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Abstract. The purpose of the present paper is to find a necessary and
sufficient condition for Miller-Ross-type Poisson distribution series to be
in the class Ws(a, v, ) of analytic functions with negative coefficients
.Also, we investigate several inclusion properties of the classes $*, IC and
R™(A, B) associated of the operator 17, defined by this distribution. Fur-
ther, we consider an integral operator related to Miller-Ross-type Poisson
distribution series. Several corollaries and consequences of the main re-
sults are also considered.

1 Introduction and definitions

Let A denote the class of analytic functions in the open unit disk U={z € C:
|z| < 1} given by the series expansion

flz) =z+ ) anz" (1)
n=2
and S denote the subclass of A4 which are univalent in U. Also, let S* and K

be the usual subclasses of functions whose members are univalent starlike and
univalent convex in U, respectively.
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Further, let Ts be a subclass of A consisting of functions of the form
flz) =z— ) anz",  ane® >0, |5l <m/2,z€ . 2)
n=2

Very recently, Frasin et al. [18] obtained necessary and sufficient conditions and
inclusion relations for Pascal distribution series to be in the class Ws(«, v, B)
defined as follows:

Definition 1 For v, > 0, 0 < & < cosd, |0 < /2 and function f € Ty is
said to be in the class Ws(, v, B) if it satisfies the analytic criteria

Ry + zﬁ)ﬂf) +(y = 2B)f(2) + Bzf" (2} > o, (z€ V). (3)

Remark 1 The class Wy(«, 7y, B) is a subclass of the class Wg(«,y) which is
defined by Ali et al. [3] ( see also [33] ). In particular, the class Wy(«,y,0) =
9y () was studied by Ding et al. [11], the classes Ws(x,1,0) = S(8, x) and
Ws(, 0,0) = T (8, )were introduced and studied by Sudharasan et al. [36].

A function f € A is said to be in the class R*(A,B), T € C\{0}, -1 < B <
A < 1, if it satisfies the inequality
'(z) —1
(A —B)T—BI[f'(z) — 1]

<1, zel.

This class was introduced by Dixit and Pal [12].

The distributions of random variables have generated a great deal of interest
in recent years. Their probability density functions, in a real variable x and a
complex variable z, have played an important role in statistics and probabil-
ity theory. For this reason, distributions have been studied extensively. Many
kinds of distributions appeared from real life situations like Binomial distribu-
tion, Poisson distribution, geometric distribution, hyper geometric distribution
and negative binomial distribution.

Let Ey c(z) be the Miller-Ross function [25] defined by

(v,c,ze C). (4)
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Also, let Eg,,.(z) be the two parameters Mittag-Leffler function [42] defined by

E(T,u(z) = Té r(O'Tan—l—LL)) (Z) o, € C,RG(O') > O) Re(u) >0 ) (5>

If w=1, from (5) we obtain the one parameter Mittag-Leffler function [26]

:ZF(G::LU’ (z,0 € C,Re(o) > 0). (6)

n=0

Several properties of Mittag-Leffler function and generalized Mittag-Leffler
function can be found in [6, 8, 13, 20, 23].
From (4) and (5), the Miller-Ross function may be written as

Eyc (z) = ZVE1,1+V (cz).

Very recently, Seker et al. [38] introduced a power series whose coefficients are
Miller-Ross-type Poisson distribution as follows

_ nLeU 7
Z+ZFn—I—vE myF o EE (7)

where v > —1, ¢ > 0.

We note that if we put v =0and ¢ = 1in (7), we get the Poisson distribution
series introduced by Porwal [30].

Also, Seker et al. [38] defined the series

> V n 1

KV.(z) =2z — —Z—Z M i
n=2

n+v om )z“,zeU. (8)

Very recently, Amourah et al. [4] considered the linear operator I, : A — A
defined by the convolution or Hadamard product

n 1

IV f(z) :=F7(2) * f(z _Z+ZFTL—|—V m )anz“,zeU, (9)

where v > —1 and ¢ > 0.

In recent years, several researchers have obtained some necessary and suffi-
cient conditions for functions belong to certain classes of univalent function us-
ing distribution series such as Poisson distribution series [7, 16, 15, 29, 30, 32,
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Pascal distribution series [5, 10, 17, 19, 34], the confluent hypergeometric dis-
tribution series [9, 22, 24, 35, 37, 41], and the Mittag-Leffler-type Poisson
distribution series [1, 21]. Motivated with the works mentioned, in the present
paper we determine a necessary and sufficient condition for KV, to be in our
class Ws (e, v, B). Also, we investigate several inclusion properties of the classes
§*, K and RT(A, B) associated of the operator 17}, defined by (9). Finally, we
give sufficient conditions for the function f such that its image by the integral
operator GV f(z) = fg KVl g¢ belongs to the class Ws(a, v, B) .

2 Preliminary lemmas

Employing the same technique proved by Sekine [39] (see also, [14]), we can
prove the following lemma.

Lemma 1 A function f € Ty of the form (2) is in the class Ws(x, v, B) if and
only if

Z n—1)p+(y—=28n+(1—v+2B)]|an| < cosd —«. (10)

n=2

for some v, >0 and 0 < « < cos d, 0| < /2. The result (10) is sharp.
Furthermore, we also need the following result.

Lemma 2 [12] If f € RY(A,B) is of the form (1), then

Il

Ian\S(A—B);, neN—{1}.

The result is sharp for the function

z n—1

Unless otherwise mentioned, we assume in the reminder of this paper that
Y,B >0 and 0 < x < cosd, |8 < /2.

3 Necessary and sufficient condition for

ch E W&(OC)‘Y) B)

Firstly, we obtain a necessary and sufficient condition for KJ'. to be in the
class Ws(o, v, B).
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Theorem 1 v > —1 and ¢ > 0, then KV}, € Ws(o, v, B) if and only if

2 _
Ev,c(m) [Bm ]Evfhc(m) + (Y ZBV)mEv,c(m) (11)

+(1T+v(pv+p —y))IEWLC(m)] <cosd—«.

Proof. Since KV, is defined by (8), in view of Lemma 1 it is sufficient to show
that

mY(em)™ ! 1

< cosd—a,
IFn+v) Ev,c(m) o

V=) mn-1)p+(v— 28I+ (1—y+2p) 2
n=2

(12)
or, equivalently

N a2 mY(cm)™!
W—nZ_z[Bn +n(y—=3pB)+(1—v+2p)] Fnt ) Eyo(m) <cosd—a. (13)
Writing

n=v4+n-Nv+n-2)+B-2v)(v+n—-1)+ (1 —v)?
and
n=v+4+n—1)+(1—v)
n (13), we have
m\/(cm)nfl
Fn+v)

- [BZ(v+n—1)(v+n—z)

mV(Cm)n—1

+(y—2Bv)) (v+n-—1) v

n—1

= mY(c
Z Fn—i—v

=2

+(T+v(pv+p—

,Y
n
mv C —1 V n—1

[B r(n+v = ZBVZZFTHM/—U

)nfl

+(+v({Bv—PF—7) Zm
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(cm)™
pm. Zrn—i—v v - Zf”mzm

Cc

- T, (m) [Bm? Ev—],c(m) + (y — 2Bv)mEy . (m)

+(T4+v(BV+ B —7))Eyirc(m)],

but this last expression is upper bounded by cosd — « if and only if (11)
holds. O
4 Inclusion relations

In this section we will prove the inclusion relations of the classes &*, K and
RT(A,B) associated of the operator 1Y}, defined by (9).

Theorem 2 Let v > —1 and c > 0.

(i) If f € S* and the inequality

Cc

By (B Ev-2e(m) (v 4 3B(1 = V) Eype(m)
+(v=1)BBV—=2y) + 1)mEyc(m) + (1 = v)(V(B + BV —v) + 1Eys1,c(m)]
< cosd— . (14)

is satisfied then I7'.f € Ws(o,y, B).
(ii) If £ € K and the inequality (11) is satisfied then L7 f € Ws(o,,B).
Proof. (i) According to Lemma 1 it is sufficient to show that

V(Cm)ﬂ.—]
I'(n+ V)Ev,c(m)

® =) [m(n—1)p+(y—2p)n+(1—y+2p)l lan| < cosd—a.
n=2

(15)
If f € §* has the form (1), then the well-known inequality |an| < n holds for
all n > 2. Therefore

mY(cm)™! 1
Fmn+v) Eyc(m)

Z n—1)p+ (v —2B)n+ (1 -y +2p)]
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> mY(em)™ ! 1
nzzfsn Fnd(y —3p) +n(l—y+ 282 it ) Eve(m)’ (16)

Writing
n=Fv+n—T)v+n—-2)(v+n—-3)+(6-3v)(v+n—1)(v+n—2)
BV—9v+7)(v+n—1)+ (1 —v),

=Fv+n—Nv+n—-2)+3-2v)(v+n—1)+ (1 —v)?

and
n=(v+n—1+(1—-v)
in (16), we get

o0 mV(Cm)n—1

= mY(cm)™!
_ 2 —1)( =
+ (v+33(1—v) n:2\/4—n J(v+n ) Fn )

e mV(Cm)n—l
+((v—=1)(38v—2y) H)HZ(VJF“_”r(nH)

||
o

0 v n—1
+(1—V)(V(B+Bv—v)+1))zm
. 1 > mY(cm)™ o mY( n]
_Ev,c( [BZFTL—I—V ) v 361 =v) Zzl“n-|-v_

v n—1

+((v=1)(3Bv—2y)+1) ;Fn+v—1

1
HI=V) (B py—y)+1) Y T

n=2

)Tl

B c > mY(cm)"
=) [Bmzrnﬂnw”ﬁ“ “IIM) Tty

F((v=1)(3Bv—2y) +1) mzm
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C
" Bye(m)
+((v=1) 3Bv—2y)+ 1) MEyc(m) + (1—v) (v (B + BY — V) +1) Eyar o (m)]

[3111 Evfz,c(m) + (v + 3[3 (1—v)) szvJ,c(m)

but this last expression is upper bounded by cos 6 — « if and only if (14) holds.
(ii) If f € K has the form (1), then the well-known inequality |an| < 1 holds
for all n > 2. Therefore, it is sufficient to show that

mY(cm)™! 1

< cosd — «.
Fm+v) Eyc(m) —

Zn n—1p+(y—2B)n+(1—y+2p) =

By a similar proof like those of Theorem 1, we get that IJ}.f € Ws(«,v, )
if (11) holds. O

Making use of Lemma 2, we prove the following result.

Theorem 3 Let v > —1 and c > 0. If f € RY(A,B) and the inequality

(A —Blelt|

Ev,c(m) Bm3Ev—2,c(m) + (1 — BV) EV-H,c(m) < cosd — a. (17)

is satisfied then I7'.f € Ws(ot, v, B).
Proof. According to Lemma 1 it is sufficient to show that

00 v n—1
S i1ty 28 (17 +29) e ol < eos8 =,

Since f € RY(A, B), using Lemma 2 we have

jan < BB Ny,
therefore
o9 mw/(cm)nJ
> (B Oy =28 (1 =y + 28—y

N

n—=

o v n—1
(A —B)|t| [Z{ +(v—2p)+ 1(1—v+2f3) r(:+($1)1£) C(m)]
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C(A-B) |, & mY(cm)"! m)"!
—w[ﬁ;(”“‘”r(nm +r=pv+2) Zm

o m\/(cm)n—1
1— 2 _—
=y B)Z nl(n+v)
n=2
(A=B)lt |, © mY(em)™! cm)™!
< — 1) 2)) _
— Eyc(m) B;(VJFTL ) rn+v) +ly—Blv+2) Z Fn~|—v)
o0 m\/(cm)nJ
1— 2
=y B)Z IFn+v)
n=2
~ (A—B)clt| X mY(ecm)"
Eyc(m) anz_ol“(n+v—1) —BY) mZFn—i—v—i—Z
(A —Bjclt| 3
= E,_ 1— E, .
E ) [P Ev2elm) + (1= B) By o(m)
But this last expression is upper bounded by cosd — « if (17) holds, which
completes our proof. O

5 An integral operator

Theorem 4 Let v > —1 and ¢ > 0. If integral operator GV, is given by

GU}C(Z) Z_J Km ( )dt z e U (18)
0
then GS}C € Ws(,v,B), if and only if
Ey:(m) |:Bm3]Ev72,C(m) +(1—Bv) Ev+1,c(m)] < cosd — «. (19)

Proof. According to (8) it follows that

mY (cm)“’] Zn

velz) =2 n; M+ V)Eve(m)

, z€ U.

Using Lemma 1, the function GV}, (z) belongs to Ws(e,y, B) if and only if

o0

1 mY(cm)
n;[n(n— DB+ by = 2B+ (1 =y + 280 re = e

n—1

< cosd — «.

By a similar proof like those of Theorem 3 we get that GJ', € Ws(«,v,B)
if and only if (19) holds. O
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6 Corollaries and consequences

By specializing the parameter 3 = 0 in Theorems 1-4,we obtain the following
special cases for the subclass Q7 («) := Qy(x) N Ty .

Corollary 1 Let v > —1 and ¢ > 0. Then K\, € QTy(«) if and only if

E,.(m) YmEyc(m) + (1 —vy) Evirc(m)] < cosd — a. (20)

Corollary 2 Letv > —1 and c > 0.

(i) If f € S* and the inequality

B, .(m) [YM*Ey_1c(m) + (1 — (2yv —1)) mE, (m) o

+ (T =vy(1 =v))Eyi1c(m)| < cosd— o
is satisfied then 13 .f € QT ().
(i) If € K and the inequality (20) is satisfied then IJ}.f € QT (c).
Corollary 3 Let v > —1 and ¢ > 0. If f € R*(A,B) and the inequality

(A —B)c|t| EvH,c(m)

< cosd — «. 22
Eyc(m) - (22)

is satisfied then Zg'f € QT («).

Corollary 4 Let v > —1 and ¢ > 0. If the function G is given by (18),
then GV, € QTy(«) if and only if

CEv+1 N (m)

< cosd — «. 23
Eyo(m) = (23)

Remark 2 If we put v=0 and c = 1 in Theorems 1-/, then we obtain the
corresponding results of Poisson distribution series.

Remark 3 Specializing the parameter 3 and y we can state various interest-
ing inclusion results (as proved in above theorems) for the subclasses S(8, x)
and T (8, ) as stated in Remark 1.
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7 Conclusions

In the present paper, we find a necessary and sufficient condition for Miller-
Ross-type Poisson distribution series to be in the class Ws(«, v, ) of analytic
functions with negative coefficients. Also, we investigate several inclusion prop-
erties of the classes S*, K and R™(A, B) associated of the operator 17, defined
by Miller-Ross-type Poisson distribution. Some interesting corollaries and ap-
plications of the results are also discussed. Making use of Miller-Ross-type
Poisson distribution series (7) could inspire researchers to find new necessary
and sufficient conditions and inclusion relations for this distribution series to
be in different subclasses of analytic functions with negative coefficients de-
fined in the open unit disk U.
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