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Abstract. In this article we reexamine the uniform approximation prop-
erties of smooth Picard multivariate singular integral operators over RN,
N > 1. We establish their convergence to the unit operator with rates.
The estimates are pointwise and uniform. The established inequalities in-
volve the multivariate first modulus of continuity. Our approach is based
on a new multivariate trigonometric Taylor formula. At first we present
in detail the general theory of uniform approximation by general smooth
multivariate singular integral operators, which then is applied to the Pi-
card operators case.

1 Introduction

The rate of convergence of univariate and multivariate singular integral op-
erators has been studied extensively in [1]-[3] and [5], [6] and [8]. All these
motivate our current work. In particular we studied the smooth singular inte-
gral operators in [1]-[3] and [6], which are not in general positive ones.

Here we continue the study of the last ones at the multivariate level, at
first in general, and then apply our theory to the smooth Picard ones. The
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main tool here, we are based on, is a new trigonometric multivariate Taylor
formula from [4]. Our quantitative estimates are pointwise and uniform, using
the multivariate first modulus of continuity.

2 Results

Here r € N, m € Z,, and define

See that

-

and _;(_””G):(_”T((r))_ @)

Let pg,, be a probability Borel measure on RN N>1,&,>0,neN.
We now define the multiple smooth singular integral operators

On (5%, weey XN) 1= 6&}13 (f3%X1y weey XN) 1=
.
(X]-[T:]J T la st xa+ 82, ey xn - snj) die, (s)) (4)
=0 ®
where s := (871,...,5N), X := (X1, ey Xxn) ERNMyr € Z, me Zy, f: RN 5 R

is a Borel measurable function, and also (&q),cy is a bounded sequence of
positive real numbers, we take 0 < &, < 1.

Remark 1 The operators 9?,?1] are not in general positive, see [2], p. 2.
We observe that

Lemma 1 It holds
m] . _
Orn (C5X1y .0y Xn) = ¢,

where ¢ is a constant.
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We need

Definition 1 Let f € C (RN), N > 1. We define the first modulus of conti-
nuity of f as

w1 (f,8):= sup [f(x)—Tf(y)l, 8>0, (5)
x,yeRN:
x—Ylloo <0

where ||-||, is the maz norm in RN. The functional wy (f,8) is bounded for
f being bounded or uniformly continuous, and wi (f,8) — 0 as 6 — 0, in the
case of f being uniformly continuous.

We present the main general approximation result regarding the operator
On.

Theorem 1 Here f € C*(RN) and let all o € ZF, i = 1,..,N, N > 1,

N
lof .= 3 o4 = 2; x € RN, and all the partials fo of order 2, along with f €
i=1
Cg (RN) (continuous and bounded functions); or all fy of order 2, f € Cy (RN)
(uniformly continuous functions). Let wg,, be a Borel probability measure on

RN, for0 <&, <1,neN.,
N
Suppose that for all & := (1, ...y an), 04 €EZT,i=1,..,N, [ = 3 oy =2,
j=0,1,...,7, we have that both -

tyle)i= | (147550 (le) i, [5), ()

(e | (14250 aue, 19, @

are uniformly bounded in &, € (0,1].
Denote m € N)

I BN P TG
An (%) = 0p (fyx) — F(x) — Zcxj) sin (1) Z . <JRN sidpg,, (s)>
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2
£ ([ i) 250

— 0xi0X;+
A,
1,j*€{1,..,N}
Then
(i)

A ()] < A (X oo < D lo]
=0

N
. 1 RIEI S _
iy N w1 (fa, En)J <1 + J!aH > <H|Si|“l> dpe, (s)| +
wezt, | T ! RN n i

oo =2 iz

! |
gortto) [ (1015 ) au, 9] = 0. o)

In case of all fy of order 2 and f € Cy (RN) and &, — 0, as n — oo, then

An (X), [|An (X)|loo = O with rates.
(i) If 52 =0, i =1,..,N, and fo (x) = 0, o € Z*, i = 1,.., N, with
|| =2, then

10n (f,x) = (x)] < @g,,. (10)
And 0, (f,x) — f(x) in the uniformly continuous case.
(iii) Additionally assume all partials of order < 2 are bounded. Hence

T N
. of
100 (1) =l < | 3 lesly | (0.814) |3 |0 (| sidus, (5)) [+
=0 = 110%i o \Jrn
T N azf
o152 (0.45%){ (J Sgduan(s)>‘
j_ZO ) ; RN i aX% .
> (] Islsldu (0 o |y (11)
4" T e a0y || [T
L€, N)

If all [pn stdug, (s) and [gn Isillsj«] dpe, (s) converge to zero, as m — oo,
with &, — 0, and all o of order 2, f € Cy (RN), then

|6n (f) — f||, — O with rates, as & — 0, N — +o0.
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Proof. Let s := (S1,...,SN), X = (X1, .0y XNJ, Z 1= (Z1yeeyzn) = (X1 + S17,
X2 + 82§y XN + SNj) = X+ 8j; ) = 0,1,...,7y and X 1= Xg = (X071, ey XoN) =
(X1, .ery XN), all in RN,
Here f € C? (RN), N € N, and clearly all the mixed partials commnute.
Consider

Gursj (1) :=f(x +t(sj), 0<t<T. (12)
Notice that gxysj (0) = (x), gussj (1) = (x + sj).
We have (by [4])
fx+sj)—f(x)= Gx+sj (1) — Gx+sj (0) =

. ) 1
g;Jrsj (0)sin (1) + 29;/+Sj (0) sin? <2> +

1
L [(9;/+sj (t) + Ox+sj (t)) - (9;<I+sj (0) + Ox+si (O))] sin (1 —t)dt =

1 N 2
J {{ |:<Z(Slj)aa> f] (x +t(sj)) +f(X+t(5j))} (13)
0 i=1 Xi
N 2
{ [(; (sij) ai) f] (x) +f(x)}}sin(1 —t)dt.

Denote the remainder (j =0, 1,...,7)

. 5
{ (Z(sij)aax> f] (x)+f(x)}}sin(lt)dt (14)
i=1 v
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1 N
J 2 & (H (isi)"“) [fo (x4t (js)) — fa (x]]

N
0(::(0(],~~~,0CN),OC1‘,EZ+ 1_[ (Xll i=1
N
1

i=1 Nah=Y ay=2 T
i=1

+(f(x +t(js)) — f(x))}sin (1 —t) dt.
Therefore it holds

! 2
Ry X
0 0C=(00] yeury XN )y X EZ 1 H (Xi!
N ol
=1, Nyah= 5 ag=2 V&I
i=1

N
(H ( |si|)°‘i> o (x + t5) — f ()] + If (x + tsj) —f(xn} jsin (1 - v)]dt <
i=1

(15)

1 2 N
j ) . <H ( mn%) Wi (fo G lslls)  (16)

0C=( 07 yeuny N )y 4 EZt- (Xi! i=1
N ol
=1, Nyah= Y ag=2 NI
i=1

+awi (f, 4 [[s]/ o)} sin (1 —t)[dt <
0<&n<1)

1 N .
2 . 4 sl
J Z N (l | ( |Si|)“‘> w1 (fo, &n) (1 + 2o HE H )
0C=( 07 yeuny XN )y O EZit- H (Xi! i=1 n

N .
=1, ,NyJal= 3" ;=2 =1

i=1

+wi (f, &n) (1 + UH;”“) } sin (1 —t)|dt =
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1 N
2 N (H (] |Sl|) ) w1 (f(xa Evn) + wq (f) Evn)
o=(01y.. ,ocN OCIEZ+ H o ! i=1
1N o= Z w=2 =
1 t H [
[ (1 + ) sin (1 —t)|dt} < (17)
0
N
2 H (G ls)® ) W1 (Fay &n) | + 01 (F, £)
o=(0x1y.. ,ocN OCLEZ+ H (Xl i=1
1 )N ‘OC‘ Z %41 =2
1 .
t
U (1 +J”S'H°°> (1 —t)dt].
0 En
So far we have proved that
N
Ril<< (2 > (H (j Isi))™ > W1 (fay En) | + w1 (f, &n)
ai§Z+) H (X'L i=1
\oc\::.; o =2
- "
J <1 +]”s”°°> (1-1) dt], (18)
LJo En
j :0,1,...,1‘; 0< & <1,
So, we have found that
1 N 1
|Rj| < ]-2 Z N (H |Si|(xi) w1 (foca &n)| + Zwl (f) &n) (19)
€Ly, | i=1
% o)

5]

j=0,1,...,

T 0< & <.
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Next we can write

ZocJ (x+5sj) —f(x (Zom) (Zs1 X )sm(])— (20)

(oo

.
R:=) oRj. (21)
j=0

Call

Hence it holds

T T
RI<Y logliRi < Y log
j=0 j=0

1 N 1
j? > S (Hm%) Wi (fo &) | + 5001 (f &n)

H 0(1! i=1
i=1
0C=(00] yuury XN )y X EZt-
1:1,...,N,\oc\::§ o;=2
L L i=1 _ .
(22)
i lIsllog ]
1+ =
[ 3&n
T . 1
Z|0(j| ]2 Z N w1 (fou Evn) [ 3‘2 :| (H| 1|(Xl>
j:O ol =2 H (X'i! mn
i=1
o (1, 80) 14 18l (23)
27 36, ]

0< & <.
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See that

sinl = 0.8414

(sin0.5)% = (0.4794)% = 0.2298.
Clearly, it holds
T
B (F,x) —F(x) = 3o JRN (F(x+s) —F(x) dug, (5). (24)
j=0
We observe that .
Bu¥)= Y 0| Ridug, (). (25)
j=0 RT

We have that

T

> lasl | Ride (5) <
RN

j=0

’ 1 ] AR
Z ‘0(]'| ]-2 Z N w1 (foca Evn) J]RN <] + ) !ZHOO) (H |Si|al> duin (5)
=0 n i=1

ol =2 H O('i!
i=1
(26)
e | (148 ) au 0] = or,
2 ) RN 3((-,71 u n
To remind (see also (6), (7))
N
sl < D lsil = [Islly, (27)
i=1
hence the integrals in (9) ans (26) are uniformly bounded in &, € (0, 1].
Notice also that (j =0,1,...,7)
Jr Isil Isjl dug,, (8) < Ty () < oo,
(28)

Jan stdue, (s) < Ij («) < oo,

and :
2

| |si|duan(s)s<j s%duan(s)) < oo, (29)
]RN RN
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by Holder’s inequality, and all of them are uniformly bounded in &, € (0, 1].
Thus, in the uniformly continuous case of fy, || = 2, and f we get @z, — 0,
as &, — 0.
That is ||An ()|, — 0, as & — 0.
The proof of the theorem is now completed. O

We make

Remark 2 Next we will apply Theorem 1 to specific multivariate smooth Pi-
card singular integral operators

Pr (f5%1y ey XN) == Pﬁn (F; X1y ey XN) ==

N
> Isql
=
Z J (x1 + 81j, X2 + 82j, ey XN + SNj) € En dsj...dsn, (30)
=0

Zén

rmeN mezZ,,0<é&, <1,
Clearly here it is

N
3 sl
i=1
dug, (s) = e = dsj..dsy, s€RN. (31)
(2e)N
We observe that
1 Z ISL
dS] dSN = ], (32)
(2&)N J

see [3], Chap. 22, p. 356.
N
Here oy € Zt,i=1,..,N:|a| = > o = 2. We notice that

i=1
Z |51‘

N
J . (H|si|“i> T e dsy..dsy < ANENTZ < 4N (33)
R™ \i=

by [3], p. 364.
So (6), (7) are confirmed for j =0 when dug, is as in (31).

We need
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N
Theorem 2 Let N e N, o € ZT, i=1,.,N:|af = > o =2, &, € (0,1],

i
neN;j=1,2,...,1. Then

N
X sl

] sl (1 )
I35 () = (Zin)N JRN <1 + 3&n1> (Elsil e & dsr..dsy < (34)

<1 +;N> + (1 +;>ﬁ<te(m;1)u>] <
<1 +;N> ; (1 +;> (‘f)N

are uniformly bunded in &, € (0, 1], fulfilling (6). Above |-| is the integral part
of the number symbol.

52

< 400,

Proof. Let j =1,...,1, then

) = sil 't ]e n dSy...dSN =
R (Zan)N RN 35’“ i ] N
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i ) . /N N N
N\ Xz
E,fl <1+;N>+J N<1+;<E A)) (l |z§“>e =1 dzy..dzn| <
(R4+—[0,1]) i=1 i=1

] (36)

. . N N N
N\ Xz
& <1 +;N> " (1 +;> J( o, (Z ZL) (HZ?I> © dZ]deN] -
R.—[0, T ’

[0 () e (T (122 (E1) () -

i=1

. N N oo
)l ) i+l ,—zi 3, | _
<1+3 >+<1+3>1}L it e dzll

5’2

EZ

(by [7], p. 348)

EZ

. . N
<1+;N)+<1+;>HF((M+2),1)], (37)

where T (+,-) is the upper incomplete gamma function.
We have proved that, j = 1,..., 1, that

. . N
<1+;N>+<1+;> r((oq+z),1)] < (38
i=1

3 (o) < £

EZ

1+1N + 1+i EN < 400
3 3 e ’
therefore I’fj () are uniformly bounded.
Above we used the formula
!
rs+1,1 =80 sen (39)

e
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Here o + 2 € N, hence

le(os+1)!) _ [e3!) _ [6e] [16.30968] 16
-

Mo +2),1) = SR8 < 25 = 2 ;

(40)

The claim is proved. O
It follows

Theorem 3 Let N e N, &, € (0,1, neN;j=1,2,...,7. Then

. N N
: j <Z1 sd) s
IZ (0() = (2% )N J]RN 1+ ET e & dsy...dsy < (41)
mn

(e3) () ()

are uniformly bounded in &, € (0,11, fulfilling (7).

< +00,

Proof. We have

. N
: j <Z |Si> X Jsil
I (o) = 1 =l e dsy..dsy =
ZJ(OC) (Zan)N JRN + 35, e dsg...dsn
. N N

: J<Z Si) P

— 14 = e &n dsy...dsy = 42

EN JRN 3n PN (42)
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We make

Remark 3 By (28), (29), Remark (2), and Theorem 2, we observe that (j =
0,1,..,1)

N

; Isil

=N
(26 e~ IRN i |S] le & dsy...dsn,

N
P Isl

i=1
(2517)‘\‘J‘RN s?e &n dsy...dsn, (44)

Z Isil
(25 N J‘RN |S1.‘ e E“ dS]...dSN)

are uniformly bounded in &, € (0,1] and they converge to zero as &, — O.
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Based on Theorem 1, Remark 2, Theorem 2, Theorem 3 and Remark 3,
we present our major result about approximation properties of smooth Picard
singular integral operators Py, see (30).

Theorem 4 Here f € C? (RN) and let o € ZT, 1 =1,.,N, N > 1, |o =
N
> o =2;x € RN, and fy of order 2, f € Cp (RN)UCu (RN), and 0 < &, <1,

i=1
neN.
Denote (n € N)
A (x) = Pn (f,x) — f(x) —

N
T N X Isil
). of (x) 1 =
oj | sin (1) J sie e dsj...dsn (45)
Z J R
N
3 Isql

2 i oyj? | sin? (1 ) Z : J sZe tn dsy...ds 0 ()
_ . — : n 1...ASN
= 2) 15 | @) Jan ox?

i=1

N
3 lsil
1 J it 9%f (x)
+ sisixe  &n  dsp...dsn
1§ (26N Jan 0%;0x;-
i,j*ell,..,N}
Then
(i) B
[An ()| < || An (X)]|, <
. 1
Z|(X]| jz Z N w1 (foc) E’n) N
j=0 R=AR H (xl| (ZEn)

N £ Isi
J i (1 L !ZHOO> <H|Sim> e dsy..dsn | + (46)
R n i
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In case of all Ty of order 2 and T € Cy (RN) and &, — 0, as n — oo, then

An (%) (x)||, — O with rates.
i) If 29 — 0 1 = 1,.,N, and fo (x) =0, o € Z+, i = 1,...,N, with
0xi
|| =2, then

Pr (f,x) = (X)] < @, (47)

And Py, (f,x) — T(x) in the uniformly continuous case.
(iii) Additionally assume that all partials of order < 2 are bounded. Hence

IPn (F) = fllo < [ D_loylj | (0.8414)

N
N 1 ig]‘si‘
Isile” & dsq...ds
Z] aXl n)N JRN i 1 N
> legli* | (0.459)
N 2 s
1 J 2 =L " ‘ o f
ste & dsp...dsy — +
2 e Jun ™ ¢
.I 1.: |S1|
lgsw “in dsi...d ©:_. (48
1§ (2&)N JRN sillsy-le” SN Ha Xi0%;+ TP (48)
L €, N}

If all f, of order 2, f € Cy (RN), then

|Pn (f) — f|| o, — O with rates, as & — 0, 1 — +o0.
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