din,...,drIn

valid for any function f of r variables, where . is the r variables Mobius
function, defined by w.(di,...,d;) = u(dy)---u(dy), *+ is the r variables
Dirichlet convolution, and N(dy, ..., d;) denotes the number of solutions (mod
[dq,...,d;]) of the simultaneous congruences P;(x) = 0 (mod d;), ..., Pr(x) =0
(mod d;). If f is multiplicative, then the convolution representation (41) shows
that F is also multiplicative, and its values can be computed for special choices
of the polynomials Py(x),...,P:(x). This is remarked by Haukkanen and Téth
[35, Remark 3.2].

3.2 Some more remarks

The orbit counting lemma was also applied by Richards [63] and Fung [22]
to deduce Menon’s identity (1). They do not cite the paper by Menon [50].
Richards [63] also proved the following result: Let G be a group of order n and
let ¢(G) denote the number of its cyclic subgroups. Then ¢(G) > t(n) with
equality if and only if G is cyclic.

It was noted by Sivaramakrishnan [68] that for every n € N,

n

> b((a,n)) = e(n)t(n), (42)

a=1

where b(n) = prm(pv_] ), called Venkataraman’s block-function in [68]. We
remark that b(n) is identical to the unitary Euler function @*(n), defined by
Cohen [20] as the number of integers a such that 1 < a <n and (a,n), =1,
where (a,n), =max{d e N:d | a,d || n}.

In fact, if f is an arbitrary function, then

P¢(n) == Z Z f(d)e(n/d), (43)
a=1

dn
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the Dirichlet convolution of the function f and the Euler function ¢, which
follows by grouping the terms according to the values (a,n) = d. If f = id, then
this reduces to identity (4) regarding the Pillai function P. If f is multiplicative,
then P¢ is multiplicative as well. Now identity (42) is an easy consequence of
(43).

Another direct consequence of (43) is the polynomial identity

[T (e —1) =TT (= 1), (44)

a=1 dn

valid for every n € N, which is formally obtained for f(n) = log(x™ — 1), and
may be compared to the well-known identity

O, (x) = H (xd B ])u(n/d)

dn

concerning the cyclotomic polynomials @ (x).

Menon’s identity (1) and some of its generalizations are included in the
following textbooks and monographs: Freud and Gyarmati [21, Ex. 6.1.16],
McCarthy [49, Chs. 1,2], Niven, Zuckerman and Montgomery [61, Ex. 4.2.25],
Sivaramakrishnan [72, Ch. VIII], [73, Ch. 7].

4 Generalizations and analogs

4.1 Identities for f((a —1,n))

As already mentioned in Sections 2.10 and 3.1, Menon [50] evaluated the sum

n

In the case f is an arbitrary arithmetic function, he deduced identity (32),
which may be compared to (43), concerning the ged-sum function. If f is a mul-
tiplicative function, then My is also multiplicative, and Menon [50] obtained
identity (36).

For an arbitrary function f, identity (7) was proved by Sita Ramaiah [67,
Th. 9.1] in a more general form, concerning regular systems of divisors (see
Section 4.9) and k-reduced residue systems (see Section 4.6). For the special
choices of f = o and f = ¢ see identities (37) and (38), respectively. Several
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other functions can be discussed. For example, if f(n) = w(n) = )_
one has

pin 1, then

Mo(n)i= 3 wlla—1,m) = o(m) ¥ 1,
a=1

= n
(am)=T 4

and if f(n) = log(x™ — 1), then one obtains

ﬁ (X(a—un) _ 1) = [ @alx)em/e@), (45)

a=1 din
(amn)=1
being a counterpart of identity (44). We are not aware of any references for
(44) and (45).
A slightly different type of identity is the following. Let k, mq,...,my € N,
M = [my,...,my]. T6th [82] proved by number-theoretic arguments, as a
special case of more general identities that

1 _ @(di)---o(dy)
oV > (a=lmy)cla=Tm) = ) cp([d1,...,dk])'(46)

a (mod M) dimy,...,dic/my
(a,M)=1

If k =1, then (46) reduces to Menon’s identity (1). Note that, according to
the orbit counting lemma,

1
— (a—1,my)- - (a—1,my),
() Z 1) x)
a (mod q)
(aaq):]

where q = my - - - my, represents the number of cyclic subgroups of the group
Cm, X+ X Cpy,.

4.2 Identities concerning n-even functions f

The proof of the next identity only uses the definition of n-even functions
and no further properties of them. It is given by Téth [87, Th. 2.1] in a more
general form.

Theorem 6 Letn € N, s € Z and let f be an even function (mod n). Then

_ (pxf)(d)
Z fla—s) =@(n) Z ol (47)

a (mod n) din
(amn)=1 (d,s)=1
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Proof.[Proof of Theorem 6] Since f is an even function (mod n), for every
k € N we have

f(k) =f((k,n) = > (nxf)(d),

d|(k,n)
and we follow Method IV:
n n
S oflamsi= Y Y wen@= Y Y (ks
a (mod n) a=1 d|(a—s,n) a=1 dla—s
(a,n):] (G.,Tl):1 (a\n):1 d‘n
n
=2 (@ » 1
dn a=1
(a,n)=1
a=s (mod d)

By Lemma 1 the inner sum is @(n)/@(d) if (d,s) = 1 and 0 otherwise,
which proves identity (47). O

If f(a) = (a,n), then (47) gives

Y (a—s,n=em) Y, (48)

a (mod n) din
(am)=1 (dys)=1
which reduces to Menon’s identity (1) for s = 1. If f(a) = cn(a), the Ramanu-
jan sum, then (47) gives the first identity of the formulas

Y wla-s—om ¥ HYD_ymens), @9

a (mod n) dn
(amn)=1 (d,s)=1
the second one being the Brauer-Rademacher identity. See [49, Ch. 2]. Com-
pare (49) to (2).

4.3 Geometric and harmonic means of (a—1,n) with (a,n) =1

Menon’s identity shows that T(n) is the arithmetic mean of the values (a—1, 1),
where a runs over a reduced residue system (mod n). The following identities
are concerning the geometric and harmonic means of these values, denoted by
G(n) and H(n), respectively. One has, for any n € N,

n 1/9(n)
6w ( I] ta=tm)  =TTve" (50)

a=1
((l,n):]
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where

and

o 2 ) (- ()

a=1
(amn)=1

(51)
using the notation n =T p pYr(m,
Identity (50) was obtained, in a more general form by Sita Ramaiah [67,
Cor. 9.3]. For the proof choose f(n) = logn in (7) and use that p*log = A,
the von Mangoldt function. This gives

A
log G(n Z log(a—1,n) =¢(n )Z({)Egy
(an) 1 din

which is not multiplicative, but can be computed, leading to formula (50).
To prove (51) choose f(n) = 1/n in (7) and note that (uxf)(p¥) = (1—p)/p"¥
for every prime power p¥ (v > 1).

4.4 Identities using a polynomial P

Richards [63] stated without proof that for any polynomial P with integer
coefficients one has

S (Pla)n) = o(n) Y Ne(a), (52)
a=1 din
(an)=1

where Np(d) is the number of incongruent solutions x of the congruence P(x) =
0 (mod d) such that (x,d) =1.

A short proof is the following. By the Gauss formula )_ dan ©(d) =1 the left
hand side of (52), say R, is

=) ¢(d e )

a:1 d| P(a),n) dn a=1
(an)= (am)=1
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According to Lemma 1, to each such solution x one correspond @(n)/¢@(d)
solutions y (mod n) such that (y,n) = 1. Hence

R;@ OTINy )=<p(n);Np(d)
dn dn

If f(x) =x — s with s € Z, then (52) implies identity (48).
In fact, we have the following more general result of which proof is similar.

Theorem 7 If f is an arbitrary function and P(x) is any polynomial with
integer coefficients, then

Mip(n)i= 3 flP(a),m) = o(m) ¥ 20N, (59)
a=1 lel
(amn)=1

If f is multiplicative, then My p is also multiplicative. The case of the polyno-
mial P(x) =% (j € N) and general identities concerning systems of polynomials
have been discussed by Té6th [82].

4.5 Identities concerning parameters m,n,t
It was proved by Sivaramakrishnan [68], in a slightly different form, that

t

M(m,n,t) = Z] (a—1,n) = t(p(n;)'t(n) H (1 — (v+v1)p> ,  (b4)
a= pVing

(a,m)=1

where m,n,t € N such that m|[t, n |t and n; =max{d e N:d |n,(d,m) =
1} If m =n = t, then M(n,n,n) = M(n), that is, (54) reduces to (1). Sivara-
makrishnan [68] pointed out that if t = [m,n], the least common multiple of
m and n, then M(m,n,[m,n]) is a multiplicative function of two variables.
However, if n | m and t = m, then it follows from (54) that

Z (a—1,n) = p(m)t(n). (55)

a=]
(a,m)=1
Identity (55) was recently obtained by Jafari and Madadi [38, Cor. 2.2], as a
corollary of the following group theoretic result, without referring to the paper
[68], by using the orbit counting lemma. Let G be a finite group of order m
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and let n be a divisor m. Let Ag(n) denote the number of cyclic subgroups
of G of which orders divide n and let Bg(n) denote the number of solutions
in G of the equation x™ = 1. Then, see [38, Th. 2.1],

Aclm) = — o5 3 Balla—1,m)).

(a,m)=T

A short direct proof of (55) can be obtained, e.g., by Method IV:
m

m m
Z a—1,n) Z Z e(d) = Z e(d) Z 1.
a=1 a=I (a—1m) dn a=]

(aym)=1 a,m)=1 (a,m)=1
a=1(mod d)

Here d | n and n | m imply that d | m, and the inner sum is @ (m)/@(d) by
Lemma, 1, with m instead of n.

4.6 Sums over k-reduced residue systems (mod n*)

Let k € N and let (a,b)y denote the greatest common k-th power divisor of
a,b € N. A k-reduced residue system (mod n*) is defined as the subset of
elements a of a complete residue system (mod n*) such that (a,n*), = 1. If
k =1, then this is the usual notion of a reduced residue system (mod n).

The number of elements in a k-reduced residue system (mod n*) is denoted
by ¢x(n), function introduced by Cohen [14]. Here ¢1(n) = @(n). Also see
Cohen [16].

Note that ¢x(n) = Jx(n), the Jordan function, for every n,k € N. A di-
rect proof is the following: Consider the set A = {a € N: 1 < a < nk.
Group the elements a of A according to the values (a,n*), = d*, where
d | n. Here a = d*b, with 1 < b < (n/d)* and (b,(n/d)*) = 1. B
the definition of the function ¢y, the number of such elements a is exactly
c[)k(n/ d). Therefore, n* = 5 dan Px(n/d). By Mobius inversion we deduce that
brn) = 3 g, du(n/d) = Ji(n).

Nageswara Rao [56, Th. 2] proved by using n-even functions that

S (a—sn5 = deln)tn),
a (mod nk)
(a)nk)k:]

where s € Z, (s,n*)x = 1. For k = 1 one has Menon’s identity.
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4.7 Identities with (a,n) € S, where S is a subset of N

Let S be an arbitrary nonempty subset of N. Define the function pug by pus*1 =
ps, where pg is the characteristic function of S. That is,

1, ifnes,
Zus(n)z{o

an ,  otherwise.

Furthermore, let @g(n) denote the number of integers a (mod n) such that
(a,n) € S. It can be shown, see Cohen [19, Cor. 4.1], that @s = ps *id, that
is,

es(n) =) dus(n/d) (neN).
dn

If S = {1}, then py, = p and @y = @ are the classical Mébius function
and Euler function, respectively. If S is the set of squares, then pg = A is the
Liouville function and ¢s = 3, given by

B(n) =) dA(n/d),

dn

which is identical to the alternating sum-of-divisors function. See the author
[85]. Several other special choices of S can be investigated. To mention a further
one, if S is the set of k-th power free integers, then @s is the Klee function.
See Klee [40].

If S is an arbitrary subset, n € N and s € Z then

Y (a—1n) = (idx(us x 9))(n), (56)
a (mod n)
(an)es

and
Y cla—s,m) = ps(nen(s), (57)
a (mod n)
(an)es
which reduce to Menon’s identity (1), respectively (2) if S ={1}.
A subset S of N is called multiplicative if 1 € S and the characteristic
function pg is multiplicative. In this case

> (a=1mn) =TT (PE)+esp)—pY), (58)
a (mod n) PYin
(an)es
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where P is the gecd-sum function.
In particular, if S is the set of squares, then we have

> -1 =TT (e -Br*") (59)

a (mod n) pYin
(a,n) is a square

and

Z cla—s,n) =A(M)cn(s). (60)
a (mod n)
(a,n) is a square

Identities (57) and (58) have been deduced by Haukkanen [26, Th. 3.1, 3.2]
by finite Fourier-expansions. They can be proved by different arguments as
well, e.g., by Method V, which also leads to the general identity (56), to be
compared to (9). In the case when S is the set of squares, identity (59) was
obtained by Sivaramakrishnan [71, Th. 6.2], and identity (60) by Haukkanen
and Sivaramakrishnan [33, Sect. 4].

A Menon-type identity related to Klee’s arithmetic function was discussed
by Chandran, Thomas, and Namboothiri [7].

4.8 Unitary analogs

Let (a,b), denote the greatest divisor of a which is a unitary divisor of b.
Nageswara Rao [55] proved via the ,,unitary” version of Method X that

2 (a=Tn). =" () (n), (61)
a (mod n)
(an)«=1

where @*(n) = Hvan(pV—1 ) is the unitary Euler function and t(n) = Zdun 1

is the unitary divisor function. Note that T*(n) = 2°M where w(n) = me 1.
Short direct proofs can be given by Methods I-V as well, using properties
of unitary functions. Some related identities are

Z (a—1,n):H((V—H)pv—vpv’]—o, (62)

a (mod n) pYin
(an)s=1
> (a=tm.=]] (22 —p""-1), (63)
a (mod n) pYIin
(an)=1

where (62) is a special case of identity (64), and we are not aware of any
reference for (63).
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4.9 Regular systems of divisors

Let A(n) be a subset of the set of positive divisors of n for every n € N. The
A-convolution of the functions f, g : N — C is defined by

(fxag)m)= ) f(d)g(n/d) (neN).
deA(n)

Let A denote the set of arithmetic functions f : N — C. The system A =
(A(n))nen of divisors is called regular, cf. Narkiewicz [57], if the following
conditions hold true:

(a) (A,+,*a) is a commutative ring with unity,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the constant 1 function has an inverse pp (generalized Mobius function)
with respect to xa and pa(p¥) € {—1,0} for every prime power p¥ (v > 1).

It can be shown that the system A = (A(n))nen is regular if and only if

(i) A(mn) ={de:d € A(m),e € A(n)} for every m,n € N with (m,n) =1,

(ii) for every prime power p¥ (v > 1) there exists a divisor t = ta(p¥) of v,
called the type of p¥ with respect to A, such that

Alp') ={1,pp*,...,p"
for every i € {0, 1,...,v/t}.

Examples of regular systems of divisors are A = D, where D(n) is the set of
all positive divisors of n and A = U, where U(n) is the set of unitary divisors
of n. For every prime power p¥ (v > 1) one has tp(pY) = 1 and ty(p") = v.
Here xp and *y are the Dirichlet convolution and the unitary convolution,
respectively.

For properties of regular convolutions and related arithmetical functions we
refer to Narkiewicz [57], McCarthy [48, 49] and Sita Ramaiah [67].

Let ta(n) =) 4¢ A(n) 1 denote the corresponding divisor function and let

oam) = Y 1,

a (mod n)
(an)a=1

be the generalized Euler function, where
(a,n)a =max{d e N:d|a,d € A(n)}.
If A is a regular system of divisors, then one has
> (a—1,n)a = @a(m)Ta(n),

a (mod n)
(a)n)/\:1
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proved by Sita Ramaiah [67], in a more general form, which recovers identities
(1) and (61) in the cases A = D and A = U, respectively. Further general-
izations with respect to n-even functions of several variables were given by
Haukkanen and McCarthy [32].

4.10 A generalized divisibility relation

Haukkanen [27] defined a generalized divisibility relation on N as follows. For
every prime p let f, : N — N U {0} be a function and let f = (f,),cp be the
system of these functions. We say that { is a divisibility relation of type f if

1)1 :nforallneN,

2) for every prime p and v € NU{0}, if d ? p¥, then d = p* for some
1e{0,1,...,v},

3) d ! n if and only if p¥»(4) ) p¥»(V for all primes p, where d = [Trer pvr(d
and n=J[ cp p*»(™ are the canonical factorizations of d and n,

4) for every prime p and v € N, f,(v) is the smallest integer i € {1,2,...,v}
such that p' ¢ p¥ if such i exists, and fp(v) = 0 otherwise.

It is clear that if d ! n, then d | n. The usual divisibility relation | is a
divisibility relation of type (1,1,...), where 1(v) = 1 for all v € N and all
p € P. The unitary divisibility relation || is a divisibility relation of type
(id,id,...), where id(v) = v for all v € N and all p € P. More generally, if A is
a regular system of divisors (see Section 4.9), then the A-divisibility relation
|a, where d [o nif and only if d € A(n) is a divisibility relation of type f = (f})
with f,(v) = ta(p¥), the type of p¥. Some more examples were also given in
[27].

Let @ be a divisibility relation of type f. We denote (m,n), = max{d : d |
m,d ¢ n}. The generalized Euler function ¢,(n) is defined as the number of
integers a (mod n) such that (a,n), =1.

Haukkanen [30, Cor. 4.1] proved that for every n € N,

5 y @(d)ng
—1 = _—
(a)n)l:]

where @ is the classical Euler’s function and ng = Hpvlln,p\ apY

Schwab and Bede [66] considered the ”odd-divisibility” relation |g defined
by d |g n if and only if d is odd and d | n. They refer to the paper by
Haukkanen [30], remark that this is a divisibility relation of type (6,1,1,...),
where 0(v) =0 (v € N), and as an application of (64) deduce that for every
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Z (a—1,n) =@g(n) (T(T\.) — ;Tz(n)> ,

a (mod n)

(an)g=1
where (a,n)g denotes the greatest common odd divisor of a and n, @g(n) is
the number of integers a (mod n) such that (a,n)g = 1, T(n) is the number
of divisors of n, and T;(n) is the number of even divisors of n.

4.11 Regular integers (mod n)

An integer a is called regular (mod n), if there exists an integer x such that
a’x = a (mod n), i.e., the residue class of a is a regular element (in the sense
of J. von Neumann) of the ring Z,, of residue classes (mod n).

Let n > 1 be an integer with prime factorization n = pj' ---p}r. It can be
shown that the following three statements are equivalent: (i) a € N is regular
(mod n), (ii) (a,n) || n, (iii) for every i € {1,...,r} either p; f a or p;* | a.

Let Reg, ={a:1 < a < n, aisregular (mod n)} and let p(n) = # Reg,
denote the number of regular integers a (mod n) such that 1 < a < n. One
has p(n) = 3_ 4, @(d). See Téth [79] for more properties.

Apostol and Toth [1 Prop. 5.3.1] proved that

Z (a—1,n) Z(p H(pv_](p—1)(v+1)+1).

a€Reg,, din pYin

4.12 Multiple sums

Nageswara Rao [56, Th. 1] proved by the theory of n-even functions that

n
> lari—sheac—spn)* =Jn)tn)  (kneN), (65)
aqyee, @ =1
(@ryeenyar,m)=1
where s1,...,5k € Z, (s1y...,5k,n) = 1 and Ji(n) =nk ]_[p‘nﬂ —1/p¥) is the

Jordan function of order k.
Haukkanen and Sivaramakrishnan [34, Th. 9] deduced, also by using n-even
functions that

n

Z (a1_])"')ak_])n):Ik(n)zsk:d) (k,T’LEN), (66)

A7y Q=1 dn
(a1yemnyay,n)=1
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where ¢ (d) = Jx(d)/@(d) is the number of cyclic subgroups of order d of the
group Zgq X - -+ X Zq with k factors.
Sury [75] used the orbit counting lemma to prove the following identity:

n

Z ((11 _])QZ)---)ak)n) :(p(n)(Yk,](Tl) (k,TLEN), (67)
a1,a2,y...,a =1
ged(ag,n)=1

where os(n) =34, d°.
For k=1 all of (65), (66) and (67) recover Menon’s identity.

Direct proofs of these and other similar identities (see, e.g., [95]) can be
given by Method IV, for example. To deduce (65) write

n
T:= Z (@) —s1,..., a5 — sk, )<

A7 yeeny Q=1
(@yeenyay,m)=1

= ) > Ji(d) =

aqyeeny @y =1 dl(a;—s7,e.,ax—sk,mn)
(atyenyay,m)=1

=Y hld) > > ()

din a;=s; (mod d) 8|(ar,...,ax,n)=1
1<j<k
=Y K@) we) Y T,
dn 3n 1<b;<n/s
Sb]'ESj (mod d)
1<5<k

where the linear congruences db; = s; (mod d) (1 <j < k) have solutions bj if
and only if (d,0) [ s; (1 <j < k), equivalent to (d,8) =1, since (d,d) | n and
(s1y...,8k, ) = 1 by the given condition. If (d,d) = 1 is satisfied, then each
congruence has one solution (mod d) and n/(dd) solutions (mod n/6). Hence

k (d) (8)
=Y e Y ow) () =Y E Y AR
dn sn dn Sn

(d,8)=1 (d,8)=1

nk Ji(d) Ji(n)/
% e Ik T/ = Tne(n,
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completing the proof of (65).
T6th [84, Prop. 2.7] proved by arithmetic arguments that for every n,k € N,

n

S (@-ac—T1,n) = e(m)Ft(n),

QA7 yeeny Q=1
(ay--ax,n)=1

which reduces to Menon’s original identity for k = 1.
Another multidimensional generalization of Euler’s arithmetic function and

of Menon’s identity has been obtained by Téth [90]. For k € N let define the
function @y (n) as

n
en) = Y 1,
aqyeeey @ =1
(@1--ax,n)=1

(a1+++ag,n)=1

where @1(n) = @(n) is Euler’s function.
Let f be an arbitrary arithmetic function. Then for every k,n € N,

n

(= f)(d)

Y o fllatFa—Tm)=en) ) (68)
o=, ¢(d)
TyeeryQx= d‘T‘L
(ay--ay,n)=1
(a1+-+ag,n)=1
If f =1id, then

n

Y (a4 Fa—1,n) = e(n)T(n). (69)

ai ,...,(lkZI

(ar-ay,mn)=1
(a1-+-+ay,n)=1

In the case k = 2 (69) has been proved by Sita Ramaiah [67, Cor. 10.4] in
the general setting of regular convolutions and k-reduced residue systems.

4.13 Identities for arithmetic functions of several variables

Let f be an arithmetic function of k variables. Haukkanen and Téth [35] con-
sidered (in a more general form) sums of type

Z Z f((Cu—1,n1),...,(ak_]>nk))'

1<a1<ny 1<ap<ny
(ar,my)=1 (ax,nik)=1
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In fact, they deduced common generalizations of the Menon-type identities
by Sivaramakrishnan [68] and Li, Kim, Qiao [47]. In particular, an explicit

formula was proved in the case f(ny,...,ny) = [nq,...,nyl, the lem function.
If ny =+ =ny =n, then it gives (see [35, Cor. 4.2]): For any n,k € N,
Z Z 0.]—] Tl )(ak_])n)]
1<a1 <n 1<ak<n
((1] ,T'L):] (ak»n):]
T 1+kv+Z < > L <1—].)
PYin (p - ]))(P] - ]) pY

If k =1 we recover Menon’s identity (1).
See the paper by Haukkanen and Wang [36] for a general identity with
respect to a set of polynomials.

4.14 Identities concerning Dirichlet characters
Zhao and Cao [105] proved that

n

Y (a—=1,n)x(a) = @(n)t(n/d), (70)

a=1

where x is a Dirichlet character (mod n) with conductor d (n € N, d | n).
If x is the principal character (mod n), that is d = 1, then (70) reduces to
Menon’s identity (1). If x is a primitive character (mod n), i.e., d = n, then
(70) gives

n

5 (a—T,nx(a) = p(n). (71)

a=1

Note that the sums in (70) and (71) are over (a,n) =1, since x(a) = 0 for
(a,n) > 1. Zhao and Cao [105] first proved formula (71) and then deduced
identity (70) by using the fact that every Dirichlet character is induced by a
primitive character. They showed that the left hand sides of (70) and (71) are
multiplicative in n and computed their values for prime powers.

Generalizations of (70) involving n-even functions have been deduced by
Té6th [87], using a different approach based on direct manipulations of the
corresponding sums, valid for any integer n € N. We quote here only the
following result, having a simple proof. See [87, Th. 2.7]. Let x be a primitive
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Dirichlet character (mod n), where n € N. Let f be an even function (mod n)
and let s € Z. Then

n
D fk—s)x(k) = (= f)(n)x(s).
k=1
For the proof, use that for every even function f,

f(k) =f((k,n) = > (nxf)(d),

d|(k,n)

and that for a primitive character x (mod n), and for any d | n, d < n and
s € X,

k=1
k=s (mod d)
We can deduce
S flk—six( =3 x(k Y (uxfe)
k=1 k=1 e|(k—s,n)
=) (wxf)le) Y x(k)=(uxf)(n)x(s).
eln k=1
k=s(mod e)

Further generalizations have been given by Chandran, Namboothiri, Tho-
mas [6], Chen [10], Li, Hu, Kim [45, 46], T6th [88].

4.15 Identities concerning additive characters

We use the notation e(x) = €™ and n = HpE]P’ p»(. For every n € N,
kezZ,

n

S(n, k) == Z(a— 1I,n)e(ak/n) =e(k/n) Z de(n/d),

a=1 d|(n,k)

being an identity related to the discrete Fourier transform (DFT) of the ged
function. See Lemma 5.
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Li and Kim [44] proved that for every n € N, k € Z such that vp(n)—vp(k) #
1 for every prime p | n one has

n

S (k)= ) (a—1,n)e(ak/n) = e(k/n)e(n)r((n, k),

which reduces to Menon’s identity (1) in the case n | k. Furthermore, Li and
Kim [44, Th. 3.5] established a formula for S*(n, k), valid for every n € N and
k € Z. This was generalized and proved using a different method by Téth [89].

4.16 Identities with respect to sets of units

Let Z}, denote the group of units of the ring Z,,. Let S be an arbitrary nonempty
subset of the group Z;, and let Z denote the character group of Z;. Caituve
and Miguel [5] proved, that for every n € N,

Msg(n) ::Z (a—1,n) Z T(n/dy) ZX (72)

aes XEZT’Q aes

where dy is the conductor of the character x, and X stands for the conjugate
of x. If S =Z}, then (72) reduces to Menon'’s identity (1) by using (20).
Here is the proof: According to relation (18),

if x =
5. ZX {1, if x (.1(modn),

0, otherwise,
xGZ*

hence

Zé {, ifaes,

es 0, otherwise,

and deduce that

Ms(m)= > (a—1,n)ds(a) = > (a—1,n)) 5,(a)

aezy, aezy, X€S
1 _
= o 2 @=Thm Y 3 xtxla)
@ aeZy, X€S xeiﬁ

Z ZX Z (a—T1,n)x(a).
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Now application of the result (70) by Zhao and Cao [105] finishes the proof
of (72).

We note that Caitve and Miguel [5] proved (72) in a more general form,
namely for multiple sums and several subsets of Z;, and investigated the case
when these subsets are subgroups of Z;,.

4.17 Identities derived from group actions by the orbit count-
ing lemma

Another kind of generalizations of Menon’s identity, based on applying the
orbit counting lemma to certain group actions have been obtained by Tarna-
uceanu [76], Li and Kim [43]. Namely, they considered certain subgroups of
GL,(Zyn) acting on ZI . For example, taking the subgroup of the upper tri-
angular matrices in GLy(Zy), Li and Kim [43, Th. 2.4] proved the following
result.

If n,r € N, then

> [T/ r,m) =m0 (m) s, (n), (73)
aij k=1

where the sum is over all aj (1 <1i,j < 1) such that 1 <ay <n (1 <4,j <)
and (aij,n) =1 (1 <i<r), dg is the ged of all k x k minors of the matrix

(111—1 an alr
0 Clzz—] azy
0 0 cer Qpr— 1

for k > 1, do = 1, by convention 0/0 = 0 for dy/dx_1, and T,.1(n) =
> dydrdysg—n 1 is the Piltz divisor function. Note that this corrects the corre-
sponding result obtained by Tarnauceanu [76]. If r = 1, then (73) reduces to
Menon'’s identity (1).

Some other Menon-type identities have been obtained by Wang and Ji [101]
and Tarnauceanu [77], by using the action of subgroups of U(Zy) on the set
Zn, and the action of the power automorphism group of G on G, where G is
a finite abelian group, respectively.

4.18 Identities concerning subsets of the set {1,...,n}

For a nonempty subset A of {1,2,...,n}let (A) denote the gcd of the elements
of A. The subset A is said to be relatively prime if (A) = 1, i.e., the elements of
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A are relatively prime. Let f(n) denote the number of relatively prime subsets
of {1,2,...,n}. For every n € N one has

fn) =3 u(@) (24 - 1), (74)

d=1

where |x| is the floor function of x.
A similar formula is valid for the number fy(n) of relatively prime k-subsets
(subsets with k elements) of {1,2,...,n}. Namely, for every n,k € N (k <n),

fm) = 3w (). (75)
d=1

Furthermore, consider the Euler-type functions ®(n) and @ (n), represent-
ing the number of nonempty subsets A of {1,2,...,n} and k-subsets A of
{1,2,...,n}, respectively, such that (A) and n are relatively prime. Observe
that ®1(n) = @(n) is Euler’s function. One has ®(1) =1,

d(n) = Z w(d)2vV¢ (meNn>1),
din

and for every n,k € N (k <n),

oin) = Y ua) ("),

dn

The functions f, fy, @ and Oy have been defined and investigated by Nathan-
son [58]. Also see Téth [81] and its references.
Define the sum M(n) by

M= Y ((A)-1n),

PAAC{1,2,...,n}
(A),n)=1

taken over all nonempty subsets of {1,2...,n} such that (A) and n are rela-
tively prime, where ((A) — 1,n) denotes the ged of (A) — 1 and n. Also, for
1<k<nlet

Mcn):= Y ((A)=1,n),

AC{1,2,...n}
HA=k
((A)n)=1



188 L. Téth

the sum being over the k-subsets of {1,2,...,n} such that (A) and n are rela-
tively prime. Observe that the sums M(n) and My (n) have ®(n), respectively
Dy (n) terms.

T6th [91] proved the following identities. For every n,k € N,

n/d

M) =Y old Y uo) Y fQ;D
dn dn j=1
(5,d)=1 §=1(mod d)
n/d
Mm =Y o@ ¥ owe Y a([5]),
dn (52'11)1:1 sj=1 j(?r]od d)

where the functions f and fy are given by (74) and (75), respectively.
Note that if k = 1, then f;(n) =1 (n € N), the last sum in (76) is n/(dd),
and this quickly leads to Menon’s identity (1). See the proof of Lemma 1.

4.19 Identities in Dedekind domains

All generalizations and analogs discussed above are in the setting of rational
integers. Miguel [51, 52] considered residually finite Dedekind domains, that
is, Dedekind domains ® such that for every non-zero ideal n of ©, the residue
class ring ®/n is finite. Let N(n) = |9 /n| denote the norm of the ideal n. Let
@o denote the generalized Euler function defined as

(n) = 1, ifn=29,
Pl = [U(®D/n)], otherwise.

Furthermore, let t9(n) = Zaml be the corresponding divisor function.
Note that @p and Tp are finite valued functions. Miguel [51, Th. 1.1] proved
by applying Burnside’s lemma that for every non-zero ideal n in ®,

Y N{a=1)+n) = @o(n)ro(n), (77)
acU(D/n)

which reduces to Menon'’s identity (1) in the case D = Z.

Miguel [52, Th. 1.1] also deduced, again by Burnside’s lemma, the general-
ization of Sury’s identity (67). A further generalization was given by Li and
Kim [42].
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Identity (77) has been generalized with respect to regular systems of divisors
and k-reduced residue systems by Wang, Zhang and Ji [99]. The Sita Ramaiah
identity, which is the case k = 2 of (69) has been generalized in the setting of
residually finite Dedekind domains with respect to regular systems of divisors
and k-reduced residue systems by Ji and Wang [39]. Also see Wang, Hu, and
Ji [100] for some different results deduced by the orbit counting lemma, and
Chen and Zheng [13] for some further generalizations.

4.20 Identities in the ring of algebraic integers

Let K be an algebraic number field with the ring of integers denoted by Ok.
Then Ok is a residually finite Dedekind domain. Let n be a non-zero ideal of
Ok and let x be a character (mod n) with conductor 2. Wang and Ji [102, Cor.
1.3] proved, as a corollary of more general results, that

D> N({a=1)+n)x(a) = e(n)t(n/2), (78)

acU(Ok/n)

where N, @ and T are the corresponding norm, Euler and divisor functions,
respectively. If x is the principal character, then (78) reduces to identity (77)
in the case of algebraic integers, and if K = Q, then (78) recovers (70).

Identities (68) and (69) by Téth have been generalized by Sarkar [65] to
the ring of algebraic integers Ok and involving Dirichlet characters. The case
k = 2, has been earlier investigated by Wang and Ji [103], Chattopadhyay and
Sarkar [8].

4.21 Final remarks

Extensions of Menon-type identities, in particular of the general identity by
Téth [88], to the polynomial ring over the a finite field Fy have been obtained
Chen and Qi [12].

Some further papers related to Menon-type identities, not mentioned above
in this survey are [9, 11, 37, 41, 53, 59, 94, 97, 98|.
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