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Abstract. In this paper we prove certain Bernstein-type inequalities for
rational functions with poles in the right half plane. We also deduce some
estimates for the maximum modulus of polar derivative of a polynomial
on the imaginary axis in terms of the modulus of the polynomial.

1 Introduction

n .

Let P denote the class of all complex polynomials p(z) := }_ c¢;z of degree
=0

at most n. For every p € Py, the following inequality is due to Bernstein [4]:

max[p’(z)] < nmax[p(z)|.
|z|=1 |z|=1

It was conjectured by Erdés and proved by Lax [6] that if all the zeros of p
lie outside the open unit disk, then

’ n
< = )
rlillgclp (z)] < ZréllgIP(Z)l
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Later Turdn [11] proved that if all the zeros of p lie inside the closed unit disk,
then n
axp’(z)| > =ma z)|.

ﬂf'p (z)| > Zrlillszlp( )i
There have been many refinements and generalisations of the results of Lax
and Turan (see [9], [10]). Li, Mohapatra and Rodriguez [7] extended the above
inequalities to rational functions r with poles outside the closed unit disk and
proved the following results:

Theorem 1 Suppose r(z) = #7 where p € Py and |aj| > 1, for all
Hj:] (z—q5)
1 <j<n. Then for|z| =1
v(2)| < [B'(z)lmax|r(z)]. (1)

|z|=1

]—ajz

where B(z) = Hjn:] ( > is the Blashke Product for unit disk.

Z—Clj

They also proved:

Theorem 2 Suppose 1(z) = %, where p € Pn and |a;| > 1, for all
Hj:] (z — q)
1 <j < mand all the zeroes of v lie outside open unit disk. Then for |z| =1
1
()] < EIB/(Z)ImaXIY(Z)I- (2)
|z|=1
p(z)

Theorem 3 Suppose r(z) = , where p € Pn and |a5| > 1, for all

H?:] (z— aj)
1 <j < mnand all the zeroes of v lie inside closed unit disk. Then for |z| =1
1
v (z) > E(lB'(Z)l —(n— m)Iélng(Z)D- (3)

where m s the number of zeros of 1.

Following the paper by Li, Mohapatra and Rodriguez [7], there have been
many generalizations of Theorems 1, 2 and 3 (For details see [2], [3], [5], [8]).
In all the cases, it is assumed that the poles of the rational function r are either
inside or outside of the unit circle in the complex plane. In this paper, instead of
assuming that the poles of r are inside/outside unit circle we consider the case



296 G. M. Sofi, W. M. Shah

when the poles are in the left/right half of the complex plane and derive the
corresponding inequalities on the imaginary axis. So we derive these estimates
on a line which is an unbounded set unlike the boundary of a disk. Further,
we obtain certain estimates of the maximum modulus of the polar derivative
D¢p(z) of a polynomial p(z) in terms of the maximum modulus of p(z) on the
imaginary axis. We start with the following notations and definitions:

Let I:={z€C: R(z) =0},It ={z€C: R(z) >0and I :={z € C:
M(z) <0} For a; € I*,j =1,2,...,n, let

= H(Z_ aj)a
=1

z
and Rn =Rulaj,as,...,an) ::{E)((z)) : pEPn}.
Thus R, is the set of all rational functions with poles aj, ay,...,a, in the

open right half plane and with finite limit at co. We define the corresponding
Blashke product B(z) for the half plane

e =T1(5)

J:

Clearly B(z) € Rn.
n
We also define for p(z Z i), the conjugate transpose(reciprocal) p* of p

as

—1

p*(z) = (=1)"p(—=2z) =cnz" —Cuyz™ 4+ (=1)"Co.

For r(z) = p(z) € Rn, we define 7*(z) := B(z)r(—Z). Note that if r = P € Rn,
w(z) w
then ™ = % and hence 1" € R;,. Further, we define the polar derivative

D¢p(z) of a polynomial p(z) with respect to ¢ as

Dep(z) i=np(z) — (z — Op/(2).

It is clear that D;p(z) is a polynomial of degree atmost n — 1 and

i (PF) v

For details regarding Bernstein-type inequalities for polar derivatives on unit
circle (see [1], [12]).
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2 Main results

In this paper we assume that all the poles aj, j = 1,2,...,n lie in open right
half plane I'*. For the case when all the poles are in open left half plane I,
we obtain analogous results with suitable modifications. We first prove:

Theorem 4 Let i be the imaginary unit, then B(z) =1 has exactly n simple
roots, say t1,t2,...,tn and all lie on the imaginary axis 1. Further, if v € Ry
and z € I, then

¥(2)(B(z) — 1) — B(2)r(2) = i) Z e f]z (4)
where
T v M)
E—B(tk)—lngSkSn- (5)

Moreover for z € 1

From Theorem 1 we can deduce the following:

Corollary 1 Let ty, k =1,2,...,n be as defined in Theorem /4 and sy, kK =
1,2,...,n be the roots of B(z) = —1, then forz €1

I (z)] < ;IB’(Z)I[]@k%Ir(tk)I + fg}g&lr(sk)l]. (7)

Corollary 1 immediately gives us the following:
Corollary 2 Ifz €1, then

max|r'(z)] < [B'(z)lmax|r(z)]| (8)
z€el z€l

The inequality is sharp in the sense that the equality holds if we take v(z) =
AB(z) for some A € C.

This is the Bernstein-type inequality for Ry, the rational functions with all
the poles in open right half plane and is identical to Theorem 1.



298 G. M. Sofi, W. M. Shah

Theorem 5 Ifr € Ry and z € I, then
[(r*(2))'] = I (2)] < [B'(2)lIr(2)]. (9)

Theorem 6 Suppose v € Ry,
(i) If v has all its zeros in the closed left half plane TUI™, then for z € 1

1 (z) 1.,
R > —|B'(z)]. 10
(5) = 3@ (10)
(1) If v has all its zeros in the closed right half plane TUTT, then for z € 1
T'(z) T ins
< =B . 11
#(5) < 5 ()

The inequalities are sharp and the equality holds if all the zeros of v lie on the
imaginary axis L.

If we set a; = az = -+ = ap = « in Theorem 4, then we get the following
estimates for the polar derivative of a polynomial p € Py:

Theorem 7 Ifp € Py and o € IT, then there exists a zg € I such that

n
Z_
IDap(z)] < Zn‘ — Ip(zo)| forzel. (12)
Theorem 8 Ifp € Py, then for x € I
IDap*(2)] — IDup(2)| < 2n|P(z)| forz € L (13)

Theorem 9 Suppose p € Pn
(i) If p has all its zeros in the closed left half plane TUT™, then for o € Tt

SR< Dap(z) ) - M)

a—2p) ) = iz—af forzel. (14)

(i) If p has all its zeros in the closed right half plane TUTY, then for oo € Tt

Daplz) ) _ n%(a)
l(rer) R R (15)

The inequalities are sharp and equality holds for a polynomial p having all the
zeros on the imaginary axis L.
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Proofs:

Proof of the Theorem 4. Suppose
B(z) —1=0. (16)

Then w*(z)—iw(z) = 0, which is clearly a polynomial of degree n and therefore
it has n zeros.
We claim that

z € I'if and only if |B(z)| = 1. (*)
2
. 4 .
Indeed, we have zre 1= M. Therefore if R(z) = 0, then
z— qj 1z — aj
] 1 for all j = 1,2,---,n and we get [B(z)] = H}; ] 1.
zZ— zZ—W
Conversely if |B(z)| = 1, then 2R(z) > 0, gives us
— 2
j 4R (z)NR(aq;
G I :L(zal) >0 forall j=1,2,---,n.
z—q |z — of

This in particular gives |B(z)| > 1, a contradiction. There will be a similar
contradiction, if we assume that R(z) < 0. Hence z € ..
By (%) all the roots of (16) lie on I and w(z) # 0 on I. So the n zeros

of w*(z) —iw(z) are the n roots (say) ti,tz, - ,tn of (16), which lie on the
imaginary axis. We show that all ty, k=1,2,--- ,n are distinct. We have
B(z) — [[5(z+@)
H?:] (z— O—j) '
Therefore
B'(z) i 1
B(z) S \z+a z-g
n
2R (q;
= Z (o) for zel
‘— |z — qf
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Since R(aj) > 0, for all j =1,2,--- ,n, B'(ty) is a non-zero (purely imaginary)
number for all k =1,2,--- ,n. Hence t, k=1,2,--- ,n are all distinct roots
of (16). Now let

k=1
_r(2) o ¢
Then q € Py. Now for r(z) = wz) € Ry, let p(z) = cz™+... Thenp(z)—aq(z)
is a polynomial of degree atmost n— 1. Since ty,k =1,2,--- ;n are n distinct

numbers, by Lagrange’s interpolation formula

This implies

q(z) — (2= t)q'(t)
which on differentiation gives
p(z)>, _ ¥ p(t)
<q(2) B é (z—ti)?q’(t) )
Now p(z) = w(z)r(z) and q(z) = w(z)(B(z) — 1) gives Ztg _ B(TZ()Z_i and

hence

Also p(tx) = w(ty)r(tx) and

q'(tx) = w'(t) (B(tx) — 1) + w(ti)B' (ty)
= w(ti)B(ty).

Therefore from (17), we have

(B(z) —i)r'(z) —7(z) =
(B(z) —1)? Z z—tk 2B/ (ty)

k=1
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n
Z Iz—tklzB’ W) for zel
Hence
. wer(ty)
(B(z) — i)(2) — 1(2)B(2) = Z it (18)
|z — tl
where N
2R7(a;)
— =B(ty) =1 )
™ (t) ljZ1|tk_aj|2
This proves (4) and (5).
Remark 1 Note that w, (k = 1,2,---,n) are purely imaginary numbers

with negative imaginary part under our assumption R(q;) > 0 for all j =

1,2, ,n

Proof of Corollary 1. By the same argument as in Theorem 4 applied to

B(z) = —1 instead of B(z) = 1, we get

(B(z) +1)r'(z) —7(2)B'(2) = i)? Z

VkT
Sk|2

where

n
2R (a;
t =—i )
) Z|Sk—a]|2

Subtracting (18) from (19) we have
(tx)
2iy/ i)? ViT(s i) () .
= Z e Z 2P
Taking r(z) = 1 in (18) and (19) we get

/ _ 2 - Uk
el = (Bl 0* 3 2

Iy 12 - Vk
el = ~(Blel +0' 3

(19)
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and hence

IB'(z)| = —if

n
g lz— tk|2

k=1

B'(z)| = B(z) +iF |}

— g2
=z 5k|

Now from (20)

2r'(2) < |(B(z) + 1)

> o
|z — Sk|2

Using (21) and (22), we get for z € I

1
/ /
r(z)| < i'B (Z)H]Tgkag;h(tk” + 121k(1§7;‘r(3k)|]

Proof of Theorem 5. We have

Therefore

This implies that
0" ()Y < IB'(2)] [r(z)| + B(2)] [7 (2]
= [B'(2)llr(2)] + [B(2)lI"'(2)].
Since |B(z)| = 1 on imaginary axis, it follows that for z € 1

(7 (2))] = (2)] < [B(2)lr(2).

Proof of Theorem 6. Let by, by,..., by, m < n. be the zeros of T.
(i) Suppose R(b;) < 0 for all j =1,2,...,m. Then p(z —c]_[] 1
¢ # 0 and we have

_plz) _ Iz b))
w(z) H?:] (z— aj) )

Z Ur tk
lz —tl? |

) with
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Taking logarithms on both sides and differentiating we get

v(z) « 1 1
r(z) _Zz—b-_zz—aj' (23)

j=1 )=

Now for R(z) =0

1 —R(b;)
R >0 forall j=1,2,.
<z—b]~) |z — b;[? or all ]

im(zjbj) > 0.

=1

and therefore

—.

Hence from (23) and by using (6) we have

9%(1:((;)> :im<l—1bj) _im<z—1aj>

=-22(=5)
-y

Rz — a])
|z — 0—)|2

-y RG) o sz =0

Since |B(z)| = 1 for z € I, we conclude

% (1) = sE

(ii) Suppose R(b;) > 0 for all j =1,2,...,m. Then for R(z) =0

1 —R(by)
<0 forall j=1,2,-
m(z—b]—) oy =0 el
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This in particular gives

That is

Proof of Theorem 7. Let sy and ty, k =1,2,...,n be as defined in Corollary
1 and Let
zo € {t1,t2, ..., tn, $1,82,...,Sn}, be such that

T(zo)| = max{|r(t1)l, [r(t2)], ..., Ir(ta)l, r(s1)l, Ir(s2)l; - - -, Ir(sn)}. By Corollary
1
v (2)] < [B'(2)lIr(z0)] (24)
Fora1:a2:._.:an:(x’r()_ p(Z) dB(Z)—(Z+“)n
(z—o)n (z—o)n
so that v/(z) = (p(l))
(z— o)

n—1

_ (z— )™ (2) —plz)n(z — &)
- (z— a)Zn

WDM’(Z)-
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Also from (6)

IB/(2)| = f;?fj"z) for z € I.
Substituting in (24), we get for z € I
1 2nR(a) | P(zo0)
D <
(z— ) “pm‘ “T—al |z—a
_ 2nR(c—z) | P(zo)
o lz—al? | (zo— o)™
and hence ] i ) (2]
nR(x—z P(zo
— D < .
&—M”‘JM)_ z— a2 | (zo— o)™

Proof of Theorem 8. We have from Theorem 5 for every z € I

(7 (2))] = ()] < [B(2)l[r(2)] (25)
Taking r(z) = &, so that
(z —an
, 1
T(z) = WDaP(Z)-
Also ‘@)
%) P \Z
riz) = (z— o)
gives
* / 1 *
(r'(z)) = WD(XP (z).

Further from (6), we have for z € I

B(2) = 2]
lz—of?
Therefore from (25), for z € I
: * ] (@ | pl2)
— D —|— =D < . 2
g Do (2]~ | Depta)| < T | PO o)
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Also forz €1

<o —z|
= |z — «.
Thus from (26) we get
1 1 2njz—of | p(z)
—  Dup*(z)|-|————D <
(z — o)t «p"(2) ‘ (z — o)1 “p(z)‘ T lz—af |(z— )"

This gives
IDap™(z)| = [Dap(z)] < 2nip(z)| for z € L.

Proof of Theorem 9. Let by, by, ..., by, m < n, be the zeros of p.
(i) Suppose J(b;) < 0 for all j = 1,2,...,m. Taking 7(z) = p(z)

(z—oan
. . / _D(Xp(z) /
Theorem 6 (i), we get by using the fact that '(z) = ————— and |B/(z)| =
(Z _ o()nH
2nR (o)

lz — 2

for z € 1,

Dap(z) nR(«)
m((a—z)p(z)) > Z ol for z e I. (27)

p(z) .
w(z) mn

(ii) Suppose M(b;) > 0 for all j = 1,2,...,m. Then taking r(z) =
Theorem 6 (ii).
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