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Abstract. We show the uniformly boundedness of the L; norm of gen-
eral matrix transform kernel functions with respect to the Walsh-Paley
system. Special such matrix means are the well-known Cesaro, Riesz,
Bohner-Riesz means. Under some conditions, we verify that the kernels
KY =3 I, tknDk, (where Dy is the kth Dirichlet kernel) satisfy

IKally <e.

As a result of this we prove that for any 1 <p < oo and f € L, the L,-
norm convergence ZL‘:] ti,n Sk (f) — f holds. Besides, for each integrable
function f we have that these means converge to f almost everywhere.

1 Definitions and notations

We follow the standard notions of dyadic analysis introduced by F. Schipp,
W. R. Wade, P. Simon, and J. Pal [18] and others.
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Let P be the set of positive natural numbers and N := P U {0}. Let denote
by Z; the discrete cyclic group of order 2, the group operation is the modulo
2 addition. Let be every subset open. The normalized Haar measure @ on Z;

is given in the way that pu({0}) = u({1}) = 1/2. G := X Zy, G is called the
k=0

Walsh group. The elements of Walsh group G are sequences of numbers 0 and
1, that is x = (X0, X1y .+, Xk, ... ) With x, € {0,1} (k € N).

The group operation on G is the coordinate-wise addition (denoted by +),
the normalized Haar measure p is the product measure and the topology is
the product topology. Dyadic intervals are defined in the usual way

I(x) =G, [n(x) :=={y € G:y = (x0y. -+, Xn—1, Yny Yns1y--.)}

for x € G,n € P. They form a base for the neighbourhoods of G. Let 0:= (0:
i € N) € G denote the null element of G and I, := [,(0) for n € N.

Let L,(G) denote the usual Lebesgue spaces on G (with the corresponding
norm ||.[|p), where 1 <p < oo.

We introduce some concepts of Walsh-Fourier analysis. The Rademacher
functions are defined as

re(x):=(—=1)* (x € G,k € N).

The Walsh-Paley functions are the product functions of the Rademacher func-
tions. Namely, each natural number n can be uniquely expressed in the number
system based 2, in the form

n=>Y m2 n €{0,1} (ke N),
k=0

where only a finite number of ny’s different from zero. Let the order of n > 0
be denoted by [n| := max{j € N :n; # 0}. Walsh-Paley functions are wy := 1
and for n > 1

|

wn(x) = HTEk(X) — (=)o ek,
k=0

Let P, be the collection of Walsh polynomials of order less than n, that is,
functions of the form

n—I1
P(x) =) aowi(x),
k=0

where n € P and {ay} is a sequence of complex numbers.
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It is known [11, 18] that the system (wn,n € N) is a character system of
(G,+). The nth Fourier-coefficient, the nth partial sum of the Fourier series
and the nth Dirichlet kernel is defined by

n—1 n
fln) i [fwndiy Sa(f) = 3 fllowiy 0(f) = - 3 Sil),
G k=0 k=1

n—1
D= Y wy, Dp:=0.
k=0

Fejér kernels are defined as the arithmetical means of Dirichlet kernels, that
is,

1
Kp = — .
=13
k=1
Let T := (ty;){5_; be a doubly infinite matrix of numbers. It is always

i,j=1
supposed that matrix T is triangular. Let us define the nth matrix transform
mean (or linear mean) determined by the matrix T

Gl(f) = Z tk,nsk(f))
k=1

where {tyn : 1 <k <n, k € P} be a finite sequence of non-negative numbers
for each n € P.

It is a common generalisation of the partial sum of Fourier series (see Remark
2) and several well-known (e.g. Fejér, Cesaro, Norlund, weighted, Riesz) means.

The approximation properties of these means with respect to Walsh system
was studied by several mathematicians. For example, including but not limited
to (in alphabetic order) Baramidze [1], Blahota [5], Gat [8], Goginava [9], Fridli
[7], Jastrebova [12], Oniani [10], Manchanda [7], Marcinkiewicz [13], Memié¢
[14], Méricz [15], Nagy [16], Paley [17], Pal [18], Persson [1], Rhoades [15],
Schipp [18], Siddigi [7], Simon [18], Singh [1], Skvortsov [19], Tephnadze [1],
Toledo [5], Wade [18], Weisz [23], Yano [21], Walsh [22], Zygmund [13] and
several others. (Mentioned only one paper or book per authors.)

The nth matrix transform kernel (T kernel) is defined by

n
Kn =) tinDr.
k=1
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It is easily seen that

ol (f;x) = J fFWKT (w4 x)du(w).
G

This equality (and its analogous versions for special means) shows us the
necessity of observing kernel functions.
We introduce the notation Aty = txn — tig1n, where k € {1,...,n} and

thiin = 0.
For some other results on matrix transform means see e.g. [2], [3] and [4].
In the sequel, we summarise the main results of this paper. Let {ty, : T <
k < n} be a finite and monotone (not necessarily in the same sense for different
n’s) sequence of non-negative numbers such that ) |\_; txn = 1. Then we prove

the almost everywhere convergence o) (f) — f for each integrable f and also
the norm convergence o] (f) — f for any f € L,(G) for each 1 < p < oo and

also for continuous functions (that is, for functions in C(G)).

2 Auxiliary results
To prove Theorem 1 we need the following Lemmas.

Lemma 1 (Paley’s Lemma [18], p. 7.) Forn € N
N ey
Lemma 2 ([18], p. 34.) Fork,n e N, k< 2"
Donix = Don + 1 Dx.
Lemma 3 (Yano’s Lemma [21]) Forn € N
Knlh < 2.

In 2018 Toledo [20] improved this result, but for our proof the knowledge of
the exact supremum of ||Ky|[; is not necessary, just its boundedness.

In the next lemma, we give a decomposition of the kernels KTTl.
Lemma 4 Let n € P. Then we have

nl—12i—1

KIL = Z Z t2j+k,nD25

j=0 k=0
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mi—1 27— n|—1
=+ Z TJ Z At2]+k nkKk + Z T)t21+1 | Tl — 1)K2j7]
an‘“| an‘“‘
+ Z tz‘“‘+k,nD2‘“| + Ty Z Atz\“|+k,nkKk
k=0 k=1

5
2 Kin

j=1
Proof. We write

nj—12i+1—1
KT

n Z Z tlnDl+ Z tlnDl— KA+KB

j=0 1=2 1=2/nl

Now, we apply Lemma 2 for the expressions KT/} and KE. We get

n|—121—1
A
Ky = Z Z t2i+k,nD21+k
j=0 k=0
n|—12i—1 -1 211
= ) D tyaaDy+ Z 1] Z t 1on Dk
j=0 k=0
Using Abel-transform
21 22
Z t2j+k’nDk = Z At2i+k,nkKk + t2j+1,]’n(2] — ])K2j71 .
k=1 k=1
Similarly,
n—2n
B
Kn = Z tz\n|+k,nD2\“‘+k
k=0
n—2ml n—2ml
= ) tunigeaDani + Ty D by Die
k=0 k=1

Using tny1n = 0 and Abel-transform again we obtain

n—2ml n—2ml—1

Z Linigen D = Z Atyini 4y n KKk + tan(n — Z‘n‘)Kn_z\n\
k=1
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n—2m

= Z Atz‘n|+k)nkKk'
k=1

It completes the proof of Lemma 4. O

3 Boundedness of the [ norm of matrix transform
kernel

Theorem 1 For every n € P, {tyn : 1 < k < n} be a finite sequence of
non-negative numbers such that

Y tn=0(1) (1)
k=1

1s satisfied.
a) If the finite sequence {txn : 1 < k <} is non-decreasing as a function of
k for all fired n and the condition

w0 (1) o

1$ satisfied, or

b) if the finite sequence {tyn : 1 < k < m} is non-increasing as a function of
k for all fized n,

then the Li-norm of the T kernel is bounded uniformly. Namely,

T
il <e

holds.

Proof. During our proofs ¢ denotes a positive constant, which may vary at

different appearances.
We use Lemma 4

i, = o] o
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= Z Ij,n-

j=1
Using Lemma 1 for the expressions Iy ,, and I4,, we obtain

nj—121—1

L < ZZtZ”rk»nJ D (x)[dp(x)

=0 k=0 G
nj—121—1

= Z Z [SINEN

j=0 k=0
2l

= Z tk,n <c
k=1

and also using Condition (1)

n
I1n < Z tk,nJ 1D mi (x)dp(x)
G

k=2nl
n
= Z tkn <c
k=2
Applying Lemma 3 we get
nj—121-2
Lo < 3 3 18tk | 0Kl
=0 k=1 G
fnl—12i 2
= D D Aty alklKelh
j=0 k=1
n|—12i—2
< 2 ) Aty glk.
j=0 k=1
We write in case a)
22 22

D IAtynlk = Y (et — gk
= =
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= (2 =Dty Z itk
< Zj tyi+ —In
and

n|—1
2 Z 2]t2j+171)n
j=0

< Intyn <ec.

IN

IZ,n

We have in case b)

Z |At25+k,n| k = Z JcZJJrkn 2 - Z)tZJ“f] Mn
k=

< Zt2j+k,n
k=1
and
n|—12i-2
b € 253t
j=0 k=1
22

< 2) tn<c
k=1

We estimate the expression I3 . Lemma 3 yields

n|—1

Lo < Pty 00Ky (91duc)
j=0 G

n|—1
= Z 2ty 90 1K,
j=0

n|—1

< 2 Z th2j+1_]yn.
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So, in case a) we have got the same inequality, as in I, case a)

n|—1
Ig’n < 2 Z ZJtzm,Ln <ec.
=0
We have in case b)
n|—1
I3)n S 2 Z 2]t2j+1_]’n

j=0
2iml_q

< 2 Z tk,n <c.
k=1

Now, we estimate the expression I5 . Lemma 3 yields again

n—2ml
Lo < Y [Btunal k| InatKe00)iduix)
k=1 G
n—2m
= ) Aty KlIKe
k=1
n—2n
S 2 Z |At2‘n‘+k,n’ k.
k=1
We get in case a)
n—2n n—2mnl—1
Z ‘Atl‘“‘+k,n‘ k = Z (tz‘"|+k+1,n - tz\n\_,'_k’n)k + tTL,‘I’L (n _ z‘n‘)
k=1 k=1
n—2ml—
= tn,n(n - 2\“\ —1)— Z tl‘“‘+k,n + tn,n(n - 2\ﬂ|)
k=1
< zntn,n
and using Condition (2)
IS,n < 4ntn,n <c.
We have in case b)
n—2m n—2nl

D Btk = )t
k=1

k=1
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n
= Z tk,n

k=2Iml 41

and using Condition (1)

n
IS,n < 2 Z Jck,n <c.
k=2nl

This completes the proof of our Theorem 1. O

Corollary 1 Suppose that f € Ly(G) for some 1 < p < oo and for every
nebP, {tqn: 1 <k < n} be a finite sequence of non-negative numbers such

that
n
D tin =1
k=1

1$ satisfied.
a) If the finite sequence {txn : 1 <k < n} is non-decreasing as a function of
k for all fited n and the condition

1
tn,n =0 <>
n
1s satisfied, or

b) if the finite sequence {tin : 1 < k < n} is non-increasing as a function of
k for all fired n and we also have

nh_)ngo tyn =0 (3)

for any fized X,
then we have the Ly-norm convergence o) (f) — f.

Proof. We remark, that in the non-decreasing situation (case a) Condition
(3) trivially holds. The proof is a straightforward consequence of Theorem 1
and the usual density argument. That is, the set of Walsh polynomials is dense
in L,(G) for each 1 < p < oco. Besides, for any Walsh polynomial P we have
Sn(P) = P for sufficiently large n. Say for n > kg. Then, using Condition
(3) we have o] (P) = ]120:71 tenSk(P) + ZE:kO tynP — P in norm and also
everywhere. O
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4 Almost everywhere convergence

Norm convergence results for Walsh-Paley and more general systems on matrix
transform means are known, see e.g. [2], [3] and [4]. These results even give
the rate of approximation.

Now let us speak about almost everywhere convergence.

Theorem 2 Let f € L1(G). Let the members of the finite sequences {tyn :
0 < k < n} be non-negative numbers. Let {tyn : 1 < k < n} be a finite and
monotone (not necessarily in the same sense for different n’s) sequence of
non-negative numbers such that

n11_)H010 tkn =0 (4)
for any fized k. Besides,
n
Z tgn =1 (5)
k=1
and
tan =0 <1> (©)
nn — n/:
If n — oo, then
on(f) — f

almost everywhere.

Proof. Using Abel transformation

n n—1
Z tnSk(f) = Z Aty nkoy (f) + tonnon(f).
k=1 k=1

Since

n—1 n
Z Atk,nk = Z tkn —Ntnn,
k=1 k=1

from monotonicity, using (5) and (6) we get

—1

3

n
|Atk,nk| < Z J[k,n + ntn,n
1 k=1

=
Il
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< T+4+c<ec.

So, using (6) again

n
Z tk nSk
k=

< Z|Atknk| sup |Uk( )|+tnnn|0n( )l

k=1 ke{l,...,n—1}
< ¢ sup  |ow(f)] + clon(f)]
kefl,...,n—1}
< ¢ sup |og(f)]
kefl,...,n}
< csup|ox(f)]
keP
= co”(f),

where

0" (f) := sup |ow (f)].
KeP

This inequality implies

Z tin Sk (f

It is known, that operator f — o*(f) is type of weak (1,1), therefore (7)
inequality yields, that operator

sup
nep

< cot(f). (7)

f — sup
nep

Z tien Sk (f)

k=1

is also type of weak (1,1).
From this we obtain with the standard technique (using Condition (4))

n
Jim étk,nsk(f) = f

convergence almost everywhere. O

5 Remarks

Remark 1 We mention, that assuming (1) is natural, because many well-
known means satisfy (5), namely

n
D _ten =1
k=1
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equality, and it is a part of reqularity conditions [24, page 74.].

Remark 2 In case a) in Theorem 1, if we omit Condition (2), then HKEH <c
is not true in every cases. For example,

~fo, ifT<k<n,
YT, ifk=n.

Then o} (f) = Sn(f), so |[KL||, = [IDnlli = Ln (the n-th Lebesgue constant),
and Fine ([6], p. 387-388) proved, that the average order of Ly is %logz n,
which tends to infinity, as M — oo, hence in this case limsup,_, HKEH1 = 00.

Remark 3 The proof of Theorem 2 is very general. We used only the following
properties of the system:

- week (1,1) type of the operator o™,
- density of polynomials of the observed system in L.

Remark 4 For the proof of Theorem 2 we supposed equality (5). It would
have been enough to use (1) for the proof of property week type (1,1), but (4)
needs (5) of course.

Remark 5 In Corollary 1 (in case b)) and Theorem 2, if we omit Condition
(3) and (4), then convergence is not true in every cases. For example, if

I, ifk=1
tk’n:_{, ifk=1,

0 otherwise,

then ol (f) = S1(f) and in general S1(f) # f.

n
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