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Abstract. In this work we define the concepts of the coupled orbit
and coupled orbitally completeness. After then, using the method of
Bollenbacher and Hicks [8], we prove some Caristi type coupled fixed
point theorems in coupled orbitally complete metric spaces for a func-
tion P: E x E — E. We also give two examples that support our results.

1 Introduction and preliminaries

In the litareture concerning the fixed point theory, one of the most interesting
and useful results is the Caristi’s fixed point theorem [9], which is equivalent to
Ekeland’s variational principle [12] and is also a generalization of the famous
Banach contraction principle.

In 1976, Caristi proved in [9] that “if S is a self mapping of a complete
metric space (E, p) such that there is a lower semi-continuous function \ from
E into [0, 00) satisfying

p(u, Su) < h(u) —p(Su)

for all u € E, then S has a fixed point”.
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In this theorem, saying that “\ is lower semi-continuous at w if for any
sequence {un} C E, we have limu,, = u implies P(u) < liminf P(un)”.

Several authors have obtained various extensions and generalizations of
Caristi’s theorem by considering Caristi type mappings on many different
spaces. For example [1, 2, 3, 4, 8, 10, 14, 15, 16, 17, 18, 19, 20, 28, 29|, and
others.

In this paper, by using the method in [8], we give some Caristi type coupled
fixed point theorems for a function P from a product space E x E to E.

The idea of the coupled fixed point was given first by Opoitsev [22, 23] and
Opoitsev and Khurodze [24] and then by Guo and Lakhsmikantham in [13].
The first coupled fixed point theorems under the contractive conditions were
studied by Bhaskar and Lakhsmikantham, see [7]. Since then various authors
have obtained several important, useful and interesting results for the coupled
fixed points under different condition [5, 6, 11, 21, 25, 26, 27].

We now give some basic definitions and notions.

Definition 1 ([7]) Let E be a nonempty set and P: E X E — E be a mapping.
An element (u,v) € E X E is said to be a coupled fixed point of mapping P if
u=P(u,v) and v=P(v,u).

Definition 2 Let E be a nonempty set and P: E X E — E be a mapping. Let
ug and vy are arbitrary two points in E. Consider the sequences {un} and {vn}

by

Un = P(unfhvnf] )a Vn = P(anbunf]) (1)

form=1,2,3,....
Then the sets

Op(ug, 00) = {ug,wy,uy,...} and Op(vo,00) ={vo,V1,V2,...}

are called the coupled orbit of (up,vo) € E X E.

Now let (E,p) be a metric space. If every Cauchy sequence in Op(ug, 00)
and Op(vg, 00) converges to a point in E, for some (ug,vo) € E X E, then the
(E, p) metric space is said to be coupled orbitally complete.

Note that a complete metric space (E, p) clearly coupled orbitally complete,
but a coupled orbitally complete metric space (E, p) does not necessarily com-
plete as in shown by Example 1.
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Definition 3 Let (E,p) be a metric space, P : E Xx E — E a mapping and
Uug,vo € E. A real-valued function B : ExXE — [0, 00) is said to be ((up,vo), P)—
coupled orbitally weak lower semi-continuous (c.o.w.l.s.c.) at (u,v) € E x E iff
{un} and {vn} are sequences in Op(ug, 00) and Op(vy, ) respectively and

Un = u, vy — v implies B(u,v) < lim sup B(un,vn)
n—oo

(See [10]).

2 Main results

The following theorem is a version of Caristi’s theorem, which was proved by
Bollenbacher and Hicks (See [8]).

Theorem 1 Let (E,p) be a metric space. Suppose S : E — E and P : E —
[0,00). Suppose there exists an w such that

p(v, Sv) <(v) —h(Sv)

for every v € Og(u, ), and any Cauchy sequence in Os(u, 00) converges to
a point in E. Then:

(a) lim S™Mu =u' exists,

(b) p(S™uu’) < (S™u),

(¢) Su' =u' iff B(u) = p(u,Su) is S-orbitally lower semi-continuous at u,
)

(d) p(S™Mu,u) < P(u) and p(u',u) < P(u).

Now we prove the following coupled fixed point theorem for a function P on
the product space E x E.

Theorem 2 Let (E,p) be a metric space, P:EXE — E and Y : E — [0, 00).
Suppose there exist uy,vo € E such that (E,p) is coupled orbitally complete
and

max{p(u, P(u,v)), p(\), P(V) 'LL))} S 'll)(U) —|—1l)(\)) —II)(P(U»V)) _w(P(V) 'LL)) (2)
for all u € Op(ug, 00) and v € Op(vg, 00). Then:

(a) limuy, = limP(uy_1,vn_1) =u’ and limv, =limP(vy_1,un_1) =V’ exist,
where the sequences {un} and {vn} are defined as in (1),
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U, u)y p(Vi, V) < B (un) + P (vn),

(
) is a coupled fixed point of P if and only if

) = p(P(u,v),u) is ((up,vo), P)— c.o.w.l.s.c. at (u',v') and (v/,u’),
(

(

Un,y Ug), P(Vny Vo)) < W (uo) + 1 (vo) and
u’sup), p(v/,vo)} < P(up) + P(vo).

Proof. (a) Using inequality (2) we have

Sno = kiomax{p(uk,ukﬂ),p(Vk,vk+1)}
= ;max{p(uk,l’(uk,vk)),p(vk,P(vk,uk))}
< ;N’(uk) + b (vi) = W (Pwg, vid)) — b (P v, w))]
= kio[lb(uk) — Y (ur) + b (vie) = b (Vi )]

= Y(uo) —Y(uns1) +¥(vo) —P(vai1)
< W(uo) +P(vo).
Hence {S;,} is bounded above and also non-decreasing, and so convergent.

Now let m,n be any positive integers with m > n. Then from triangle
inequality of p, we have

m—1 m—1
max{p(un, Um), p(vn,vin)} < max{ Z P (ks Wit 1), Z p(Vk,Vk—H)}
k=n k=n
m—1
< > max{p(u, W), PV, i)} (3)
k=n

Since {Sy} is convergent, for every ¢ > 0, we can find a sufficiently large positive
integer N such that

[e o]
D max{p(u, wiey1), p(Vio Vi1 )} < €

k=n

for all n > N. Thus, we get from (3) that

max{p(umum)) p(vam)} <e€
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for all myn > N, and so {u,} and {v,} are two Cauchy sequences in Op(uy, 00),
and Op(vg, 00) respectively. Since (E, p) is coupled orbitally complete,

lim u, = lim P(un_1,vn1) =u'and lim v, = hm Pvn_1,Uun_1) =
n—oo n—oo n—oo

exist.

(b) Let m,n be any positive integers with m > n. Using inequalities (2)
and (3) we have

m—1
maX{p(u‘mum)) p(vn)vm)} < max{p(uk>uk+1 )) p(vkyvk+1 )}

k=n
m—1

= max{p (1, P(w, Vi), p(v, P(vi, ux))}
k=n
m—1

< [ (we) + P (vi) — b (we1) — B (vierr)]
k=n

= Y(un) —P(um) +dvn) —b(vim)

< Plun) +P(vn).

Letting m tend to infinity, we have from (a)

max{p(umu,)) p(vmvl)} < U(un) +P(va).

(¢) Assume that u' = P(u/,v’), v/ = P(v/;u’) and {uy}, {vn} are sequences
in Op(up,00) and Op(vy, 00) respectively with w, — u’, v, — v’. Then we
have,

B(ul)v/) = p(P(u ,v/),u/) =0 < IimSUP p(P(un)vn))un)
= limsup B(un,vn)
and
B(v/,u') = p(P(v,u),v) =0 < limsup p(P(vn,un),vn)
= limsup B(vn, un)
and so B is ((ug,vg), P)—c.o.w.lLs.c. at (u/,v’) and (v/,u’).

Now let u, = P(un_1,vn_1), Vn = P(Vn—hun—]) and B is ((uO)VO))P)*
c.o.w.ls.c. at (u,v') and (v/;u’). Then from (a) we have

0 <p(P(u/,v),u)=B,v) < limsupB(un,va)
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= limsup p(P(un,vn),un) =0
and

0 <p(PV,u),v)=BH,u') < limsupB(vn,un)
= Iimsup p(P(Vn)un))Vn) =0.

Thus u’ = P(u/,v’) and v/ = P(v/;u’).

(d) Using triangle inequality of p and inequaliy (2) we have

n n
maX{p(un)uO)) p(vn)VO)} < max { Z p(uk)uk 1 )Z p Vky Vk—1 }
=1

k=1 k

max{p (g, W—1), P(Vi, Vi—1)}

E

<

~
[

1

=

max{p (W1, P(We1, Vi), p(Vir, P(vier, Wi )}
1

~
Il

[tl)(uk 1) W (vie1) — b (we) — (vl

IN
< 1

€-€-

( 0) —W(un) + ¥ (vo) =P (vn)
(o) +(vo).

Letting n tend to infinity, we have from (a)

IN

max{p(u’,up), p(v',vo)} < P(ug) + P (vo).

We now prove the following theorem.

Theorem 3 Let (E,p) be a metric space, P: EXE = E and Y : E — [0, 00).
Suppose there exist up,vo € E such that (E,p) is coupled orbitally complete
and

p(u, P(w,v)) + p(v, P(v,u)) < (u) +b(v) —b(P(w,v)) —d(P(v,u))  (4)
for all u € Op(up, 0) and v € Op(vg, 00). Then:

(a) limuy, =lmP(un_1,vn_1) =u’ and limv, =limP(vy_1,un_1) =V’ exist,
where the sequences {un} and {vn} are defined as in (1),
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(b) plun,u’) + p(vn, v') < Plun) +P(vn),

(¢) (u,v') is a coupled fized point of P if and only if
B(u,v) = p(P(u,v),u) is ((up,vo), P)— c.o.w.l.s.c. at (u,v’) and (v',u’),

(d) plun,up) + p(vn,vo) < W(ug) + P (vo) and
p(u/yup) + p(v/,vo) < W(up) + P (vo).

Proof. We have

p(u, P(w,v)) + p(v, P(v,u))
Y(u) + 9 (v) = (P(u,v)) —b(P(v,u)).

max{p(u, P(u,v)), p(v, P(v,u))} <
<

The results (a) and (c) of this theorem follow immediately from Theorem 2.

(b) Let m,n be any positive integers with m > n. Using triangle inequality
of p and inequality (4), we have

m—1
p(unaum) + p(Vn)Vm) < [p(U—k>U—k+1)a+p(VkaVk+1 )]

k=n
m—1

= [p (s P(wiey Vi) + p(Viy P(viy Wi ))]
k=n
m—1

< W (we) + ¥ (vi) — b wr1) — b (vi)]
k=n

= VPug) —Pum) +b(va) —b(vin)

< U(un) +P(va)

Letting m tend to infinity, we have from (a)
p(un, 1) + p(vn, V') < b(un) +p(wn).

(d) Using triangle inequality of p and inequaliy (4) we have
n

p(un, o) + p(vny Vo) < D [Pt Wie1) + p(viey Vie1)]
k=1

n
= [p(we 1, Plwc1,vie 1)) + p(Vie 1, P(Vic 1, Wi 1))
P
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P(uw—1) + W (vie1) — P (we) — b (vi)]

IA
M=

k
=P (uo) —P(un) +b(vo) —P(vn)
< P(uo) + P (vo).

Letting n tend to infinity, we have from (a)

p(u'suo) + p(v',vo) < W(uo) + W (vo).

Finally, we prove the following theorem.

Theorem 4 Let (E,p) be a metric space, P:EXE = E and Y : E — [0, 00).
Suppose there exist up,vo € E such that (E,p) is coupled orbitally complete
and

p(u)P(u7V)) § ll)(u) *Q’(P(U)V))) (5)
p(v,Pv,u)) < (v) —(P(v,u)) (6)
for all u € Op(up,00) and v € Op(vg,00). Then:

(a) limuy, = lmP(up_1,vn_1) =u’ and limv, =lmP(vy_1,un_1) =V’ exist,
where the sequences {un} and {vn} are defined as in (1),
(b) p(un,u") <P(un) and p(vn,v') < P(vn),
u',v/
(u,v
(d) plun,uo) < WP(uo) and p(u',u) < P(uo),
P(vn,vo) < WP (vo) and p(v',vo) < (vo).

) is a coupled fixzed point of P if and only if
) = p(P(w,v),u) is ((wp,vo), P)- c.o.w.l.s.c. at (u',v') and (v/,u'),

o

Proof. From inequalities (5) and (6) we have
) <

Y(u) +pv) = (P(u,v)) —h(P(v,u)).

The results (a) and (c) of this theorem follow immediately from Theorem 3.

p(u, P(u,v)) + p(v, P(v, 1)

(b) Let m,n be any positive integers with m > n. Using triangle inequality
of p and inequality (5) we get

m—1

pun,um) < Y plwwe) = ) pluw Plwg i)
k=n

k=n
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m—1
< ) W) = $(wer)] = b(un) — b(um) < blug).

k=n

Letting m tend to infinity, we have from (a)
p(un, 1) < P(un).

Similarly, using triangle inequality of p and inequality (6) we get
p(vn, V') < b (vn).

(d) Using triangle inequality of p and inequality (5) we have

p(un, uo) < Y pluw 1) =Y plwe 1, Plwe1,vi 1))

=1 =1
< Z[ﬂ)(uk—l) — P (u)]
=1

Letting n tend to infinity, we have from (a)
p(u,u0) < W(up).
Similarly, it can be proved that

P(vn,vo) < WP(vo) and p(v',vo) < P(vo).

3 Some Examples
We now give two examples which illustrate our results.

Example 1 Let E = [0,1) with Euclidean metric p.
Define P: EXE — E by P(u,v) =u/2 for all (u,v) in E X E and also define
P:E— [0,00) by P(u) =2u for all u in E.

Let up and vy are arbitrary two points in E. Then we have

Uy Up Uo
OP(U0,00) == {uo,z,zz,...,Zn,...} and
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Vo Vo Vo
Op(vo,00) = {Vo,z,zz,...,Zn,...}.

Clearly, (E,p) is coupled orbitally complete as it is not complete. Further, for
all w in Op(ug, 00) and v in Op(vy, 00), we have

max{p(u, P(U,V)), D(V, P(V) 'LL))} = HlaX{h,L - LL/2| y ‘\) - V/2|} = max{u/Z, V/Z}
<u+v=9u)+pv) —(P(u,v)) = (P(u,v)).

Thus P satisfies inequality (2) with b(u) = 2u and so the conditions of The-
orem 2 are satisfied and limP(un_1,vn_1) = limP(vy_1,un_1) = 0. Further,
(0,0) is a coupled fixed point of P and B(u,v) = p(P(u,v),u) is c.o.w.l.s.c. at
(0,0).

Example 2 Let E = [0,00) with FEuclidean metric p and define

0 ifu<v

P:EXE—E by P(u,v):{2 > v

for all (u,v) in E x E. If we take ug = 2 and vo = 2, then
Op(2,00) ={2,2,2,....} and Op(2,00) =1{2,2,2,....}.

Clearly, (E, p) is coupled orbitally complete and P satisfies inequality (2) for all

u in Op(2,00) andv in Op(2,00) with\P(u) = u. So the conditions of Theorem

2 are satisfied and Hm P(wn_1,vn_1) = im P(vy_1,un_1) = 2. Further, (2,2)

s a coupled fized point of P and B(u,v) = p(P(u,v),u) is c.o.w.ls.c. at (2,2).
Similarly, if we take wg =0 and vo = 2, then

Op(0,00) ={0,0,0,....} and Op(2,00) =1{2,2,2,....}.

Clearly, (E, p) is coupled orbitally complete and P satisfies inequality (2) for all
u in Op(0,00) andv in Op(2,00) with\P(u) = u. So the conditions of Theorem
2 are satisfied and lim P(un_1,vn_1) = 0,im P(vn_1,un_1) = 2. Further, (0,2)
is a coupled fized point of P and B(u,v) = p(P(u,v),u) is c.o.w.l.s.c. at (0,2)
and (2,0).

This shows that the coupled fixed point of P is not unique.
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