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Abstract. The purpose of this paper is to introduce the concept of
autonilpotent polygroups and investigate their properties concerning the
automorphism of polygroups. To realize the article’s goals, we present the
notation of m-very thin polygroups and construct the (non) commuta-
tive very thin polygroups on every (infinite) finite non—empty set, where
m € N. As a result of the research, is to show that the set of automor-
phism of some very thin polygroups is equal to the set of automorphism
of special groups. The paper includes implications for the development of
automorphism of polygroups, and shows that under some conditions very
thin polygroups are autonilpotent polygroups and investigates the con-
nection between of autonilpotent polygroups and nilpotent polygroups.
The new conception of autonilpotent polygroups was broached for the in
this paper the first time.

Introduction

The hyper compositional structure theory as an extension of classic structures,
was firstly introduced, by F. Marty in 1934 [16]. In algebraic hyper composi-
tional system, output from the hyperoperation on elements is a set and so any
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algebraic system is an algebraic hypercompositional system. Marty extended
the concept of groups to hypergroups and other researchers presented the alge-
bra hypercompositional structures concepts such as hyperring, hypermodule,
hyperfield, hypergraph, polygroup, multiring, etc in this similar way [18]. Alge-
braic hypercompositional structures are applied in several branches of sciences
such as artificial intelligence and (hyper) complex networks [7]. Polygroup, as
an important subclass of hypergroups is introduced by Bonansinga and Corsini
citebc and is discussed by many scholars [1, 3, 20]. Comer used playgroups to
study color algebra [3, 4] and considered some algebraic and combinatorial
properties of playgroups [5, 6]. Further materials regarding polygroups and
hypergroup such as permutation polygroups [9], isomorphism in polygroups
[10], weak polygroups [11], rough subpolygroups in factor polygroup [12], au-
tomorphism group of very thin H,—groups [13], divisible groups derived from
divisible hypergroups [14] etc are investigated. An important class of groups as
the concept of autonilpotent groups introduced by Moghaddam et. al [17, 19].
Recently Hamidi et al. introduced the concept of auto-Engel polygroups via
the heart of hypergroups and investigated the relation between auto—Engel
polygroups and auto-nilpotent polygroups. They showed that the concept of
the heart of hypergroups plays an important role in the construction of auto-
engel polygroups and proved the heart of hypergroups is a characteristic set
in hypergroups [15].

This paper introduces the concept of m-very thin polygroups and constructs
finite and infinite very thin polygroups, where m € N. We compute the number
of very thin polygroups up to isomorphic. The motivation of our work is the
generalization of nilpotent playgroups to autonilpotent polygroups. So we in-
troduce the concept of autonilpotent polygroups and investigate the automor-
phism of m—very thin polygroups. It considered some properties of autonilpo-
tent polygroups and connected the autonilpotent polygroups and the quotient
of autonilpotent polygroups via the fundamental relations. This study consid-
ers the relation between autonilpotent polygroups and nilpotent polygroups
and extends the autonilpotent polygroups by the quotient of autonilpotent
ploygroup and the direct product of autonilpotent polygroups.

2 Preliminaries

In this section, we review some definitions and results from [8, 20], which we
need in what follows. Assume that H # () be an arbitrary set and P*(H) =
(G| 0 # G C H}. Each map p : H> — P*(H) is said to be a hyperop-
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eration, hyperstructure (H,p) is called a hypergroupoid and for every () #
A,B C H,p(A,B) = U p(a,b). A hypergroupoid (H, p) together with an

aeA,beB
associative binary hyperoperation is said a semihypergroup and a semihyper-

group (H,p) is called a hypergroup if for any x € H,p(x,H) = p(H,x) =
H(reproduction axiom).

Definition 1 [8] A semihypergroup (H, p) is said to be a polygroup, if (1) there
exists e € H such that for all x € H, p(e,x) = p(x,e) = {x}, (il) x €
p(y,z) concludes thaty € p(x,9(z)) and z € p(d(y),x), where ¥ is an unitary
operation on H(it follows that for all x € H there exists a uinige 9(x) € H
iee € (p(x,dx) N (p(A(x),x)),de) = dB(x)) = x) and is denoted by
(H, p,e,d) or (H,-,e,”"), for simplify. A set O # K C H is said to be a
subpolygroup of H, if for all x,y € K,p(x,d(y)) C K and it is denoted by
K < H.

Definition 2 [20] Suppose that (H, p) is a hypergroup. For any given an equiv-
alence relation w on H, a hyperoperation o on % is defined by o(w(a), w(b)) =

{w(c) | ¢ € plwla),w(bd))}.

Theorem 1 [2] Let (H,p) be a hypergroup. Then (%, ) is a hypergroup if

o
and only if w is a reqular equivalence relation and (%, 0') is a group if and if

only w is a strongly reqular equivalence relation.

One of famous algebraic relation on any given hypergroup is 3 which is defined
by apfb if and only if there exists u € U(H) s.t {a,b} C u, where U(H)
is denoted by the set of all finite product of elements of H. The smallest
transitive relation in a way contains [3 is denoted by * and it means the
transitive closure of 3 and (%, G) is said the fundamental group of (H, p) [20].

Definition 3 [20] A map f: H; — H; is called a homomorphism of hyper-
groups if V x,y € Hy, we have f(p1(x,y)) = p2(f(x), f(y)) and it is said to be an
isomorphism if it is a one to one and onto homomorphism. In similar to alge-
braic system, Aut(H) ={f: H — H | f is an isomorphism on hypergroup H}
is defined. Assume that @ : H — H/B* by o(x) = B*(x) is the canonical
homomorphism, then wy ={x € H | @(x) = 1} means heart of H.

Definition 4 [8] For each O # X C H, a subpolygroup generated by X is
the intersection of all subpolygroups of H which contain X and is denoted by
<X >.
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(1) In every hypergroup H, a commutator of x,y € H is shown by [x,y] =
{heH|p(x,y)Np(hy,x) #0} and H=Lo(H) D L1(H) D --- is called
a lower series of H, where for any n € N*, L, y(H) ={h € [x,y] | x €
La(H),y € H}.

(i) In every hypergroup H, H = Ty(H) D I (H) D .-+ is called a derived
series of H, where for eachn € N*, I, 1(H) ={h € [x,y] | x,y € IL,(H)}.
A polygroup (H, p,e,d) means a nilpotent polygroup, if for some given
integer n € N, p(ln(H),wn) = wy, where ly11(H) = ({(h € [x,y]l | x €
l(H),y € H}) and ly(H) = H (if there exists a smallest integer ¢ in a
way that p(l.(H),wy) = wy, and ¢ is called the nilpotency class for H).

(ii1) In every hypergroup H, for each given n € N, define H' = H(V) = (I (H))
and HD = (HM)y/,

3 Automorphism of very thin polygroups

In this section, we introduce the concept of very thin polygroups and for given
an arbitrary set constructed at least a very thin polygroup. Moreover, we
obtain the number of automorphism group of some very thin polygroups.

Proposition 1 Let (G, -, e) be a polygroup. If for all x € G we have x - X~ =

{e}, then G is a group.

Proof. Let x,y € G and [x - y| > 2. Then there exists z1,z, € x - y. It follows
thatyex ' -zpandsozi €x-yCx-(x " z)=x-(x"-z,=e-2p ={z5}.
Hence G is a group. O
Let (G,-,e,”") be a polygroup, where n,r € N and |G| = n. Consider A" =
{x-ylr=x-yland x,y € G} and A = U A,

1<r<n

Definition 5 A polygroup (G, -, e, ") is said to be an m-very thin polygroup
if JA™| =1, where m € N.

It is clear that every 1—very thin polygroup is isomorphic to a group and we
consider any 2—very thin polygroup as a very thin polygroup.
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Example 1 Let (G, e) be a (non)commutative group and g ¢ G. Define a
hyperoperation “-g” on G’ as follows:

{x-y xyeGx#y’

{e, g} x=y'eG\{e,
vgu=qled x=y—g,

Y x =g,y € G\{e},
x y=g,x€G\{e}
and e -g g = ¢ -g e = g. Some modifications and computations show that

(G',-g,€) is a (non)commutative very thin polygroup.

Definition 6 Let (G,-) be a polygroup. Then G is called a cyclic polygoup,
if there exists g € G in such a way that G = U g", where g° = g-g7',
nez
gt=g-g-...-g and it is denoted by G = (g).
-

n—times

Example 2 (i) Let G ={0,a},vr € G, and G’ = GU{r}. Then for 1 <i< 3,
(G', —1—9,0,—) are cyclic polygroups as follows:

+$U ‘ 0 a T +$2) ‘ 0 a T —1—9) ‘ 0 a T

o [ (@ O 0 [0 & L, 0 |0 @ o
a |{a} {01} {a}’ a |{a} {0} {1} a |{at {0,7} {a}
T {rt {a} {0} T {rt {v+ {0,a} T {r} {at {O)7}

(ii) Let G ={e,a,b,c}. Then (G,-,e,”) is a cyclic polygroup as follows:

‘e a b c
{e} {a} {b} {c}
a|{a} {a} G ¢ ;
b | {b} {e,a,b} {b} {b,c}
c [{c} {a,c} {c} G

o

where G = (c).
The above Example, shows that cyclic polygroups necessarily are not commu-
tative polygroup.

Corollary 1 Let n € N. Then there exists a cyclic polygroup (G, -) in such a
way that |G| = n.



On auto-nilpotent polygroups 237

Proof. Let (H,-) be a cyclic group and g ¢ H and G = H U {g}. Hence

similar to Example 1, we can see that G is a cyclic very thin polygroup, where

G:Uanandaoza-a_]. O
nez

Theorem 2 Let G = (a) be a cyclic polygroup, G’ be a polygroup and f :
G — G’ be an on to homomorphism, where a € G. Then

(1) G’ is a cyclic polygroup,
(il) G/PB* is a cyclic group,

(ii1) if K < G and K be a complete part of G, then K is a cyclic subpolygroup
of G.

Proof. (i) Consider G’ = (f(a)) and so G’ is a cyclic polygroup.

(il) Consider G/p* = (f*(a)) and so G/PB* is a cyclic group.

(ii1) Consider K = (a™), where n is the smallest natural number such that
a* N K # (. Since x € K implies that there exists m € N such that x € a™,
then a™NK # 0 and so S ={L e N| a'NK # 0} # 0 and so there exist the
smallest natural number such that a™ N K # (). But K is a complete part of G,
then a™ C K and for m € N we have (a™)™ C K. In addition, if x € K, then
there exists m € N such that x € a™. If there exists 0 < 1 < n < m, where
m=ng+71 and r #0, then we have

K=x-KCa™-KC(a"-a")-K=a"-K.

It follows that a™ N K # 0, which is a contradiction and so K = (a™). O

The concept of strong homomorphism is defined in [8]. Let (G, 1, 1) and
(Ga,-2,€2) be polygroups and o : G; — Gy be a map. We define « is a
homomorphism, if for all x,y € G, &(x -1 y) = x(x) -2 x(y).

Lemma 1 Let Gy and Gy be polygroups and o : Gi — Gy be a homomor-
phism. Then

(1) ez € Im(a) if and only if a(er) = ey,
(i1) for all x € Gy, a(er) = ey implies that x(x~') = ((x)) 7.

Proof. (i) Since e; € Im(«), there exists x € Gy in such a way that e; = a(x).
So ez = a(x) = ox[er -1 x) = ox[er) 2 x(x) = «(er) -2 €2 = ax(eq).
(i1) By definition and the item (i), is obtained. O
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Table 1: polygroup G

Q) | aq a | as as as Qg
Qo | Qo | Aq a | as as as Qg
aq aq T as | az a aq (e8]
a | ax | as T a az az az
a3 |laz|ay|a | T as as as

a |l a | a | @] a3 T T\{ao} | T\{ao}
as [ as | aj | az | a3 | T\{ao} T T\ {ao}
as | ag | ay | az | a3 | T\{ao} | T\{ao} T

Theorem 3 Let (G,-) be a polygroup, g ¢ G and G’ = GU{g}. Then
(1) If x € Aut(G’, .g,_1 ,e), then «(e) =e and x(g) = g,
(il) Aut(G’,.q, ', €) = Aut(G,., ' e).

Proof. (i) By Lemma 1, x(e) = e. Clearly, e = «(e) = «(g - g) = «(g) - «(g),
so a(g) = e or a(g) = g. If x(g) = e, it follows that «x(g) = «(e). Since « is
an one to one map, we get g =e that is a contradiction Thus x(g) = g.

(ii) Let @ € Aut(G’,.q,”',€). Then f: Aut(G/,.4,7 ', e) — Aut(G —Te)
by f(x) = «l, is an isomorphism and so Aut(G’, g,_1 e) = Aut(G,.,”! ,e). O

Corollary 2 Letn € N. Then

(1) [Aut(Zn, +g, —,0)] = @(n).

(i) |[Aut(Z,+g4,—,0)| = 2.
(ii1) JAut(Dan,.q,—0)| = JAut(Dan)l = ne(n).
(iv) JAut(Sn,.q,—,0)] = [Aut(Sy)| =nl.

Example 3 Let G = {ag, a1, az, a3, as, as, ag}. Then (G,-) is a polygroup in
Table 1, where T ={ay, as, as, ag}. Simple computations show that Aut(G) =
{xy | x € S3,y € Sx, where X ={4,5,6}},S3 <Aut(G),Sx J<Aut(G),S;NSx =
{e} for all o« € Aut(G) we have , (T) =T and so Aut(G,-) = S3 x S3.

Let G be a non—empty set. We denote the set of all very thin polygroups on
G by VP(G), the number of all very thin polygroups on G by |[VP(G)| and the
number of all very thin polygroups up to isomorphic on G by ||[VP(G)]|.
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Theorem 4 Let m € N, (G, -, e) be an m—very thin polygroup and x,y € G.
IfIx -yl #1, then e € x - y.

Proof. Let e ¢ x-y and there exists a € G such that |a-a~'| # 1. Since (G, -, e)
is an m-very thin polygroup e € a~'-a = x-y, which is a contradication. Thus
for any a € G,|a-a~'| =1, so G must be a group, which is a contradiction. O]
Corollary 3 Let m € N and (G, e) be an m—very thin polygroup. Then

(i) there exist a1, az,...am_1,X € G such that x-x~' ={e,ar, az,...am_1},

(i1) if m=2 and a; € x-x"', then for all « € Aut(G) we have x(a;) = aj.

Proof. (i) By definition is clear. (ii) Let o« € Aut(G). If x - x~' = {e, a1}, we
have a(x) - o 1 (x) = at(x) - a(x 1) = a(x-x ') = «({e, a1}) = {e, (a;)}. Hence
o(aq) # e and {e,a;} = {e, «(a;)}, imply that o(a;) = a;. O

Theorem 5 Let G be a non—empty set and e € G.

(1) If |G| = 2, then |[VP(G)| =2 and |[VP(G)|| = 1.

(1) If IGI =3, then [VP((G,e))| =4 and [[VP((G,e))ll = 2,
(iii) If |G| =3, then [VP(G)| =12 and |[VP(G)|| = 2.

Proof. (ii), (iii) Let G = {e,a,b}. For all x,y € G,[x - y| # 1 implies that
Ix -y| = 2. If (G,e) is a very thin polygroup, then a-a ={e},b-b ={e,a} or
a-a=b-b={e,alora-a=b-b={e,b},orb-b={e},a-a=1{e b} So
IVP((G, e))| =4 and [[VP((G,e))| = 3. O
Let G be a non—-empty set. We can compute the set of all very thin polygroups
on G and the number of all very thin polygroups up to isomorphic on G,
whence |G| < 3. But can’t compute for |G| > 4.

Open Problem 1 Letmyn € N, |G| =n and G be an m-very thin polygroup.
Then |[VP(G)| =? and |[VP(G)|| =?

Theorem 6 Let |G| € {2,3}. If G is a very thin polygroup, then it is a com-
mutative very thin polygroup and |[Aut(G)| =1.

Proof. It is obtained by Corollary 3 and Theorem 5. 0
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Example 4 Consider the very thin polygroup G = Z3 U{g}, where g ¢ Z3. By
Corollary 2, we have |Aut(G)| = 2. It shows that if G is a very thin polygroup
and |G| > 4, then necessarily |Aut(G)| # 1.

Proposition 2 Let G be a hypergroup, x € G, G = G/B and x € Aut(G).
Then

(i) & € Aut(G), where &(x) = x(x) and X = B*(x),
(il) Aut(G) C Aut(G), where Aut(G) ={x | « € Aut(G)},
Proof. (i) Let X = g. Then there exists u € U in such a way that {x,y} C uand

so {a(x), x(y)} € a(u) € U. Hence, ®(x) = &(y) and then & is a well-defined
map. In similar a way one can see that & is an isomorphism. O

Corollary 4 Let G be a hypergroup, G = G/B* and x,0 € Aut(G). Then

i) x =« )

(i) x0@ =u00,

(ii1) Aut(G) < Aut(G).

Proof. Let x € G. Define &(B*(x)) = B*(x(x)). So the proof is obtained. [

4 Autonilpotent polygroups

In this section, we introduce the concept of autonilpotent polygroup and via
the fundamental relations and regular relations consider some conditions to
construct autonilpotent groups and autonilpotent polygroups.

Let G be a hypergroup, x € G and & € Aut(G). Define [x,a] = {g €
G| x € g-ax)} and will call an autocommutator of x and «. Inductively,

for all oy, x2y...,00q € AUt(G), [x, 1, &2y ...y 0] = [x, oq,ocz,...,ocn_ﬂ,ocn]

is an autocommutator of x, a1, &2, ..., &, of weight n+ 1, where for all X C G

we have [X, o] = U[x, of. Let Ko(G) = G and for every n € N*, consider
xeX

Knt1(G) ={g € [x, ol | x € Kn(G), x € Aut(G)}.

Definition 7 Letn € N, G be a polygroup. Then G is called an autonilpotent
polygroup of class at most n, if K, (G) C wg.
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Proposition 3 Let (G,e) be a polygroup, x € Gyn € N and « € Aut(G).
(i) [x,id] =[e,x] =x-x"! and [e,a] =,
(i) [x,od =x-a(x71),

(i) B*([x, o) = [B*(x), «l,
(iv) [x, 07" = [x(x), x7 ],
(v) Kn(G) ={helg,x1,2,...,0n] | g € G, 1, x2,...,0n € Aut(G)},

(Vi) Kny1(G) € Kn(G).

Proof. Since [x,a] ={g e G|xeg-ax)}={ge G|gex-ax")}and
B(lx, &) = B(xax(x 1)) = [B(x), x '], we get the results. O

Example 5 (i) Consider the very thin polygroup G = (Z,+4,—,0). Routine
computations show that X1(G) = 2Z U{g},K»(G) = 22Z U{g} and for every
n € N we have Ky (G) = 2"Z U {g}, while wg = {0,g}. Hence G is not an
autonilpotent polygroup.

(i) Consider the very thin polygroup G = (Dg,+4,—,0). Routine compu-
tations show that for every n € N we have Ky (G) = {id, (1,2,3),(1,3,2), g}
while wg ={0, g}. Hence G is not an autonilpotent polygroup.

Theorem 7 Let (G,-,e,”") be a group and g € G. Then
(i) (G g6, )/B" = (G,-,e,7") and Aut(G') = Aut(G),
(1) for allm € N*, we have K, (G) U{g} = Kn(G'),

(ii1) (G’,-g,e,_1 ) is an autonilpotent polygroup if and only if (G,-,e,” ) is
an autonilpotent group.

Proof. (i) It is easy to see that € =g = {e, g} and for all x € € we have X = x.
(ii) Obviously we have Ko(G) U{g} = Ko(G’) and by induction one can see
that K (G) U{g} = K(G’).
(iii) Since wgs = {e, g} and by the item (ii) the proof is obtained. O

Example 6 Let G ={e,a,b}. Then (G,-,e,”") is a polygroup as follows:

. ‘e a b

e |{e} {a} {b}
a|{a} {e,b} {a,b}’
b | {b} {a,b} {e,a}
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It is easy to see that Aut(G) =
addition for everym € N* K (G)

polygroup.

{id,x = (a b)} and Aut(G) = Aut(G). In
=wg = G, implies that G is an autonilpotent

Theorem 8 Letn €N, k=2" g ¢ G’ be a cyclic group and |G’'| =k . Then
G = (G'U{g},-4,0) is an autonilpotent polygroup of class at most n.

Proof. Let G’ = (a) and a € G. By Corollary 2, |Aut(G)| = 2™ — 2™, Let
& € Aut(G). Then «(a) = a”, where r € $ ={1,3,5,2" — 1}. So
Ki(G) ={a" ', gl m€8LKi(G) ={a*"V, g |r €S}
K3(G) ={a'™,glreS)... and Kn(G)={a®" " g|reSs}={0,gh

Hence wg = {0, g} = K;;(G) and so G is an autonilpotent polygroup.
O

Corollary 5 Letk € N, n = 2. Then G = (Zn U{\f}, 3> 0) is an autonilpo-
tent polygroup.

Proof. Let k € N, n = 2. Since Zyx is an autonilpotent group, by definition
of G, G =(Zn, U {\f}, v2>0) is an autonilpotent polygroup. O

Definition 8 Let G be a polygroup. Define Zo(G) = wg, for every n €
N*Z.1(G) = {x | [x,of C Z,(G),Vx € Aut(G)} and we called it by abso-
lute center of G.

Theorem 9 Let G be a polygroup, x € G and n € N*. Then
(1) Zn € Zn1 and so wg C Zy,

(1) Zn(G) is a complete part of G,

(iil) [x,1id] C Z,(G),

(iv) if |JAut(G)| =1, then G is autonilpotent.

Proof. (i) Let o« € Aut(G). Since x(wg) € wg, we get that Zo(G) C Z;1(G)
and so by induction the proof is obtained.

(ii) By item (i), wg C Z,, implies that C(Zn(G)) = Zn.(G) - wg = Z,(G).
Thus Z,(G) is a complete part of G.

(ii1) It is obtained by item (i).

(iv) Let x € Kn(G) and h € [x,id]. Then by definition we have h € x-x~! C
wg that it follows K11(G) € wg. Thus G is autonilpotent. O
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Corollary 6 Let G be a very thin polygroup. If |G| < 3, then G is an au-
tonilpotent polygroup.

Proof. It is obtained from Theorems 6 and 9. OJ

Theorem 10 Let G be a polygroup and n € N. Ky (G) C wg if and only if

Proof. Let Z,(G) = G. Then by induction on i, we have K;(G) C Z, ;(G).
Now for i = n we obtain that K, (G) C Zy(G) = wg.

Conversely, if K (G) € wg, then by induction we conclude K,—i(G) C Z;(G).
Letting i = n implies that G = Ko(G) C Z,(G) C G. O

Example 7 (i) Let G = Z4 U{g}. Then for all n > 2, we have Z,(G) =
Z,(Z4) U{g} = G and so it is an autonilpotent polygroup.

(1) Let G = S3U{g}. Then Z,(G) = Z,(S3) U{g} = {e, g} and so it is not
an autonilpotent polygroup.

Corollary 7 Let G be a polygroup. G is an autonilpotent polygroup if and
only if there exists some n € N in such a way that Z,(G) = G.

Theorem 11 Let G # {e} be an autonilpotent group. Then Z;(G) # {e}.

Proof. Since G is an autonilpotent group, by Corollary 7, there exists some
n € N in such a way that Z,,(G) = G. Let Z;(G) ={e}. Then for all n > 2 we
obtain that Z,,(G) = {e}, which is a contradiction. O

Theorem 12 Let G be a polygroup, Aut(G) be a commutative group and
x € Aut(G). Then

(1) a(Kn(G)) € Kn(G),
(i1) if x € Kn(G), then x~ ' € Kn(G),
(iil) if for all x € G,x - x~ ' ={e}, then L, (G) C Kn(G),
(iv) if G is an autonilpotent group, then it is an nilpotent group.

Proof. (i) Let h € K;,11(G) and f € Aut(G). Then there exist x € K,(G) and
o € Aut(G) such that h € [x, ] and so f(h) € f(x-a(x"))) = f(x)-f(ax(x)) =
f(x)ax(f(x~ 1)) = [f(x), a. So by induction hypothesis, x € Kn(G) implies that
f(x) € Ky (G) and so f(h) € K11(G).
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(i1) Let h € Ky 11(G). Then there exist x € K;;(G) and &« € Aut(G) in such
a way that h € [x, «]. Using Proposition 3, we have h™! € [x(x), '] and by
the item (i), we obtain that h™' € Kn,1(G).

(iii), (iv) It is obtained by induction. Let h € [x,y] and x € L(G). Then
induction assumption, implies that x € K(G). Let y € G and ¢, € Inn(G),
where for all a € G, we have @ (a) = y-ay . Thush =xyx 'y~ =[x, @yl
Hence by the item (ii), we conclude so h € K, 1(G). O

Theorem 13 Let G be a hypergroup, n € N,G = G/B* and Aut(G) C
Aut(G). Then

(1) Ka(G) ={t | t € Kqa(G)},
(il) G is an autonilpotent polygroup if and only if G is an autonilpotent group.

Proof.

(i) Let @ € Kn11(G). Then there exist & € Aut(G) and X € K,(G) in such a
way that @ = [X, «]. Thus there exists og € Aut(G) such that &y = . Using
induction hypotheses implies that there exists t € K,,(G) such that x = t. If
b € [t, ], then b € K41(G) and b = [X, %] = [X,a] = d@. The converse is
clear.

(i1) Let G be an autonilpotent polygroup. Then there exists n € N in such

a way that K,,(G) C wg. It follows K;,(G) ={e}. The converse is similarly. O

In [8], it is shown that every polygroup G is a nilpotent polygroup if and
only if G/f* is a nilpotent group. So we have the following theorem.

Theorem 14 Let G be an autonilpotent polygroup and Aut(G/p*) C Aut(G).
Then G is a nilpotent polygroup.

Proof. Applying, Theorem 13, G/3* is an autonilptent group, so there exists
n € N in such a way that K,(G/p*) = {p*(e)}. By Theorem 12, L,,(G/p*) =
{B*(e)} and so it is a nilpotent group. Therefore, G is a nilpotent polygroup. [J

For any given autonilpotent polygroup G, we can’t prove that prove or disprove
that it is a nilpotent polygroup, so we give up it as the following open problem.

Open Problem 2 Let G be an autonilpotent polygroup. Then it is a nilpotent
polygroup.

Example 8 Consider the polygroup G = Z¢ U{g}, where g ¢ G. Thus the
converse of Theorem 14 it is not necessarily true.
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Theorem 15 Let Gy, Gy be hypergroups. Then
(i) Kn(G1) X Kn(GZ) - Kn(G1 X GZ);
(‘i‘i) WG]XGZ - WG] X WGz;

(1) if Kn(G1) x Kn(Gz2) € wg, x Wg,, then Kn(G1) € wg, and Ky (Gz) €
Wg, -
Proof. (i), (il) We prove by induction. Let (hi,hy) € Kni1(Gy) X Kni1(G2).
Then there exist x1 € K(G1),x2 €€ K(G2), 001 € Aut(Gy) and o € Aut(Gy)
in such a way that hy € [x1,] and hy € [x2,x]. Define & = (o, x2)
by a(x,y) = (x1(x),002(y)). Clearly x € Aut(Gy x Gz) and so by induc-
tion assumption, (x1,%2) € Kn(G1) x Kn(G2) C Kiu(Gy x Gz). So (hy,hy) €
[(x1,%2), (o1, ®2)] € Knp1(Gy x G2).
(i) [8]. 0

Example 9 Consider the polygroup Gy = Gy = Z; . It is easy to see that
{(0,0)} = Kq(G1)xK1(G1) C K1(G1xG3). So necessarily for alln € N, K, (G7)x
Kn(G2) # Ka(G1 x G2).

Theorem 16 Let Gy and Gy be polygroups. If G1 x Gy is an autonilpotent
polygroup, then Gi and G, are autonilpotent polygroups.

Proof. Since G; x G; is an autonilpotent polygroup, then there exists n € N
such that Ky(G1 x G2) € wg,xg, = Wg, X Wg,. Applying Theorem 15, we
have

Kn(G1) x Kn(G2) € Kn(Gy x G2) € wg, X wg,.

It follows that K,(Gi) € wg, and Kq(G2) € wg,. Hence Gy and G, are

autonilpotent polygroups. ]

Example 10 Let G = Z, x Z,. Then Aut(G) = S3 and Ki(G) = G. So G
is mot an autonilpotent polygroup, whiie Ki(Zy) = {0} implies that Z, is an
autonilpotent polygroup.

The Example 10, shows that the convese of Theorem 16, is not necessarily
true.
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5 Application

We refer to some applications of our work to sample as follows.

Economic Hypernetwork: Let G = {ay, a1, az, a3, as, as, ag} be a set of
some peoples that want to share in an economic benefit and follow the in-
structions of this partnership based on their abilities. We assume that the
instructions are based on the axioms of polygroups and so construct a poly-
group as Table 1. This polygroup shows that the people ag, a4, as, ag must
be only help in the investment of each person so that the result of the work
can be balanced as T = {ag, a4, as, ag} and sometimes the person ap must be
removed in this regards.

Artificial Hypernetwork: Let G = {ao, aj, as, as, as, as, ag} be a set of
7 computers that are used in a intelligent hypernetwork. We want to input
layers and output layers of our data satisfy in a certain law, so we put this law
in the form of axioms of a polygroup as Table 1 and use their automorphisms
as information transfer. Thus we have for all « € Aut(G) we have, a(T) =T
and Aut(G, ) = S3 x S3 and so we can do this work in 36 ways.

6 Conclusion and discussion

The current paper introduced the notion of m— very thin polygroups, the
concept of autonilpotent polygroups and investigated some properties of au-
tonilpotent polygroups. Such as:

(1) For any non—empty set, (non)commutative very thin polygroups are con-
structed.

(i1) Using the concept of homomorphisms, we obtain the set of autonilpotent
of very thin polygroups.

(iil) We show that the set of automorphism of very thin polygroups are equal
to set of automorphism of some groups.

(iv) With respect to the concept of nilpotent polygroups, we investigated the
relation between of autonilpotent polygroups and nilpotent polygroups.

(v) Through the concept of direct product of autonilpotent polygroups, we
extend the autonilpotent polygroups.

We hope that these results are helpful for furthers studies in autonilpotent
polygroups. In our future studies, we hope to obtain more results regard-
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ing autonilpotent polygroups, autosolvable polygroups, nilpotent polygroups,
solvable polygroups and their applications.
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