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Abstract. Let S denote the class of functions f which are analytic
and univalent in the unit disk D = {z : |z| < 1} and normalized with
f(z) =z+ Y o, anz™. Using a method based on Grusky coefficients we
study two problems over the class S: estimate of the fourth logarithmic
coefficient and upper bound of the coefficient difference |as| — |a4].

1 Introduction and definitions

Let A be the class of functions f which are analytic in the open unit disc
D ={z:|z| < 1} of the form

f(z) =z+ azzz+a313—i—--- , (1)

and let S be the subclass of A consisting of functions that are univalent in .
For f € S the logarithmic coefficients, vy, are defined by

f(z >
log (z) =2 Z Ynz" (2)
n=1
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Relatively little exact information is known about these coefficients. The nat-
ural conjecture |yn| < 1/n, inspired by the Koebe function (whose logarithmic
coefficients are 1/n) is false even in order of magnitude (see Duren [2, Section
8.1]). For the class S the sharp estimates of single logarithmic coefficients are
known only for y; and y;, namely,

1 1
il <1 and |ys| < §+E:0'635""

and are unknown for n > 3. In [7] the authors gave the estimate |y3| <
0.5566178... for the class S. In this paper for the same class we give the
estimation ys] < 0.51059.... For the subclasses of univalent functions the
situation is not a great deal better. Only the estimates of the initial logarithmic
coefficients are available. For details see [1].

Another problem is finding sharp upper and lower bounds of the coefficient
difference |an41| — |an| over the class of univalent functions. Since the Keobe
function has coefficients a,, = n, it is natural to conjecture that ||an.1|—|an|] <
1. But this is false even when n = 2, due to Fekete and Szeg6 ([3]) who obtained
the sharp bounds

1< oz —las] < §+e%(ze% 1 =1029...

where Ag is the unique solution of the equation 4\ = e on the interval (0, 1).
Hayman in [4] showed that if f € S, then |lap+1] — |an]| < C, where C is an
absolute constant and the best estimate of C is 3.61... ([5]). In the case when
n = 3 in [7], the authors improved this to 1.751853.... In this paper we also
consider the difference |as| — |ay].

For the study of the problems defined above we will use method based on
Grunsky coefficients. In the proofs we will use mainly the notations and results
given in the book of N. A. Lebedev ([6]).

Here are basic definitions and results.

Let f € S and let

ft) —f(z) _ ¢
10g ﬁ = Z (,Up,qtplq,
P,q=0

where wp q are so called Grunsky’s coefficients with property wpq = wqp.
For those coefficients we have the next Grunsky’s inequality (]2, 6]):

2
[

[} 00 2
S qlY wpax| <Y "‘;', (3)
p=1

q=1 |p=]
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where x;, are arbitrary complex numbers such that last series converges.
Further, it is well-known that if f given by (1) belongs to S, then also

fa(z) = /f(22) =z 4+ c32° + ¢c52° + - - - ()

belongs to the class S. So, for the function f; we have the appropriate Grun-

sky’s coeflicients of the form ng)q 2q—1 and inequality (3) reaches the form:

- - T x2p—112
_ P—
(2q—1)|) wap12q1x2p1| < R (5)
q=1 p=1 p=1
Here, and further in the paper we omit the upper index ”(2)” in ‘*’5?—1,2(4—1
if compared with Lebedev’s notation.
From inequality (5), when xp,_1 =0 and p = 3,4,..., we have
lwixt + wsrxal® + 3lwizxt + wssxal® + 5lwisxy + wssxal
sl (6)

2 2
+ 7|lwizxy + wsazxsl < xql° + 3

As it has been shown in [6, p.57], if f is given by (1) then the coefficients
az, a3, a4 and as are expressed by Grunsky’s coefficients w3z, 1241 of the
function f; given by (4) in the following way:

ay = 2w,

a3 = 2w13 + 3wy,

10
as = 2w33 + 8wiwiz + ?w%,

7
a5 = 2wss + 8wiwsz + 5(.1)%3 + 18w%1w13 + gw‘h,

3
0 =3wi5 —3wiiwiz + wi; — 3wss,

1
2 4
0=wi7 — w3 — wiws3z — Wiz + gw”.

We note that in the cited book of Lebedev there is a typing mistake for the
coeflicient as. Namely, instead of the term Sw%3 there stays 5w%5.

We now give upper bound of the fourth logarithmic coefficient over the
class S.
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Theorem 1 Let f € S and be given by (1). Then

lyal < 0.51059....

Proof. From (1) and (2), after differentiating and comparing coefficients, we
receive

1

Y4:Z

1 1
<a5 —azaq — iaé + a%ag - 403> )

or by using the relation (7):

1 5
Ya = 5 (2(»35 + 3w%3 +4wiywsz + 4w%1 w3 — 6w‘1‘1> . (8)

If we combine the two last relations from (7), then we have

1
w33 :w15—wnw13+§w?1 9)

and
2 | 4 2 2
W35 = W17 — WI1W33 — Wiz + W7 = Wiz — W5 + W wiz — wiz. (10)
Using the relations (8), (9)and (10), after some calculations, we get

1 1
Y4 = W17 + W11W15 + w%]wm + Ew% + szh.

Therefore,
byal < lanz| + [ llans| + [ Plawis| + %|w13|2 + 411|w11|4
= @(lwnl, lwisl, [wisl, [wi7l).
Now, choosing x; =1 and x3 =0 in (6) we receive
w2+ 3wzl + 5lansl + 7wzl <1,
and also

2 2 2 2 2
lwl < T, Jwonl” + 3wzl <1, |wir]” + 3lwisl” + 5wis|” < 1.
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The above inequalities imply

sl € —= /1w
131 = \/g 1117
1
wil < /1~ lwnP 3wk, (12)

Using (11) and (12) we conclude that it remains to find max @1, where

1 1
01(x,Y,2,t) = ZX4 + Eyz Xy Fxz

where (x,y,z,t) is in the four dimensional hypercube Q described with
OSX:‘(D]” < ])

1
0<y=lwpl <—=V1-x%

V3

1 (13)
O<Z:(,U <7\/1—X2—32

1
0<t=|wi] < —=+1—x%x%—3y%2—522.
<t=| 17|_ﬁ¢ y

Since @7 is an increasing function of t on the interval (0,+00), we realize
that it reaches its maximal value for t =ty = %\/ 1 —x2—3y2 -5z ie.,

maX{(m(X»y»Zat) : (X)U)Z)t) € Q} = maX{llﬂ(X)y)Z) : (X,y,Z) € Ql})

where 1, (X)yaz) =P (X»y,% t()) and

Q1:{(x,y,z):0<x<1,0<y<1\/1—x2,0<z<15\/1—x2—3y2}.

The system of equations

%:x3+2xy+z— X/V7 =0
ox V1 —x2—3y2—5z22

0

ﬂ:xz—i—y— 3y/V7 _0

oy V1 —x2—3y2 522
o ST

0z V1 —x%—3y? —522
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in the interior of 7, has a unique solution,
xo = 0.81907 ..., yo=0.233235..., 2zy=0.126778...,

(obtained with Wolfram’s Mathematica) with 11 (xo, Yo, o, to) = W1(x0, Yo, 20)
= 0.51059... which will turn out to be the maximal value of @7 on () and an
upper bound for [y4].

Now we will study the behaviour of 1y on the boundaries of Q.

For x = 0, we have that \1(0,y,z) = %yz + \iﬁ 1—3y2—5z2for 0 <y <

% and 0 < z < %\/1 — 3y? has maximal value % = 0.37796... attained
when y =z =0.

Next, for x = 1, we have necessarily y = z = 0, which leads to a maximal
value P1(1,0,0) = 1/4 = 0.25.

For the case y = 0, we have U1(x,0,z) = %x“ +xz+ % 1 —x? —5z%, with
0<x<land 0<z< %\/1 —xZ. Further, for the solution (xj,z1) of the
system of equations

0 7
ll)](xa])O)Z]):X?-FZ]— X1/\f -0
x \/—x% — 52% +1
oy (x1,0,27) N 521/v7 o ’
0z \/—x3 =523 + 1
we have
525 —5x3z1 + x5 =0,
leading further to
1 3
o= 1 (54 VB ad).
Finally,
11’1(7‘) O)Z) < 1|)(X1,0,Z1)
x4 1 4x3 1
:_I‘ +3 x?+?1x1 + g (—5x§‘+\f5 x5 (5x7 4+ 4)x3 —4) X2 +2

By the means of calculus of real functions of one real variables, one can
verify that the last function attains its maximum for x = 0.80210... and
z=0.183847 ..., and that maximum is 0.414666.. ..
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The case y = %\/1 —x2, leads to z = 0, and further to the function

1 VT —x2 1
V1 =x2 0 =" 2T (12
1p1(x,\@ x,O) 4~|— 73 +6( x)

with maximum 0.4000... for x =0.8874... and y = 0.2661....
For z = 0, we have P1(x,y,0) = % +x%y + %2 + \iﬁ\/—xz—SyZJrl and

working in the similar way as in the case y = 0, we receive its maximum on

0<x<land0<y< %\/1 —x2 to be 0.4561... for x = 0.8358... and
y=0.2619....

Finally, in a similar way as before, for the case z = %\/1 —x2—3y?, by

means of calculus, we can verify that the maximal value is 0.4570... obtained

for x = 0.864969... and y = 0.239789... .. O

We now give upper bound of |as| — |as| over the class S.
Theorem 2 Let f € S and be given by (1). Then

las| — |ag] < 2.3297....

Proof. Since

las| — |asa] < |as| — |wi1llas| < |as — wira4

= ‘2w35 + 6wiiwsz + 10w%1w13 + Sw% — wfh ,

after applying (9) and (10), and some calculations, we have

2 2 4
las| — las| < ‘wa +4wnwis + 6wiwiz + 3wis + wiy ‘

< 2Jwi7| + Hawmnllwis| + 6lwirPlwis] + 3wzl + [w[*

= @2(lwi1l, lwisly lwrsl, [wi7]),

where
©2(%,Y,z,t) = x* + 3y? + 6x%y + 4xz + 2t,

with x,y,z,t, as well as their domain Q, are given in (13) from the previous
theorem.

Now, in a similar way as in the proof of the previous theorem we will find
the maximal value of the function 1, over the domain Q.
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The function ¢; is an increasing one over the variable t, and therefore it
reaches its maximal value for t = ty = %\/ 1 —x2 —3y? —5z2. Using the
notations

2y/—x2 —3y2 —5z22 +1
\ﬁ )

and Q; as in the Theorem 1, again using Wolfram’s Mathematica we obtain
that the system of equations

2%, Y, 2) = 02(x,Y, 2, to) = x* + 6x*y +4xz + 3y* +

— =4x" + 12xy + 4z — =0
0x Y V741 —x2 —3y?2 — 522

o, 2 6

—— =6x"+y|[6— =0

dy y< \ﬁ\/l—xz—?)yz—SZz) ’
611)2 10z

— =4x— =0

0z V71 —x2 —3y2 — 522

in the interior of (O has a unique solution,

xo = 0.82745..., yo=0.29092..., zo=0.098698...... ,

such that @z(x0,Yo, 20, to) = W2(x0,Y0,20) = 2.3297.... At the end, this will
turn out to be the maximal value of 1, on Q; and upper bound of |as| — |as/.
Now we will study the behaviour of 1, on the boundaries of Q.

. 24/—3y2—5z2+1 C
For x = 0, we receive ,(0,y,z) = 3y% + SV Which is a decreas-

ing function of z (since z is positive), thus with the same maximal value

as 2(0,y,0) = 3y? + % which turns out to be 1.142857... for y =
0.5345....

If x = 1, then necessarily y =z =0, and {(1,0,0) = 1.
For y = 0, we have {(x,0,z) = x4+ dxz + @ which can be shown

to have no critical points in the interior of

1
{(x,z):ogxg 1,0<z< ﬁm —xz},

ang ?;;;ximal value 1.3614 ... obtained for x; = 0.9181...and z; = %, /1 — x%
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For the case y* = % 1 —xZ, we have z = 0, and further, the function

Py (x,y*,0) =x* + (2\/3—3x2 — 1) X2+ 1

has maximal value 2.118588 ... for x = 0.8427....
Next, for z = 0 we receive

2y/—x* —3y? +1
\ﬁ )

with a critical point (x,y2) (x = 0.83589... and y = 0.3097...) in the interior

of
{(x,y):0§x§1,0595\}§m},

such that VP2(x2,y2,0) = 2.162.... The boundaries of the above domain are
already discussed above.

Finally, if z* = %\/ —x2 —3y2 + 1, one can verify that the function

dx\/—x% —3y? + 1
\/5 )

has critical point (x3,ys3) with x3 = 0.8338... and y3 = 0.2921..., such that
11)2(X3,y3,z*) =2.287....

All the above analysis brings us to the final conclusion that {; on Q has
a maximal value 2.3297 ... obtained for x = xp, y = yo and z = zy. O

P2(x,y,0) = x* + 6x%y + 3y% +

Pa(x,y,z) = xt+ 6x2y + 3y2 +
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