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Abstract. We propose SA, N—SA, N—S Apin, and SAy 5, c—contractions
and notions of n—admissibility type b and np—regularity in parametric
Np-metric spaces to determine a unique fixed point, a unique fixed circle,
and a greatest fixed disc. Further, we investigate the geometry of non-
unique fixed points of a self mapping and demonstrate by illustrative
examples that a circle or a disc in parametric Ny—metric space is not
necessarily the same as a circle or a disc in a Euclidean space. Obtained
outcomes are extensions, unifications, improvements, and generalizations
of some of the well-known previous results. We provide non-trivial illus-
trations to exhibit the importance of our explorations. Towards the end,
we resolve the system of linear equations to demonstrate the significance
of our contractions in parametric Ny—metric space.
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1 Introduction and preliminaries

Banach [2] stated the first metric fixed point result in 1922. After this, enor-
mous generalizations and extensions of Banach’s result have been announced
(111, ], [7], [13], [17], [23], [27] -[30], and so on). These essentially centred
around two components: (i) by changing the structure and (ii) by changing
the conditions on the mapping under consideration. One such interesting struc-
ture, parametric Ny-metric spaces is recently introduced by Tas and Ozgﬂr
[21]. It generalizes the metric space (Fréchet [5]), b—metric space (Bakhtin
[1] and Czerwik [4]), S—metric space (Sedghi et al. [17]), Sp—metric space
(Souayah and Mlaiki [19] and Sedghi et al. [16]), parametric S-metric space
(Tas and Ozgiir [20]), Ag-metric space (Ughade et al. [30]) and so on. It is
worth to mention that Souayah et al. [19] used the symmetry condition, in
addition to other conditions used by Sedghi et al. [16]. Motivated by the fact
that the equations, obtained on modeling real-world problems may be solved
using the fixed point technique and geometry of nonunique fixed points, we
familiarize SA, 1 — SA, N — SAwin, SAys,—contractions and the notions of
n-admissibility of type b and np— regularity in parametric Ny—metric space to
establish a unique fixed point, a unique fixed circle, and a greatest fixed disc.
In the sequel, with the help of examples and remarks, we demonstrate that our
contractions are incomparable over each one of those contractions wherein the
continuity of mapping is presumed for the survival of a fixed point. Further, we
investigate the geometry of non-unique fixed points in reference to fixed circle
or greatest fixed disc problems and demonstrate by illustrative examples that
a circle or a disc in parametric Ny—metric space is not necessarily the same
as a circle or a disc in a Euclidean space. We conclude the paper by resolving
the system of linear equations to demonstrate the significance of our proposed
contractions in parametric Ny —metric space.

We denote NV (x,z,- -+, (£)a—1,,t) by Nyt

Definition 1 [21] Let X # 0, b > 1 be a given real number, n € N. A distance
function N : X™ x (0,00) — [0, 00) is a parametric Ny—metric if

(NT) N(?l)?za"' vt t) =0 iff = = - =ty =

(N2) N(Fl»?l) e t) < b[N(?h a,t) +N(Fz> a,t)+--- +N(?n71) a,t) +
N (tn, a, 8)],

t>0, foreverya, ;€ X and i=1,2,---,1n.
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Example 1 [21] Let X = {S|S : (0,00) — R} be the set of functions and
N X3 % (0,00) — [0,00) be

N(St, Tt THt) = %(ISt — TH+ISt— Tt + [Tt — T4)7,

t> 0, for every S, T, J € X. Noticeably, (X,N) is a parametric Ny—metric
space with n =3 and b =4.

Remark 1 Noticeably, a parametric Ny—metric is an improvement of a para-
metric S—metric [20] because every parametric Ny—metric, for b = 1 and
n =3, is a parametric S—metric. However, one may verify that a parametric
S—metric need not essentially be a parametric Ny—metric.

Lemma 1 [21] In a parametric Ny—metric space (X, N),

(i) NYU)t S bN;jYI’Yt and N‘));?t S bNYUYt}

(i) Mot < bln — 1) Nps e + Nyl and N < bl(n— )Ny 0+ b o,
t>0andrpeX.

Definition 2 [21] Let {r¢} be a sequence in a parametric Ny—metric space
(X,N), then

1) {x¢} converges to x, if for € > 0, there exists an n, € N so that, we attain
)
Negt < €, dee., Imy oo Nyt = 0, [ > g, It is denoted limg_,oo te = 1;

(2) {xe} is a Cauchy sequence, if for each € > 0, there exists an ny, € N so
that, we attain Ny, g < €, d.e, iy oo Nyt =0, € [>ny;

(3) (X,N) is complete if every Cauchy sequence in (X, N) converges to a
point in it.

Lemma 2 [21] If {re} and {9e} are two sequences in a parametric Ny—metric
space (X, N') that converge to r and v respectively in X then:

(1) r is unique,
(i) {ze} is a Cauchy sequence,
(iii) [,17'/\/.?»‘)»{ S hmk_)oo infME»UEvt S hmk_}OO Sup/\/;e»‘)eyf S szvat

Lemma 3 [21] If two sequences {r¢} and {ve} in a parametric Ny—metric space
(X,N) are such that
kILHSO '/\/;Eanﬁat = O’

when {ge} is convergent and limy_ o0 e = Lo, Lo € X, then limy o0 he = Lo-
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2 Main results

I. Existence of a single fixed point

We define SA, N — SA, 1 — SAnin, and S A, 5 (—contractive conditions in a
parametric My-metric space to prove a fixed point.

Definition 3 A self mapping S: X — X in a parametric Ny—metric space
(X,N) with b > 1 is called an SA—contraction if

NeseiNysot | NesyNyset
1 +/\[F»‘)»f 1 +N,\j,t (1>
N a4N;,s;,tN Sty g Ny, 506Ny 55,
1+N,\),t > 1+N,t],t ’

Nsrsyt < 0Nt +a, +a;

where, Z?:] ai <1 and a, +a3b <1, (a, i=11tob, are non-negative con-
stants).

Definition 4 A self mapping S: X — X in a parametric Ny—metric space
with b > 1 is called an n — S A—contraction if

( t) N < _/\/ + (1) m N»U,’UN»SIﬁ)'A/‘J)SZi)hMJ‘SU)h
L, , Sx, Syt = A1 Nyt T 02 ax . Snts N, se, 04Ny, 59t

N1+ /N iNe et 2>) @)

+a3¢( (1 +N,U,t)2

LyeEA ayaa3 >0, ar+at+az <1, a+bay+a3<1,0<a< b]zjﬂi(;fi),
1, ¢:[0,00) = [0,00) are increasing functions and d(t) < t, t > 0.

Definition 5 A self mapping S : X — X in a parametric Ny-metric space

(X,N) with b > 1 is called an N — SAmin
N,U,t)N,S;,t)N:j,S;,t)MJ,SU,t)

T](F> 0, t) q)(NS;,SI),f) < al-/\/;:,g’t +a, (I)(Hlln { )

Ne,sr,t+Ny Syt
5LSHb 2

N1 + -/\/-;,\j,tN,S;,t]z
”3“)( (14 Nop 2 )

L,peX and ay, a,, a3 >0 with a, +a, +a; <1, n, ¢:[0,00) = [0,00) are
increasing functions and e(t) < t, t > 0.

(3)
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Definition 6 A self mapping S: X — X in a parametric Ny-metric space
(X, N) with b > 1 is called an SAn5c— contraction if

Ny, Sp,t+ NV, St
C(Ney,t) (max {/\/m,t,/\/p,sp,t,Nn,s;,e,/\f\,,s\,,h%"”

, yeX, aconstant 8 > 1, {:[0,00) — [O,%] and 1 : [0,00) — [0,00) is a
non-decreasing function.

(g0, ) — 1+ sJNensne < 5

)

Next, we prove our first main result for an S.A—contraction.

Theorem 1 Let S: X — X be an SA—contraction (1) in a complete para-
metric Ny-metric space (X,N). Then, S has a unique fized point in X.

Proof. Let us assume that r, € X. Let a sequence {r,} be constructed as
Int1 = Sta. If, we have ry, = tn, 41 then rn, = tn,41 = Stn,, Mo € N, ie., we
infer that r,, is a fixed point of S.

Let rn, # In,+1, Mo € N. Using inequality (1), we attain

'/V;n Ent1,t — NSIn—uSImt

< N 'A[Fn 1,Stn— 1»"'/\/-%»8?311»{ anfhs}in)t In,Stn—1,t
>0 Fn—l:Imt—i_ az 1 +N + aS 1 +N
In—1,In,t In—1,In,t
'/\[anlysxn—l»{'/v;ufhsim /\/;tn,S;“,t-/\/;fn,S}:,‘,l,t
L Y TSN,
In—1,In,t In—1,In,t
_ N '/\/'Fn 1:FnthnyIn+1s ‘/\[Fn 1yIn+1»f'/V’3:mFm
= al ;n_l,x“‘t + az ] +N + Cl3 ] +N
In—1,In,t In—1,Inyt
'/\/Fn 1yImt'/\/Pn Lknta,t '/\/’Imln#—l»t’/\/’xmlm
TN, TSN,
In—1,kn,t In—1,kn,t

S al’/\/’?nflv?mt + azN’Fn»FnJrht + ay [b(n - l)'/\/;nfhimt + sz’FanJrlvt]'
It follows that

(1 —a, —b%*a,)N;

myfnt1,

t S (al + b(n - l)a4)'/\/;nfuxmt’ (5>
Again using inequality (1), we obtain

'/\/-FnJrlvat = Nsimanflat
'/\/anslimt'/\/’?n 1,Stn—1,t
1+ M

‘/\[Fn 175Fnat'/\/;7msln 1t
1+ M

S al'/\/'Fanflyt +a, +a 3

myin—1,t myln—1,t
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'/\/Fn »SFmt'/\[Fn yStn—1,t

N}infl ySFn—lytNInf.L;Sant

+a, +ag
1 + NFnyFn 1t 1 + Niny?n 1t
_ N 4 '/\/Pmln+1yt'/\/xn 1,En,t +a '/\/’Imxn#—l»t’/\/’xmlm
T et TR BN
Inykn—1,t Inykn—1,t
'/V;m}"nJri)t'/\/;m}"u) A/;n h)imt'/\/;n LyEnt1,t
L Y, TSN,
InyIn—1,t Inykn—1,t

< al‘/\[gn*lvxmt + uzanFn+lvt + a5 [b(n - l)'/\/;i ¢t bzA/Pn»InJrlyt]' (6)

“*l);ll)

It follows that

(1 —a, —b*a)N; t < (al +b(n— 1)a5)J\/zcnﬂ,xmt' (7)

mlnt1y
Adding inequalities (5) and (7), we obtain

2a, + b(n—1)(a, +as)
2 —2a, —b*(a, +as)

Mm?lﬂd»t S ( >N’§n1vxmt‘

Letm h. In view of Y 3 a; < 1, h € (0,1). Then,

2—2a,—b%(as+as5)

‘/\/'FnyInJrlyt S h‘/\/‘?

n—1,fn,te

Similarly,

Ny < hV;

n—1kn,t = n—2,fn—1,t

So,
2
Mllyxn+l)t S h N’F

Following the same pattern, we attain

n—1,In,t

Mn»?rwnt <h ‘/\/-Fo‘liu
Since, h € (0, 1), letting n — oo, h™ — 0, we attain

hm ‘/\/;fxnInJrly = O‘ (8)

Then, for [ > ¢, ¢, [ € N, using equation (8), condition (N2) and Lemma 1, we
obtain

'/\/‘FE»F[){ S b(n - l)'/\[;?»;Prlvt + b'/\/; t S b(n - l)/\/‘;(:,;u,l,t + b ‘/\[F

Le+1y E+17I(»
_ 3(n —
S b(n l)‘/\/;l?)378+1)t + b (n l)'/\/;EJrl»?EJrz»t + b N;E+z>?l»t
3 4
S b(n - l)-/v;e,xe“»f + b (n - l)'/\/;€+1»238+z»t + b '/\/;hFeJrz»t
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S b(n - l)'/\[FE);EJrUt + bs (n - l)'/\/Péﬁ»l»xH»z»t + bs (n - l)./\/;
5
+ b ‘/V;CI»IE+3vt
S b(n - l)'/\[;E);EJrUt + ba (n - l)'/\/;
7
+ b '/\/;€+3>‘r€+4>£ o

B+21IE+3at

¢+ b5(n—1)./\/;

e+1ske+2, e+2oket 3t

Letting €, [ — oo, we obtain

hm A/;E)th = 0’

¢ [—oo
i.e., {rn}is a Cauchy sequence. Using the completeness of the space, limg, (o0 e

=nred.
Assume 1 is not a fixed point of S. Applying inequality (1), we obtain

N;eﬂ,&eﬂ,f 5LSKt N;eﬂ,Szc,tN ySte—st
1+ N, THTIIN,
Te—1,5t Le—1ht
'/\/;Efusxkflyt'/\/;éfusxyf NX»SF»tN 181371»t
5
] + ‘/\/;Efl)ftvt ] + -N;efl,lf,f
'/\/;:ffl)?:?yt‘/\/' ,Sﬁ,’t 'N;efus%f'/\/;»lie»f
1+ M TSN,
Fe—1,5t Fe—1,5t
ME*l)Fé)tME—l)SF)t '/\/;»Sxyt‘/\/;)xk)t
Y; + as TN . (9)
+ Fequ»t + Xequ»t

As € — oo, using condition (N1), we get Ny s <0, ie., Sy =1r.
Presume that 1 is one more fixed point of S, then S = and Sy = 1. Using

'/V;Evsxvt = NSFE*J.)SF){ S al'/v‘re—ulf»f + az

+ay +a

= al'/\/;tflyxvt + az

+ 0y

inequality (1), we obtain

NtV sn ¢ Ne,sn Ny st Nise,tNVe St
N :N < a N +a 5oL, 9,0, + a Lo, 9,0F, +a Lor, Lo,
F)U»t SF)S‘J){ — Y1 F)U»t 2 ] +-/\/;’t))t 3 1 +-/\/‘;,l'),t 4 ] +N>\),t
Ny so.eM L.
+ 05M = (a, + a;b) NV, a contradiction.
] +N»th
Thus, r =, i.e., a fixed point of S is unique. O

Next, we furnish a non-trivial illustration to exhibit the validity of the above
outcome.

Example 2 Let X = RT U{0}. Let a function N : X3 x (0,00) — [0, 00) be

Oa ifx:t):%
N(?)U)ﬁ)ﬂ :{

? max{x,n,3}, otherwise,
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foreachr,v,3 € X andt >0. Then, (X,N) is a complete parametric Ny—metric
space for b =2 and n = 3. Define S: X — X as

S .
Si={1® ff;e[O,a), Crex
15) Zf}lE[Cl,OO),

with a € (3,1). Taking a, =% =a,=0a;=aqa, and a5 = 5, S verifies the

hypotheses of Theorem 1 and has a unique fized point at t = 0.

52

For a; € [0,1) and a, = a; = a, = a5 = 0, Theorem 1 is an extension and an
improvement of Banach [2] to a parametric Ny—metric space wherein the in-
volved mapping is not necessarily continuous.

Following Sintunavarat [18], we familiarize n—admissibility of type b and ny—
regularity to determine a fixed point in a parametric Ny—metric space (X, N).

Definition 7 A self mapping S : X — X is called n—admissible of type b if
there exists anm: X x X x (0,00) = (0,00) so that n(z,v,t) > b implies that
n(Sg, Sy, t) > b, t>0andy, yeX.

Example 3 Let X = {(0,0),(1,0),(1,2),(1,3),(1,4)} be a subset of R%. Let
S:X - X be
Se— (1,2), if r€ AN{(1,4)}
(1,3), if r=(1,4).
Now, define ann: X x X x (0,00) — (0,00) as
(1,0), if r, p € X\{(1,4)}
3, if r=(1,4).

In case t, v € X\{(1,4)}, then n(Sr,Sy,t) = n((1,2), (1,2), t) = (1,0). If
r=yp= (])3)) th@nﬂ(SP»SU»f) :ﬂ(3(1»4)>3(1»4)>t)) :n((1)3)) (1)3))0) =
(1,0), t > 0. Hence, S is n—admissible of type b. One may verify that S is
neither an a—admissible [14] nor an x—admissible type S [18].

n(x,n,t) :{

Definition 8 Let {x,} be a sequence in X so that n(tn,tar1,t) > b, n € NU{0},
t>0 and limy__,otn =1 € X, then X is called ny—regular if n(gy,x,t) > b.

Theorem 2 Let S: X — X be an 1 — SA— contraction (2) in a complete
parametric Ny—metric space (X, N) with b > 1 satisfying
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(1) S is n—admissible of type b;

(ii) X is np—regular;
(iii) There exists a ¥, € X so that n(xp,Sto,t) > b, for t >0.
Then, S has a unique fixed point.

Proof. Consider r, € X so that (o, Sto,t) > b, t >0. Let a sequence {r,} be
constructed as rni, = Sta, n € NU{0}. Since, (o, 21, t) = N(xo,Sto, t) > b and
N(r1,22,t) = N(Sx0, SSto,t) > b, using (ii). Following this pattern, we attain
N(Lny Tnpr, t) > b. In case, rn = 1y, we conclude that r, is a fixed point of S.
Let tq # tnt:- Using inequality (2), we obtain

Nzcn,xnﬂ,t = NS;n_l,S;n,t <N(xn—1, In, t)NS;"_l,Spn,t

< N + '/\/-anu?mt’ M\’I—l)S;ﬂ—l)t) N’I“)SF“—l)t) '/\[leys}«'nyt)
max
S Fn—1Fnot a2 d) a Mnflvanfl»fJ’_'N’Fn»SFn»l

In—1,SIn,by 2
2
+a (b<'/\/$n1>‘)yt[1 + \/'/V’Fn 1yknyt Vin— uSanlﬁJ )
3
( +'/\/;5n 1»?3117)

N + Cl) /\/’Fr\fl»Flnf) 'A/‘anlaim") '/\/'memt’ '/\/;n Ent1,ty
=a a max
1V En—1,Enst 2 /\[Fn71»F11»f+NFn;Fn+1>f

2

In—1kn+1,b)
2
‘/\/‘anlm‘t + \/‘/\/’Fn 1kt InflyimtJ
+as;¢ %
( + In— 13?11, )

N 'A/’In—l);ﬂ)£7 '/\/’ITUI“-FI){) '/\/’In—lylin-#l»f?
=M En—1,In,t + az Cb max -/\[InflyFnny'_'/\/’limlinerf
2

2
+a q) ‘/V‘anlynvt + \/‘/\/Fn 1kt Infl»FmtJ
’ ( +'N;n 1yt )

< N ‘/\/-anl,Fn,f? 'A/;II)III+1)t’ N’Infl)In‘Fl)t?
S Nt T, d) max Nea—v,en, t+Nen gt
2

+ a3 q)(‘/\/;nfuxmt)‘ (10)

Af!n 1En, t+Mn Intat } _ £ Then, n-

Il’\ l);ll)

It ma'X{‘/\/'anlyImt’ Af?n Enta,ty ‘/\/;nfl Entayty
equality (10) becomes

'/\/;m}"nJrl)t < al'/\/;n 1In,t + al(b( In—1,In,t ) + a3(|)( In— 1)?3mt)
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Since, ¢(t) < t, we attain

'/\/;m}"nJrlat < (al +a,+ as )‘/\/‘anlyimf'
Let a, + a, + a; = h, we have
‘/\/'mewrl»t < h"/\/‘?nflinvt'
Similarly,
'/\/‘anh?n,t < h'/\/;n 2ykn—1,t
Therefore,
'/\/‘len+1»t < h '/\/:tn 2ykn—1,t
Following this pattern, we attain
n
Mm?mﬂyt S h '/V’Foy?:l»t'

Since, h € (0, 1), letting n — oo, h" — 0, we attain

hm M =0.

mInt1,t

NInflvfn,t+NFn>Pn+1>‘
If max {'/\/;n*l)pnvt7'A/;H)In‘f’l?t,N;ﬂ*l);n‘Fl)t’ 2 } = '/\/?
inequality (10) becomes

'/\/'FanJrlvt S alj\[Fn 1In,t + ade( Inytnt1,t ) + a_’wd)( In— 17?mt)

Since, ¢(t) < t, we attain

a; +a;
'/\[FanJrlyt S (f)%n—l»?m"’
Let <al+a3) = h, we have
'/\/;m?nJrht — h"/\/;n 1,kn,te
Similarly,
‘/\/-Fn*h?m — h'/\/xn 2ykn—1,t
Therefore,

2
'A/;I'U;n+lvt S h '/\/'I

Following this pattern, we attain

Ne

n—2,fn—1,t

n
mybnta,t S h N’Foyh,t'

mylnt1,t

(11)

Then,
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Since, h € (0, 1), letting n — oo, h" — 0, we attain

hm ,/\/; =0. (12)

myEnta,t

NFn 1>tn t+Ngy Inta,t
—1,In, snta, _
2 b =M

If max{'/\/;nfl‘):n)t) NI]I)F“‘Fl)t)'A/;nfl)xn#»l)t, t- Then7

inequality (10) becomes

nfl\FnJrl)

'/V’IanJrl»{ S al'/\/;n 1In,t + azd)( In—1ykn+1,t ) + aSCb( In—1,In,t )

Utilizing Lemma 1 and the definition of ¢ , we attain

'/V‘Fm?rwrl»t S (al + 03 )'/V.anlaxmt + Clz(b(b(n - l)'/\/;
< (a1+a3 + azb(n—l))M

1 —b2a,

2
f+ b ‘/\/'Fn»FnJrlyt)

n—1Ln,

Ilfl)xn)t'

Let a;+as+a,b(n—1)

1 o%a, = h, we attain

‘/\/-Fn»FnJrh h"/v'x

n—1kn,te

Similarly,

Newreat < HN

n—1yn, n—2,In—1,t

Therefore,
Ne

Following this pattern, we attain

'/\/'Fn»}'nJrlst < h “/\/;5

2
nyknt1,t g h N;nfz»?n—l»t'

okt

Since, 0 < a, < % € (0,1), letting n — oo, h"* — 0, we attain
li =0. 13
TLI—>HC}O Mxnlrwrlyt ( )

Nea— et Nen gt N, N t
—15In, Y41 . In—15n, Insfn41»
If max{j\[gn—lyxhat)'/\[;n);ﬂ-%—lyt)'/\/;Il—lvrﬂ+lat) = 2 — } - A= 2 B

Then, inequality (10) becomes

'/\/'In—hﬁmt + '/\/;
2

nHin+1
‘/V‘Fmirwht S alj\/‘;n,l,;n,t + al( : : ) + 03(1)( In—1,In,t )

Since, ¢p(t) < t, we attain

‘/\/‘anlJnvt + N;naFnJrl)t
2

'/V‘FanJrlvt S al'/\/‘?nflvxmt + al( > + a3 ('/\/'Inflyimt)



On unique and non-unique fixed point in parametric Ny—metric spaces ... 289
2a, +a, + 20,
(mtatay
— ( 2 a, In—1,In,t
Let (hlﬁ%) = h, we attain
'/\[Fn»FnJrly hNXn 1)Xn,t-
Similarly,
'/\/’Inflyifm h‘/\/:tn 2yIn—1,t
Therefore,
‘/V‘Fmﬁrwht S hz‘/\/;fnfzaxnflyt'
Following this pattern, we attain
Mn);n+l\t < h Mo,h»
Since, h € (0, 1), letting n — oo, h" — 0, we attain
hm '/V’lenJru O (14)

Then, for ¢, [ € N so that [ > ¢, using equation (14), condition (N2), and

Lemma 1, we obtain

-N;e,xr,t <b(n l)Me,IEH,i + b'/\/;[»?htl»
<b(n l)'/\/;hIBJrut +b '/\/'IEer?:[y
<b(n — DNt + 030 = DNy et + BN
<bn— 1) Nre ot 03— D) Ne et + 0 Wit
<bn— )Nt H 30— )N, e + 03 (0= 1) N
bSM[,IEHa

S b(n - )'/\/’IéyIEJrlyt + b3(n - l)’/\/;Prl»?Prz»t + bS(n - l)M
7
+ b '/\/;€+3)I€+4vt toee

e+2ole+3 vt

E+27§E+3 vt

Letting ¢, [ — oo, we get limg (00 Nyt =0, 1€, {rn} is a Cauchy sequence.

Using the completeness hypotheses, limg oo te =1, r € &

Assume ¢ is not a fixed point of S. Since, X is np—regular, then ¢, — ¢ as
n — oo and 1(tn, oy, t) > b, which implies that n(z.,x,t) > b, n € NU{0}.

Using inequality (2), we attain

NFE)SF)t = NSFFDSI# g n (Pf—l) x’ t)ngffl,SI,f
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N '/\/;Eflaﬁ\t’ '/\/-Iéfusfﬁfuf’ /\/’Iysxéflat’ '/V;»SF»,U
S t Fe—nht +a. d) max -N’;Efl,Sggfl,t""-/\/';,S;,t
Fefl,slf)’ﬂ 2
2
+ a d) '/\/;Eflvxyt“ + \/A/;Eflvxvt Féflysﬁtfut]
’ (T+ N, t)?
Iéflylat
o N 'N;e—ulf»f) A/;P—l);?)t’ M»?F\t’N»SF»t)
! te—nbt + az d) max J\/Eefl‘xeyﬁrj\/hs!,i
Le-1,SHb 2
2
+ a d) N;Eflxx»t“ + \/N;Eflvxxt ;Efl)FE)t] (15)
> (T4 N it)? '
Le—1ht

As £ — oo, using Lemma 1 and condition (N1), we get N s¢ < 0 which
implies that Sy = .

Let S has one more fixed point, i.e., St =1 and Sy =19, (r # y). Applying
inequality (2), we obtain

N ntyMS;t)M) S;ta-j\/;) Sty
Nt <005, 0, Nt < ar Mg+ ax d (max {

Ne,sett Ny, set
I)S‘)vb 2

Newtll + /NN, >Sx»t]2
*““”( 0+ Mo )

M»U»UO) [’N»U,b
S a -/\[;,l),f + a q) max bN; ot + a3 d)('/\/;ynvt)
=

= al M)‘))t + az q)(b'/\/;vnyt) + a3 d)('/\[;)nvt)'
Since, ¢(t) < t, t > 0, Neye < (a; + ba, + a5) Ny ¢, which is a contradiction.
Thus, Nyt =0, i.e., £ = 1. So, a fixed point of S is unique. O
The next example is provided to justify Theorem 2.

Example 4 Let X = RT U{0} and function N : X3 x (0,00) — [0,00) be
given by N(x,9,5,) = S(x—vl+lx =31+ —3))%, for every t > Oand ¢, v,

3 € X. Then, (X,N) is a complete parametric Ny—metric space with b = 2
andn =3. DefineS: X — X as

St — £, ifrela)
r= T
15 ’Lf?E[a,OO),
xEX,aG(%,]).Now, define ann: X x X x (0,00) — (0,00) as
I, ifr,ped;
ﬂ(?aU»f):{z,
2

, if otherwise
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and ¢(s) = %5. Taking a, = ]]—O =a, and a; = 1]—5, S wverifies the hypotheses of
Theorem 2 and has a unique fixed point at r = 0.

For a; € [0,1), a, =a; = 0 and n(g,n,t) = 1, Theorem 2 is an extension
and an improvement of Ciri¢ [3] to a parametric Ny,—metric space wherein the
involved mapping is not necessarily continuous.

The next result is slightly more interesting as here the max term is replaced
by the min term in Theorem 2.10.

Theorem 3 Let S: X — X be an N — SAwin contraction (3)) in a complete
parametric Ny—metric space (X, N) with b > 1 satisfying

(1) S is n—admissible of type b;

(ii) X is np—regqular;
(iii) There exists a ¥, € X so that n(xo,fro,t) > 1, t > 0.
Then, S has a unique fixed point in X.

Proof. The proof is easy and follows the pattern of Theorem 2. O

The following result is more interesting as a weaker control function ¢ is used
with the n—admissibility of type b function, without exploiting np—regularity,
for a more general contractivity condition involving rational and irrational
terms to establish a fixed point of discontinuous mapping.

Theorem 4 Let S: X — X be a SAy5¢— contraction (4) in a complete para-
metric Ny-metric space (X,N) satisfying

(1) S is n—admissible of type b;
(ii) There exists a to € X so that N(xo, Sto,t) > b, £ > 0.

Then, S has a unique fixed point.

Proof. Consider r, € X so that 1n(ro, Sto,t) > b, t > 0. Let a sequence {r,}
be constructed as o1, = Stn, 1 € NU{0}. As n(xo,x1,t) = 1n(xo, Sto,t) > b
and 1(t1,22,t) = N(Sto, SSto) > b, using (ii). Following the same pattern, we
attain M(xn, i, t) > b, If 1y = tnyy, then we conclude that r, is a fixed point
of S.

Let rq # tnt:. Utilizing SAys¢—contraction (4), we attain

5M"‘F"“’k = 6N$F“*1’SI"’£ < [Tl(?nfbxm -1+ 5]NSF"*1’SF“‘£
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'/\/anl»}"mt) ‘/\/;in—lys}:n—ut) '/V:tn»SIn—ht)

C( Ny max
( fn l‘F“‘L) N '/\/'anleFtlfl»tJr'/\/’FﬂvS?n)l
< § nyStnsty
Nene 18, Nen et
= 6%max{/\/"'nfl»Ill»f’NIn;In+l,t) fn—1fn 2 Iofnts }
Therefore,
1 N,  + N
'/\/;n»pnﬂ»l)t S ™ maX{Mﬂ*l)‘rn»t)N}ﬂ)IHJrht) fonin xn);n+l’ }' (16)
b 2
New et T Nenstn g oot . .
Ifmax{j\/’?n—l»?m"'/\/;mInJrlyt’ — 2 B }:'/\[Fn—lvxmt’ Then7 lnequahty (16)
becomes
N, < 1/\/
Inytntn,t = b In—1,In,t*
Similarly,
1
'/\/;ﬂflaxﬂat < E'/\/’anzalfnfl»t'
Therefore,
1
N’I")I“‘Fl)t S ?'/\/anzyxnfl,t'
Following the same pattern, we attain
N < l/\/
InyInt+1,t = bn Toyka,te
Since, b > 1, letting n — oo, &~ — 0, we attain
) M ) b
hm '/\/-Fn)InJrly O' (17)
Ne ,xn,’c+Nxmx T1 : :
Ifmax{'/\/;n—lyﬁmf)'/\/-Imln-#l,f’ = a }7 Inyin+a,t: Then7 lnequahty (16)
becomes
1 ..
NMagnsast < EN;“’I" b a contradiction.
Therefore,
Mnﬁ-ﬁnt =0.

Neao st Nen et Neao 1wt Nen et :
If maX{'/\/;:nflvat"/\/'?n»FnJrlyt’ B 2 R } = B 2 B Then’ m-
equality (16) becomes

1
'/\/-Fn»FnJrlat — <2b —1 )Mnla?mt‘
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Let (Zb ]) = h, we attain

N’FUYIH‘Fl)t S h"/\/;nflalmt'
Similarly,
'/V‘anlaimt S h‘/\/‘In—z»anlvt'
Therefore,
2
'/V:rminwtlyt < h’ '/V;n 2ykn—1,t

Following the same pattern, we attain

n
Mn»?n+1vt S h '/\/’F

oyk1yte

Since, h € (0, 1), letting n — oo, h™ — 0, we attain

nh_}rgloj\/; ¢ =0. (18)

nylnt1,

Now, claim that {r,} is a Cauchy sequence. Then, for £, [ € N so that [ > g,
using equation (18), condition (N2), and Lemma 1, we have

2
1 ‘/\/'IEVFEJrlvt + bN;l»FBJrl»t S b(n - l)'N;E»FE+1»t + b ‘/\/’F

FM[,’C <b(n—1) e+ nnt
b(n — l)'/\/;h?é+1yt +b°(n— l)/\/’xeﬂyxeﬂyf + bS-N’XHz»H,
b(n — 1), tetesnt T b3(n l)/\/‘?eﬂ»?uz»f +b Af?uzﬂuz»
b(n — 1), tetesnt T b3(n l)/\/xéﬂ»?uz,f +b°(n— )‘/\[FE+Z»F€+3vt
+b N’F[‘FEJrs,t

S b(n - l)'/\/;%x?i»lyt + 63(]1 - l)'/\/;
+ b7'/\/;8+5)?€+4)t + T

5 —
er1obera,t + b (tl l)'/\/'IHz»}'H;»t

Letting ¢, [ — oo, we obtain

hm ./\/;

ernt

Therefore, {r,} is a Cauchy sequence. Using the completeness hypotheses,

limg 00 1e =1 € X

Assume ¢ is not a fixed point of S. Applying inequality (4), we obtain
§Nrese = §NSr st < ey, py 1) — 14 81 VSrse

'/V'F(’flvx»t) '/\/;Eflasxl?flyt) NX,SSFD’U }

N Nxe,lysxg,lJ*Nx,Sx,t
LSt 2

C(/\/;E,l,r,t) max{
<5
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N, +N;
1 e LTV e gt
= &b max {/\/’Fefl,&h/\/I;IeJrl,f» 3

(19)
As £ — o0, using Lemma 1 and condition (N1), we get Ny s;¢ < 0, i.e., St =1.

Let S has one more fixed point, i.e., Sy =1, (r # y). Applying inequality
(4), we obtain

§Nent — gNsrs,t <My t) —1+ 5]N$;,$n,t

N»U»f»NYSLan»SI»’w}

UNe,) max{ Ne,seectNosne
2

<6 N8,

1 Nipn,t+ Ny rt
:6EmaX{J\[F,U,f>N‘J,I,b = 7 Lk

1 1+5b
_ Smax{gf\/;,n,b/\/;,n,h( 2{,’)-/\/—}’,‘)»*}

Therefore,

14606
2b
Thus, Nyt =0, i.e., r = v. Hence, a fixed point of S is unique. O

1
N;,g,t < max {EN,n,taN,n,b (

)M,D»t}’ a contradiction.

Next, we provide examples to demonstrate the authenticity of Theorem 4
besides exhibiting its supremacy over prior related outcomes.

Example 5 Let X be the set of Lebesque measurable functions on [0,1] so
that fo E(B)pt < 1. Let N : X3 x (0, 00) — [0,00) be

1 1
N(?)U)ﬁ)t) = 3JO(|?_U+|F_3|+|U_3|)Zat) f>0 and?) U) 3 GX-

Then, (X,N) is a complete parametric Ny—metric space with b = 2 andn = 3.
Define S : X — X so that Sy = sing, r € X. Definen : X x X x(0,00) — (0, 00)
as n(g,n,t) = e Let § = 2 and ¢ : [0,00) — (0, %} be given by ((s) = %
Take ¢ = 12 =y = t. Applying inequality (4), we get

1 cinl

N
fe3 — 142" smdeinbd (e 7420~

(N7 g ”(max{/\[] 11, N1 L Nio.11,N1 1 N%’Sin%’%+/\[%’s-m%’% })

2022 3037 3sing, 7sinz,3? ,mnj 3 2 ) )
Since, n(r, v, t) = e > b implies that n(St, Sy, t) = eSOVt — esinrtsingt
b. Therefore, S : X — X isn—admissible type b. Hence, S verifies the hypothe-
ses of Theorem 4 and has a unique fized point at x = 0. Clearly, N is not a
parametric S—metric.
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Example 6 Let X = RT U{0}. Let a function N : X3 x (0,00) — [0, 00) be

0> if?:U:%

,  otherwise,

N(%U»Zu»’t) = {

W] —

for each x, v, 3 € X and t > 0. Then, (X,N) is a complete parametric
Ny—metric space with b =2 and n = 3. Define S: X — X as

A
%) if r e &)OO))
t € X. Definen: X x X x (0,00) = (0,00) as n(g,n,t) =40r+pn+t¢t, 6 =2
and (:[0,00) — (0, %] be given by ((s) = %
Case I. If ¢ € [0, %) and r =1y =t. Take r = % =1y =t. Applying inequality
(4), we get

N

Case II. Ify € UT) o) andr=vy=t. Taker = % =1y =t. Applying inequality
(4), we get

N
MOr+n+t—1+2 333 =[40r+9+t+1°=1

(oINS
1

N,

+Nl
47 )
2

N
C(Ngéé)(max{/\/“ Ni2 1, N2 N g g, i T
1

2
Y394

ENEN
OS[NY

)

Case III. Ifr € [0,7), v € [JT,oo) and t # vy # t. Take ¢t = ]1—0, p =1 and
t= %. Applying inequality (4), we get

<2

%
M0r+n+t—1+2 533

Ni11+N1 2
AN 11 max¢ Ny o1 1 N1 1, N yNi 2 »%
3

f; 2 10°4°9 70°4°9 10°3°9 1,%,% )
Now, n(x,,t) =40z + v + t > b implies that n(St, Sy, t) = 40Sr+ Sy +t > b.
Therefore, S : X — X is an n—admissible of type b. Hence, S verifies the hy-

potheses of Theorem 4 and has a unique fized point at ¢t = %
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For 1(x,9,t) = 1, Theorem 4 is an extension and an improvement of Ciri¢ [3]
to a parametric Ny—metric space wherein the continuity of mapping is not
essentially required.

Remark 2 (i) If we take n = 3, b =1 in Theorems 1, 2, 3 and 4, we
get results in a parametric S—metric space. Consequently, our outcomes
generalize, improve, unify, and extend the known outcomes, choosing
suitably the values of constants a,, a,, a;, the functions & and n (for
instance: Bakhtin (1], Banach [2], Cirié [3], Czerwik [4], Samet et al.
[14], Sedghi et al. [15]-[17], Tas and Ozgiir [20, 21], Ughade et al. [30)).
It is interesting to see that parametric Ny—metric space is essentially
greater, improved, and distinct than that of parametric S—metric spaces
or metric spaces due to the fact that it is defined on a domain with n
dimensions .

(ii) Clearly, Ny is not a parametric S—metric and an underlying function is
discontinuous in nature in the above Examples 2.6, 2.11, and 2.15. Con-
sequently, our examples are not applicable to the recent and celebrated
results existing in the literature wherein continuity of mapping is an es-
sential condition and the underlying metric is other than the parametric
Ny—metric.

(iii) Theorems 1, 2, 3, and / along with the supporting Examples 2, 4, and
6, assert that continuity of self mapping is not a significant requirement
for the survival of a unique fized point of a SA, N1 —SA, N — SAmin,
or SA, 5,c— contraction mapping in parametric Ny—metric space. It is
worth mentioning here that the continuity of a self mapping is an in-
dispensable condition for proving a fixed point in most of the theorems
existing in the literature (For a detailed discussion on the continuity,
refer to Tomar and Karapinar [22]). Consequently, our outcomes reveal
the prominence of novel contractions and mark supremacy.

I1. Existence of a unique fixed circle/fixed disc

Following Ozgiir [12], we introduce notions of the disc and fixed disc in para-
metric Ny— metric spaces and then apply our contractions to obtain a unique
fixed circle/fixed disc. It is worth mentioning here that a fixed point of map-
ping is not always unique and the set of non-unique fixed points may form
some geometrical shape like a circle or a disc or an ellipse or an elliptic disc.
For more work on geometry, we may refer to [6]-[10], [25]-[26]. In the following,
(X, N) denotes the parametric Ny—metric space.
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Definition 9 [21] A circle centred at ro having a radius v in (X,N) is

CNe =(re X : Ny =1

Loyt

Definition 10 We define a disc centred at ¥, having a radius t in (X,N) as
D‘I/:/’,bl’ = {; S X :'}\[I‘IO)t S t}'

Definition 11 For a self-mapping S : X — X in (X, N), if Sty=1, V1 €
C;ff’T/D;g[:t, then C;ff’t/D;g‘jt is called a fized circle/fized disc of S.

Example 7 Let X =R? and forn =3, N : X3 x (0,00) — RT be
N 0,58) = €t =l + Iy — 3l + [ — £)?,

where ¢ = (£1,52), = (91,92), 3 = (31,32) and [r—yl = |t; — 9. + [r2 — 9|
Obviously, (X,N) is a parametric Ny—metric space with b = 4. Then, a circle
centred at to = (0,0) having a radius t = 32 is
CNo ={r € X N (51,10, 1) = 32)
={r e X:P(r—1l+r—rol + Ito —£)* = 32
={re X :48(r — ) =32}
= {46 (jr.| + Ir2))* = 32}

8,

= (0] + Izl = 5

Fig. 1
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Fig. 1 Circles centred at (0,0) with radius 32 for t =1, 1.18, 2, 3 are shown
by the red, the green, the pink and the orange lines respectively.
Similarly, a disc D% centred at xo = (0,0) having radius v = 32 is

8
DY =1l + 1w < 5

Loyt

}

Fig. 2

Fig. 2 Disc centred at (0,0) with radius 32 for t = 2 is shown by the pink
shaded region.

Now, we establish a unique fixed circle as an application of the SA—contractive
condition.

Theorem 5 Let Cﬁff} be a circle in (X,N). Define {: RT U{0} — R as:

_Jr—r, >0
cm—{o, o (20)

If a self mapping S : X — X wverifies
(i) Nsprot =T,
(il) Nspsoe >t £ #0,
(i) Mse,sne < Not — CNssed)y & D € Cot,

then Cﬁff} is a fized circle of S. Further if SA—contractive condition (1) holds
forre Cﬁff’t andy € X'\ Cﬁ{bt, then Cﬁ{"t 18 a unique fized circle of S.
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Proof. Let ¢ € Cﬁ\!f’t be an arbitrary point. Using (i), St €

Mo

Now, we

establish that r is a fixed point of S. Consider Sy # ¢. Taking y = St in (ii)

NSLSZF,{ > T.
Now, using (iii)

N. SrSit = M ,Styt C(M,Sx,t)
= Nysrt—NMysee ¢

:t’

(21)

(22)

a contradiction. So a self mapping S fixes the circle Cﬁ/, %, i.e., a set of non-

unique fixed points of S includes a circle.

Let there exist two fixed circles C?vof’to and Cﬁ/,‘%l (vp #1t1) of S, ie., S
satisfies the conditions (i) to (iii) for each of the circles C?\[f’to and Cﬁff’n. Let

X € Cﬁff’t and y € CJY,bn- Using (iv),
NS tN Sp,t NS tN Srit
N :N <a N +a 5LoLt 19,0, +a Lont' Vu,or,
St ot = Tt TR + Nt > + Nyt
+a MYSI!t F»S‘%t +a N\),Sn,t'/\/’\j,S;,t
! ] +N,U»f > ] +N,l),t
NNyt NNy et
— alN,l),f + az 5Lk, 9,9, L0, UB3)

+a
T+ Nt ST+ Nt
Nire N Nyo N
+a, L4 Ve, t +as 9,0,¢/ V.t
T+ Nt T+ Nyt
< @y Nyt + asNy et
< (al + ba; )'/\/I»Uyt)

a contradiction. Thus, Cﬁ{ %, is a unique fixed circle of S.

Example 8 Let X =R? and forn =3, N': &3 x (0,00) — R be

N t_z.,1_.,12 -71_-712 -71_-712
LY,3t =t (sin r—sin 'y| +|sin” y—sin ' 3| + |sin j—sin | ),

where r= (?1)?2)) n= (01)02)) 3= (51)32) and

1 1 2
sin” ' ) —sin~ Ul’ +

s —1 so—1 2
sin” ' r—sin~ l)‘ =

sin”! 0 — sin”! 92
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Clearly, (X,N) is a parametric Ny—metric space with b = 4. Then, a circle
centred at to = (0,0) having radius v = 8 is

Mo ={r € X N(1,1,10,t) = 8)

2 2
= {zc c kX tz( ‘sin*] ;—silff1 ;‘ +

sin”! r— sin”! Xo

2
+ ‘sin*] ro — sin™ ;‘ ) = 8}

= {th( ‘sin*] o ‘2 + ‘sin*] ;2‘2) = 8}

s 2 .1 2 4
= sin m‘ =+ |sin ;2‘ :?2 .
For t =2,
Ni so—1 2 .- 2
et =(re X :fsinm| +[sin " wf =1 (23)
t re cle
Define a self mapping S: X — X as Sy = ’ for Then, a

(0,0.84), otherwise
self maj;\)fm'ng S werifies all the postulates of Theorem 5 and fizes a unique
circle Gy %, i.e., the set of non-unique fized points of a self mapping S contains
a unique fized circle C/X"t.

f

AN
N N

Fig. 3

Fig. 8 The blue lines demonstrate a circle 23 which is fized by a function S.
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Theorem 6 Let Dﬁff’t be a disc in (X,N). Define ¢ : Rt U{0} — R as in
Equation (20). If a self mapping S : X — X wverifies

(1> NS;»Foat S t’
(ii) NS;,S\),t >, I #Y,

(i) Nsgsot < Nt — CNsed), 1 0 € D,

then Dﬁ{"t is a fized disc of S.

(iv) Further if, SA—-contractive condition (1) holds for ¢ € Dﬁ/y"t and ) €
X\Dﬁff’t, then Dﬁff’t 18 a disc of maximum radius ¢, i.e., there is no fized
disc D';Aoff’t of § having a radius greater than t.

Proof. Following the pattern of Theorem 5, we can easily show that Dﬁff’t is

a fixed disc of S.
Let there exist two fixed discs Dﬁff’to and Dﬁffh; t, <ty of S;i.e., S satisfies

the conditions (i) to (iii) for each of the discs ’DQ{‘}O and Dﬁff’tl. Let r € Dﬁ(’ S
and 1 € Dﬁffﬁ such that y & Dﬁff’to. Using (iv),

NS Snt = N ¢ <a N ¢ + aZA/;»SF»fMJySU»f +a N»SU»"'N"%SF»’C +a '/\/F)SF»’LN yS‘)){
ot — )t —= ML Dy
oo o o T+ Nyt RV

Ny, 5n,tNo,Set

+ ag

NNyt ta N, Nt
T+ Nyt P14 Nyt

NertNew t
14 Nt

+a

< N e+ asNy e
< (Cll + bas)./\/;‘n’t,

a contradiction. Hence,DZ{:/f’to is a fixed disc of § having a maximum radius t. [J

Example 9 If in Example 8, a disc centred at xo = (0,0) having radius v = 8
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18
DYy ={r € X : N(x1,50,t) < 8}
2 s —1 .1 2 . . 2
:{}:GX:tOsm r —sin ;’ —i—‘sm r—sin” ' xo
1 112
—i—‘sinf ro —sin~ g‘ )§8}
2 s —1 2 R | 2
- oo tef e ) <)
— s —1 2 | 2 4
_{ S ;]’ + |sin ;2’ S?}
For t =2,
DNo ={re X :[sin” Y ilsin T nl <1 24
T, — & dlsin” x| +lsin x| < 1L (24)
L, xEDNb

o Then, a
(0,0.84), otherwise

self mapping S verifies all the postulates of Theorem 6 except (iv) and fizes a
disc Dﬁ{bt, i.e., the set of non-unique fized points of a self mapping S contains
a fized disc Dﬁff’t.

Define a self mapping S : X — X as Sy =

Remark 3 (i) Following a similar pattern, we may establish a unique fized
circle (greatest fized disc) using N —SA, 1 — SAmin and SAy5:— con-
tractions.

(ii) It is fascinating to see that the shape of a circle or a disc may change on
changing the radius, the centre, or the involved metric (refer to figures
1 and 3).

(iii) It is not necessary that a circle or a disc in a parametric Ny—metric
space is the same as a circle or a disc in a Fuclidean space.

(iv) Noticeably, the radius of a fized circle or a fixed disc does not depend on
a centre and may not be mazximal.

(v) SC;:{",C = Cﬁff’t or SDﬁff’t = Dﬁ{"t does not imply that Cﬁ{"t or Dﬁ{"t s a fized
circle or a fized disc of S.
3 An application

Motivated by the fact that the theory of linear systems is the foundation of nu-
merical linear algebra, which performs a significant role in chemistry, physics,
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computer science, engineering, and economics, we resolve the system of lin-
ear equations in parametric N,—metric space using S.A—contraction condition

(1).
Let X = R™and N : XY™ x (0,00) — [0,00) be

2
N(t,0,58) = (I8 [ — il + I Ips — 5 + I 5 — 1),

where r = (FJ.)xza- --a?m)a N = (01)02)--'a0m)3 b = (Zlaﬁzw'-)ﬁm) € R™
Obviously, (X,N) is a parametric Np—metric space with b =4, n = 3.

Theorem 7 The system of linear equations

€11l + €l + -+ Cimdm = 0y
¢ +c +---+c =0
a1l 2282 2m&m 2 (25>
Cmils + bmalz + - + Cumdm = O,y

where ¢ij, 01 € R, 1,j =1,2,...,m, have a unique solution zfmax " (Z{L |e| )2
<A<

Proof. Define a self mapping S: X — X as S = Cr+0, 1, 0 € R™ and
C = I[¢jjlmxm. First, we show that the self-mapping S satisfies Theorem 1.
Then, the unique fixed point of the operator S is the unique solution of a
system of linear equations (25). For r, n € R"

N(St, 81,89, 4) = £ (£ 1S5 — Sril + I ISk — Stil + £, Sy — Swil )
= 46 (Z11Sx; — Swil)?
= 46 (212 05 (x5 — 0y)1)?
<46 (I, (ZT1|C11|2|I1 — ;%)

< 4t3<r?ax i feil ) (Z}l] 5 — Uj|2>
<APIM [y — bl

= ts-/\/’(?);a Y, )
Nx,Szc,tN 9,Sh,t Nx,Sn,tN PRSI
] +Nv‘)yt ] +N»th

+a Nx,Szc,t 5,S,t Nn,Sn,th,Szc,t
4 ]+N,ljt ]+N,lj,t ’

< @, Nyt + 0, + a5

+ as



304 S. Petwal, A. Tomar, M. Joshi

then S satisfies S.A—contraction (1) for a, = a; =a5 = é and a = a4 = 1]—0.
Thus, Theorem 1 is verified and consequently, S has a unique fixed point.
Hence, a system of linear equations (25) has a unique solution. U

Remark 4 Similarly, we may applyn—SA, 1 —SAmin and S Ay 5,c—contrac-
tions to resolve a system of linear equations arising from modeling real-world
problems. It is worth mentioning here that to model real-life or scientific prob-
lems by means of algebra we transform the known situation into mathematical
assertions so that it evidently explains the correlation between the unknowns
and the known information.

4 Conclusion

We have established a unique fixed point, a unique fixed circle, and a great-
est fixed disc for the SA, 1 —SA, N — SAnin, and SA,5¢— contractions in
parametric Ny—metric spaces, which is fascinating, generalized, and distinct
than a usual metric space due to the fact that it is defined on a domain with
n dimensions. In the sequel, we have explored a new direction in the geometry
of non-unique fixed points of discontinuous mapping in parametric Ny—metric
spaces. It is interesting to mention here that a circle or a disc in parametric
Np—metric space changes its shape by changing the centre, the radius, or the
metric under consideration. Our theorems are refined and extended variants of
the well-known results. The examples furnished display an interesting charac-
teristic of novel contractions that continuity of mappings is not mandatory for
the survival of a fixed point. The paper is concluded by resolving the system
of linear equations as an application to demonstrate the significance of our
contractions in parametric N,—metric space. Essentially, these investigations
unlock a distinct era in parametric Ny—metric spaces.
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