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Abstract. Let R be a finite commutative ring. We define a co-unit graph,
associated to a ring R, denoted by G, (R) with vertex set V(Gnu(R))
= U(R), where U(R) is the set of units of R, and two distinct vertices
x,y of U(R) being adjacent if and only if x +y ¢ U(R). In this paper,
we investigate some basic properties of G (R), where R is the ring of
integers modulo n, for different values of n. We find the domination
number, clique number and the girth of Gy, (R).

1 Introduction

A graph G = (V,E) consists of the vertex set V(G) = {v,vs,...,vn} and the
edge set E(G). Further, [V(G)| = n is the order and |E(G)| = m is the size
of G. The degree of a vertex v, denoted by dg(v) (we simply write d) is the
number of edges incident on the vertex v.

A path of length n is denoted by P;, and a cycle of length n is denoted by
Ca. A graph G is connected if their is at least one path between every pair
of distinct vertices, otherwise disconnected. As usual, K, denotes a complete
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graph with n vertices and K4 p denotes a complete bipartite graph with a+b
vertices. Also a graph G is said to be k — regular if degree of every vertex of
G is k. The girth of a graph G, denoted by gr(G), is the length of the shortest
cycle contained G. In G, an independent set is a subset S of the vertex set V(G)
if no two vertices of S are adjacent. The independence number of G, denoted
by «(G), is defined as «(G) = max{|S|: S is an independent set of G}. Two
graphs G and G; are said to be isomorphic if there exists a bijection between
vertices and edges so that the incidence relationship is preserved and is written
as G1 = Gj. A subset D of V(G) is called a dominating set of G if every
vertex in V \ D is adjacent to at least one vertex in D. A dominating set of
minimum cardinality is called a y — set of G. The domination number of
G, denoted by y(G), is the cardinality of a v — set of G.

Let R be a finite commutative ring and let U(R) be the set of units of R.
Let R = Ry x Ry X ... X Ry, be the direct product of the finite rings R;. If a; is
a unit in Ry, where 1 <1 < n, then (aj, as,as,...,a,) is the unit element of
Ry x Ry x ... x Ry,.

Let n be a positive integer and let Z, be the ring of integers modulo n.
Grimaldi [4] defined the unit graph G(Z,) whose vertex set is the set of ele-
ments of Z,, and two distinct vertices x and y are adjacent if and only if x 4y
is a unit of Z,. Ashrafi et. al [2] extended the concept of G(Z,) to G(R), where
R is any arbitrary associative ring with nonzero identity. More literature on
this can be seen in [1, 5, 6, 13, 15, 14].

We define a co-unit graph associated to a ring R, denoted by Gny(R), with
vertex set as the set U(R) and two vertices x,y € U(R) are adjacent if and only
if x+y ¢ U(R). We observe that Gny(R) is an empty graph when R is the ring
of real numbers or the ring of rational numbers. More generally, if R is a field,
then Gny (R) is an empty graph. Also, for the ring of integers Z, Gny(Z) = K;,
since U(Z) = {—1,1} and —1+ 1 = 0 ¢ U(Z) which implies that the vertex
corresponding to the unit —1 is adjacent to the vertex corresponding to the
unit 1 and hence becomes Kj.

In Section 2, we characterize the graphs Gy (Zy), for different values of n.
Also, we find the domination number, clique number and the girth of Gny(Zy).

2  On graphs G.(Z,) associated to the ring Z,

Definition 1 The FEuler’s phi function ¢(n), where n is positive integer, is
defined as the number of non-negative integers less than n that are relatively
prime to .. If > 2 and p is prime, then G(p™) =p™ —p"'.
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We begin with the following observation.
Theorem 1 The graph Gny(Zp) = (pz;])Kz, where p > 3 is a prime number.

Proof. Since all nonzero elements of the ring Z, are units, so the vertex set of
GnulZp) is V={1,2,3,...,,p — 1}. Partition the vertex set V into two disjoint
subsets V4 and V3, where Vi = {1,2,..., 25 and V, = {Ef ... ;p — 1}. Let x
and y be any two elements in V7. Then, clearly x+y < p—2, implying that the
sum of any two elements in Vj is a unit. Therefore, no two vertices in V; are
adjacent. Now, let x and y be any elements in V. Clearly, p+2 < x+y < 2p—3,
so that x + y is a unit, which implies that there is no edge in V,. Also, for
every element k € V1, 1 < k < ]32;], there is exactly one element p —k in V,
such that k +p —k = p is a non unit. Hence the graph Gn.(Z,) is bipartite

and contains %] copies of Ky, that is Gnyu(Zp) = (pz;])Kz. O
Remark. From Theorem 1, we observe that the independence number of
$(p)

Gnu(Zyp) is equal to —5=.

Theorem 2 For primep > 5 andn > 2, the graph Gny(Zpn) is P regular
graph.

Proof. By Euler’s ¢- function , ¢(p™) = p™—p" . So the order of the graph
Gnu(Zpn) is G(p™. Let V={1,2,...,p—1,p+1,...,2p—1,2p+1,...,p"—1}
be the vertex set of Gny(Zpn). It is clear that V has no vertex of the type
np®. As [V] = ¢(p"), so the number of non units in Zyn is p™ — d(p") =
pr—pt4+pt! = p* ! Let D = {np* : n, € N} be the set of non units
in Gnu(Zpn), so that |D| = p™!. Consider the set S = (np* —k : k € V}.
Clearly, each vertex of V is adjacent to every vertex of S, since for every fixed
k € Vand np* —k € S, we have k + np* —k = np* ¢ U(Zpn). Define a
mapping f: D — S by f(np*) = np® — k. Clearly, f is bijective, so it follows
that |S| = p™~'. As each vertex of Gnu(Zpn) is adjacent to every vertex of S,
so degree of every vertex of v € V = [S|. Thus, Gny(Zpn) is p* ' —regular. O

Example 1 Let p =5 and n = 2. The graph Gny(Zs2) is 5°7' = 5—regular,
as shown in Figure 1.

Theorem 3 The graph Gnu(Zp X Zq) is ($(p) + d(q) — 1)— regular, where
both p and q are distinct odd primes with p < q. Further, the domination
number Y(Gnu(Zp X Zq)) = ¢(p) and QT(V(Gnu(Zp X Zq)) =3.
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Figure 1: Gny(Zs2)

Proof. Since p and q are odd primes with p < q, the number of units in the
rings Zp and Zq are ¢(p) and ¢(q), respectively. So the order of the graph
Grul(Zp x Zq) is G(p)d(q). Now, let

V:{(u1,v1),(u1,v2),...(u1,vq,1),(uz,\)]),...(uz,vq,1),...
(u'p—l y V1 )) (up—th)) ceey (u-p—th—] )}
be the vertex set of Gnu(Zp X Zgq), where {u; : 1 <i < (p—1)}and {vj: 1 <

j < (q—1)} are the set of units in Z, and Zg, respectively. Partition vertex set
V into ¢(p) disjoint subsets, each having cardinality ¢(q), which are given by

By = {(LL],V]), (LL],VZ), (LL],\{?,), KRR (uthf])}

B, = {(LQ,\)] )) (LLZ,\)Z), (UZ,V3), RS (uZ)vq—l )}

B3 = {(uz,v1), (U3, v2), (U3, v3),..., (U3, vg_1)}

Bd)(p) = {(Ll.p,h\)] )) (upfhvl)) (upfS)VfJ) RS (upf1 y Vg—1 )}

Choose some arbitrary subset, say Bi, 1 <1 < ¢(p). We show that each vertex
in B; has degree ¢(p) + d(q) —1. Let (i,x) € B; be an arbitrary vertex, where
1 <x < ¢(q). Obviously, (i,x) is adjacent to every vertex in By 414, and
(1,x) is adjacent to exactly one vertex in the remaining subsets. So the degree
of (i,x) is ¢(p) + d(q) — 1, proving first part of the result.
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The vertices of V are {(LL],V]), (U],Vz), (u1,\)3), RS (uth—])) (LLZ,\)]),
(u2,v2)y (U2,V3)y e v vy (U2, Vg—1)y e v e (Wp—1, V1), (Up—1,V2), (Up-3,V3)y e ety (Up—1,
vq—1). The vertices of the type (uj,vi), where 1 < i < q — 1, are adjacent
to the vertex (up_1,v1). Similarly, the vertices of the type (uz,vi), where
1 <1i< g-—1, are adjacent to the vertex (up_2,v7). In this way, the ver-
tices (up—1,vi), where 1 <1 < g — 1, are adjacent to the vertex of the type
(u1,vq). Now, form the subset of the vertex set V, say D, where D con-
tains vertices of the type {(ur,v1), (uz,v1), (u3,v1),..., (up_1,v1)}. We have
ID| = p—1 = ¢(p). Also, each vertex of V\ D is adjacent to at least
one vertex of D. We show that D is minimal with the above conditions.
From D, if we remove any number of the vertices of the type (uy,vi), where
1 < x < p—1, then there exist vertices of the type (u,_x,vi) in V\ D,
which are not adjacent to any vertex in D. It follows that D is a minimal
dominating set and y(Gnu(Zp X Zq)) = [D| = p —1 = ¢(p). The subset
{(wp—1,v1), (W1, vq-1), (Up—1,Vgq—1)} of the vertex set V, forms an induced sub-
graph which is complete. Hence it follows that gr(y(Gnu(Zp x Zq)) =3. [

Theorem 4 Ifn =2m, then the graph Gn.(Zom) is complete.

Proof. We know that the number of units of the ring Zyn is ¢(2m). Also,
if a € Zyy is a unit then (a,2m) = 1. So the vertex set of Gny(Zym) con-
tains only odd integers, while as all even integers are nonunits. Let V =
Vayy Vs Vagy -« - .,V%(Zm)} be the vertex set of Gny (Zom), where the set {vy,[i =
1,2,3,...,4(2m)} is the set of units of Zyy. Clearly, every vy, in V is an odd
integer. As sum of two odd integers is even, therefore, every two vertices in V
are adjacent. Thus, Gny(Zzm) forms a complete graph. d

Theorem 5 Let R = Z3 x Zy,, where p is odd prime. Then the graph Gny(Z3 x

Zyp) is a connected p—regular graph and y(Gnu(Z3 X Zyp)) = @, gr(Gnu(Z; x

Zp)) =3, cUGnu(Z3 x Zp)) = 4.

Proof. As the units of the ring Z3 are {1,2} and units of the ring Z, are
{1,2,3,4,...,p — 1}, so the vertex set for the graph Gny(Z3 x Zp) is

V:{(L]),(],Z),...,(L‘p—1),(2,1),(2,2),...,(2,]9—1)}.

Partition vertex set V into two disjoint sets V' and V" such that V' =
(1,01 <i<p—Trand V/ = {21 <j < p— 1} Then [V/| = p— 1
and [V”| = p — 1. By definition, each vertex of V of the type (2,u) is adjacent
to every vertex of V of the type (1,v), where u and v are units in the ring
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Zp, since (1,v) + (2,u) = (3,u’) ¢ U(Z3 X Zp), where W' = u+v € Zp. It
follows that K,_1,_1 is an induced subgraph of Gny(Z3 x Zp). Also, in V/,
corresponding to each vertex of the type (1,u;), there exists a unique vertex
(1,up—) in V' such that (1,7) ~ (1,p —r). The same argument holds for V".
Therefore, the degree of each vertex in both the sets V/ and V” is equal to
p — 1+ 1 =p. Hence the graph Gnyu(Z3 x Zp) is p-regular.

Every vertex of V' is adjacent to every vertex of V”, since (1,u) + (2,u) =
(3,u') ¢ U(Z3 x Zp). So there exists a path between every pair of vertices
{(1,u), (2,v)}, where u,v € Z,. From the above discussion, for partite sets V'
and V”, vertices of the type (1,u,_;) are adjacent to the vertices of the type
(1,u;) in V', and vertices of the type (2,up_) are adjacent to vertices of the
type (2,u;) in V”. So, it follows that there is a path between every pair of
vertices in V, see Figure 2. Thus, Gnu(Z3 x Zp) is connected.

As each vertex of the type (2,1) is adjacent to the vertex (1,1), and the
vertex (1,u,_1) is adjacent to (1,1), so the remaining vertices are of the type
{(T,u)12 <j < p —2}. Now, corresponding to each vertex of the type (1,1;)
in V, where 2 < j < p — 2, there exist a vertex of the type (1,u,_;), where
2 <j <p—2, such that (1,u5) + (1,up5) € U(Z3 X Zp). Let D be a subset
of the vertex set V defined as D = {(1,u;) : 1 <j < pz;l} . Now, each vertex
of V\ D is adjacent to at least one vertex of D, since each vertex of the type
(2,1;) is adjacent to every vertex of the type (1,u;). Also, half of the vertices
of the type (1,u;), where 1 <1i < ?, are adjacent to other half of the vertices
of the type (1,uy), where % < k < p—1. From D, if we remove vertices

of the type {(1,u;)}, where 1 < r < pz;]’ then those vertices go to set V '\ D.
Therefore, there exist vertices in V\D of the type (1,u,+), 7 =1,2,3,... pz;]’
which are not adjacent to any vertex in D. So D \ {(1,u;)} does not form a
dominating set for Gnu(Z3 X Zp). Therefore, it follows that D is a dominating
set for Gny(Z3 x Zp) and |D| = 251 = 2P} S0 v(Gy(Zs x Zy)) = &P,

Let S ={(1,u1), (1,up_1), (2,u;)} be the subset of V, where u;, 1 <i < p—T,
are units in the ring Z,. The induced subgraph < S > is a cycle of length
3, so it follows that gr(Gnu(Z3 x Zp)) = 3 . Again, let S’ = {(1,1),(1,p —
1),(2,1),(2,p — 1)} be the subset of the vertex set V. Then the induced sub-
graph < S’ > is a complete subgraph. This induced subgraph is maximal, in
Gnu(Z3 X Zy). To see this, if we add any vertex either of the type (1,u;), where
u; # 1,p—1, or of the type (2,1;), where uj # 1,p —1, to S/, then the follow-
ing three possibilities arise. (i) If we add vertex (1,u;), where 2 <i<p—2,
to S’ then this vertex is not adjacent to the vertices (1,1),(1,p — 1). So the
induced subgraph < S’+ (1,1;) > is not complete. (i) If we add vertex (2, ;)
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to S/, where 2 < 1 < p — 2, then this vertex is not adjacent to the vertices
(2,1),(2,p—1). So the induced subgraph < S’+(2,u;) > is not complete. (iii)
If we add both types of vertices as in (1) and (ii), then in this case the induced
subgraph <S™{1,1;)+(2,u;) > is not complete. Thus the subgraph induced by
<S’> forms a clique in Gny(Z3xZyp) and therefore cl(Gnu(Z3 xZp)) = [S'| = 4.
The graph Gnu(Z3 x Zyp) can be seen in Figure 2. O

Theorem 6 If R = Zyn X Zm, then the graph Gnu(Zyn X Zy) is complete.

Figure 2: Gnu(Z3 x Zp)

Proof. It is easy to see that the set of units for the ring Zyn are {2k+1;k € Z}.
Let V be the vertex set for the graph Gny(Zyn X Zy). Then, V = {(xi, ;) :
1 <i<$(2M),1 <j < Pp(m)}, where x; and y; are units in the rings Zy» and
Zm, respectively. Since each xi, 1 < 1 < $(2"), is an odd integer, therefore,
(xiyY;) + (xr,Ys) & U(Zyn X Zm), as xi + X, is always even. Thus, each vertex
of V is adjacent to every vertex of V. Thus the graph Gnyu(Zon X Zn) is a
complete graph. O

Theorem 6 can be generalized as follows, the proof of which is similar to that
of Theorem 6.

Theorem 7 If R = Zon X Zy, X Ly X -+ X Ly, , then the graph Gny(Zyn x
Loy X Ly X -+ X Lg,y) s complete.

Theorem 8 Let n € N and p be a prime. Then Gny(Zpn) is complete if and
only if p = 2 and Gnyu(Zpn) is complete bipartite if and only if p = 3. Moreover,

—1
if p > 3, then Gnu(Zpn) has PT components each being a complete bipartite

graph isomorphic to K., where v =p™ — 1.
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Proof. Partition vertex set V(Gnu((Zpn))) into subsets Vi, Vi, ..., Vp_1,
where V; = {pk —1: k € Nand pk —i < p™"}, 1 < i < p — 1. Then, as
V(Gnu((Zpn))) = (p—1 )p™!, we have [V;| = p™!, for each i. Moreover, each
V; is an independent set for all p > 3.

If p =2, then V(Gny((Zn))) = Vi ={1,3,5,...,2™ — 1} and so Gny((Zn))
is complete. For p = 3, V(Gnu((Z3n))) = Vi1 U Va, where Vi ={3k—1: k €
Nand 3k—1< 3" and V, ={3k—2: k € N and 3k — 2 < 3"}. Then, for any
x € Vi and y € V3, we have x +y ¢ U(Z3n). Thus, Gy (Z3n) is isomorphic to
Kzn-13n-1. Now, for p > 3, let x € Vi and y € V5, 1 < t,s <p—1. Then x
and y are adjacent in Gny(Zpn) if and only if t +s = p. Thus, we partition
the set {V1,V2,...,V,_1} into the (p — 1)/2 sets, namely, Vj,_; = {Vj, Vp_j},
1 <j<(p—1)/2. Then each Vj,_;j induces a complete bipartite graph K,
where 1 = [V;| = p™. O
Conclusion For a finite commutative ring R we associated a co-unit graph,
denoted by Gnu(R), with vertex set V(Gny.(R)) = U(R), where U(R) is the
set of units of R, and two distinct vertices x,y of U(R) being adjacent if and
only if x +y ¢ U(R). We investigated some basic properties of Gy (R), where
R is the ring of integers modulo n, for different values of n. We obtained the
domination number, the clique number and the girth of Gny,(R). For the future
work, we need to investigate several other graph invariants of Gy (R), for any
ring R. Also, there is scope to study the line graph of the co-unit graph, in
analogy to the line graph of the unit graph, see [10]. Further directions to
study in co-unit graphs can be metric dimension and spectra, for instance like
in [3, 9, 10, 11, 12].
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