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Abstract. In this paper, we study two generalizations of dual-complex
Lucas-balancing numbers: dual-complex k-Lucas balancing numbers and
dual-complex k-Lucas-balancing numbers. We give some of their proper-
ties, among others the Binet formula, Catalan, Cassini, d’Ocagne identi-
ties.

1 Introduction

The sequence of balancing numbers, denoted by {B,}, was introduced by
Behera and Panda in [4]. In [9], Panda introduced the sequence of Lucas-
balancing numbers, denoted by {C,,} and defined as follows: if B;, is a balan-
cing number, the number C, = \/8B2 + 1 is called a Lucas-balancing number.
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Recall that a balancing number n with balancer r is the solution of the Dio-
phantine equation

1424+...+Mm—T)=Mm+1)+MM+2)+...+ (n+71). (1)

The balancing and Lucas-balancing numbers fulfill the following recurrence
relations

B =6B,_1—Bn forn>2, with B =0,B; =1,
Ch=6C1—Chpforn>2 with Co=1,C; =3.

The Table 1 includes initial terms of the balancing and Lucas-balancing
numbers for 0 <n < 7.

Table 1.
nl01 2 3 4 5 6 7
BL|O0 1 6 35 204 1189 6930 40391
Coll 3 17 99 577 3363 19601 114243

The Binet type formulas for the balancing and Lucas-balancing numbers
have the forms

(XTL_BTL
b=

O(n+ n
SRR

respectively, for n > 0, where o =3 +2v2, p =3 —2v/2.

The concept of balancing numbers has been extended and generalized by
many authors, see [7, 8, 10]. In this paper, we focus our attention on k-Lucas
balancing numbers and k-Lucas-balancing numbers and their applications in
the theory of dual-complex numbers.

Based on the concept from [6], Ozkog in [7] introduced k-Lucas balancing
numbers as follows.

For some positive integer k > 1 let CX denote the nth k-Lucas balancing
number which is the number defined by

Cr =6kCr 1 —Cry

for n > 2, with Clgzl, C]f:3.
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Theorem 1 ([7]) The Binet type formula for k-Lucas balancing numbers is
ck — (3— Bk)ocl: —(3— o‘k)BE (2>
" 2V/9%2 =1 ’
forn >0, k> 1, where o = 3k + V9k2 — 1, By = 3k — V9k? — 1.

Another generalization of the Lucas-balancing numbers was presented in
[12]. For integer k > 1 the sequence of k-Lucas-balancing numbers (written
with two hyphens) is defined recursively by

Ck,n = 6kck,n—1 - Ck,n—Z
for n > 2, with Cyp =1, Cy 1 = 3k.

Theorem 2 ([13]) The Binet type formula for k-Lucas-balancing numbers is

n n
Cin = %ﬁk (3)

form >0, k> 1, where o = 3k + V9kZ — 1, By = 3k — V9k? — 1.

Note that for k = 1 we have Cll = Cin = Cy.

Complex and dual numbers are well known two dimensional number sys-
tems. Let C and D denote the set of complex numbers with imaginary unit
i and the set of dual numbers with nilpotent unit €, respectively. The set of
dual-complex numbers is expressed in the form

DC={w=2z+ezy: 21,20 € C, e2 =0, € £ 0},

see [1]. Here if z; = x1 +1iy; and z; = x; +1y;, then any dual-complex number
can be written as
w = x1 +iyy + ex + ieys. (4)

If wi = z1 + ez and wy = z3 + €24 are any two dual-complex numbers then
the equality, the addition, the subtraction, the multiplication by scalar and
the multiplication are defined in the natural way:

wy =w; only if z1 =z3, 2 = z4,

wi £ wy = (21 £ 23) + e(z2 £ z4),

for s € R: swy = sz1 + €527,

wi - Wy = 2123 + €(z124 + 223).
If we write the dual-complex numbers using (4) then the multiplication of

dual-complex numbers can be made analogously as multiplications of algebraic
expressions using Table 2.
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Table 2. The dual-complex numbers multiplication

i [e]ide]
i) =1 1]1ie| —¢
ef|lie 0| O
ie||l—e| 0] O

Balancing and Lucas-balancing numbers are numbers defined by the linear
recurrence relation and they are named as numbers of the Fibonacci type.
These numbers have many applications in the theory of hypercomplex num-
bers, for details see [14]. Some interesting properties of dual-complex Fibonacci
and dual-complex Lucas numbers we can find in [5]. The dual-complex Pell
numbers (quaternions) were introduced quite recently in [3]. In [2], the author
investigated one-parameter generalization of dual-complex Fibonacci numbers,
called dual-complex k-Fibonacci numbers. Based on these ideas we define and
study dual-complex Lucas-balancing numbers and their generalizations.

2 Main results

Let n > 0 be an integer. The nth dual-complex balancing number DCB,, and
nth dual-complex Lucas-balancing number DCC,, are defined as

D(CBn = Bn + iBn-H + EBTH—Z + iEBTH_g,

DCCy, = Cyy +1Cpq + eCryz +1eChy,

where By, is the nth balancing number, C,, is the nth Lucas-balancing number
and 1, ¢, ie are dual-complex units.

In the similar way we define the nth dual-complex k-Lucas balancing number
]D)(CCTE and the nth dual-complex k-Lucas-balancing number DCCy ,, as

DCCK = CK +iCK,; +eCk., +1eCk 5,
DCCyn = Cyn +1Cxny1 + eCrnya +1Cinya,y

respectively.
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For k = 1 we have DCC}, = DCC; , = DCCy,.
Theorem 3 (Binet type formulas) Let n > 0, k > 1 be integers. Then

(3 — Br)og i — (3 — o) PR P

(i) DCCk =

2V9%Z — 1 ’
(i) DCCy, = Xt PLP B
where
o =3k+ V92— 1, Br=3k—9%2—1 (5)
and
@ =1+ 1on +eof +iea, P =1+1Pw+ epi + iehi. (6)

Proof. By formula (2) we get

DCCK = CK +iCK ; +eCk,, +1eCK ;5
_ B=Boq — BBy B Bueq - (3—ock) i

2v/9k?2 —1 2v/9k2 —
L BBl - - apl? (3 et (5 iy
€
z\/9kT 2V9K2 — 1
and after calculation we obtain (i). By the same method, using (3), we can
prove formula (ii). O

For k = 1 we obtain the Binet type formula for the dual-complex Lucas-
balancing numbers.

Corollary 1 Letn > 0 be an integer. Then

n np
DCC,, = w,

where
x=3+2v2, Bp=3-2V2

& =1+1i(3+V8) + ¢(17 + 6V8) +ie(99 + 35V3), (7)
B=1+i3—V8) +¢(17 —6V8) +1ie(99 — 35V3).
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Moreover, by simple calculations, we get

0‘k+ﬁk:6k>
Ock—BkZZ\/9k2—1,
P =T,

(3— ou)(3— Bx) = 10— 18k,
o + B = (o + Br)® — 3oucBr(oa + i) = 216k — 18k

and

&P 1 +iock+soci+i£oci> (1 +i[3k+€[3i+i£[3i)

(o + Bi) + ie(og + B + o + Bi)
i(6k) + ie(216k3 — 12Kk).
In particular, for k = 1, we have

&P = 61+ 204ie.

i

Now we will give some identities such as Catalan type, Cassini type and
d’Ocagne type identities for the dual-complex k-Lucas balancing numbers and
dual-complex k-Lucas-balancing numbers. These identities can be proved using
the Binet type formulas for these numbers.

Theorem 4 (Catalan type identity for dual-complex k-Lucas balancing num-
bers) Let k > 1, n >0, r > 0 be integers such that n > r. Then

DCck - peck,, — (Dccﬁ)z -

BB — o) Br\" o)
Ao (2_ <ock> B (m) )ﬁgk’

where ou, Py and &, Py are given by (5) and (6), respectively.

Proof. By formula (i) of Theorem 3 we have

DCCk_. - DCCK,, — (Dccﬁ)Z

n+r
=B o) (3= Br)og TR T B — (3 — ou) (3 — Br) o TR i B
N 4(9k2 —1)
2(3 — o) (3 — Bi) o BR i B
492 1)

(3= o) (3 — Br) o Bl i B (2_ (Bk> B <ak>>
N 4(9]{2—]) (0,693 Bk )
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Using the fact that ok = 1, we obtain the desired formula. O

Theorem 5 (Catalan type identity for dual-complex k-Lucas-balancing num-
bers) Let k > 1, n >0, r > 0 be integers such that n > r. Then

1 ' AW
D(CCk,n—r : DCCk,n—H - (DCCk,n)z = Z <<£2z> + (B::) - 2> d\kB\ka

where ou, Px and &, P are given by (5) and (6), respectively.
Proof. By formula (ii) of Theorem 3 we have
DCCynr - DCCypyr — (DCCy )
o "B B+ BT Bieory T o — 206 B P

4
T han B\ | (o)’
=- & — — ] =2]).
7 %% P kfg\k(<(xk + B
Using the fact that o px = 1, we obtain the desired formula. O

Note that for r = 1T we obtain Cassini type identities for the dual-complex
k-Lucas balancing numbers and the dual-complex k-Lucas-balancing numbers.

Corollary 2 (Cassini type identity for dual-complex k-Lucas balancing num-
bers) Let k > 1, n > 1 be integers. Then

2
pCck , -peck,, — (Dccli) — (18k — 10) &icfx,

where ou, Py and &, Py are given by (5) and (6), respectively.

Corollary 3 (Cassini type identity for dual-complex k-Lucas-balancing num-
bers) Let k > 1, n > 1 be integers. Then

DCCin-1 - PCCui — (DCCin)* = (9K 1) i,

where ou, Py and &, Py are given by (5) and (6), respectively.

Theorem 6 (d’Ocagne type identity for dual-complex k-Lucas balancing num-
bers) Let k > 1, m >0, n > 0 be integers such that m > n. Then

DCCk, -DCCk,, —DCck ., -DCck =

(38— ou) (3 — Br)oqp Bt (o " —BY ™) o o
279K — 1 ke

where ou, Px and &, P are given by (5) and (6), respectively.
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Proof. By formula (i) of Theorem 3 we have

DCCk, -DCck,, —beck,, -Deck
_ BB (3 — 0u) BT B — (3 — o6 ) BIBK(3 — Br) o T ke

4(9K2 —1)
L B- Br)og ™ (3 — o) BB + (3 — o) B Bie(3 — Bro) ot i
4(9k2 —1)
(3 — o) (3 — Br)og By (ockm‘““ + BT — g I — o ™ B) &
- 4(9k2 —1) kPk
B ou)(3— Br) o B (o — B (oue — B &b
- 4(9k2 —1) Kbk
B a)B— BBy (g =BT Sf
B 29Kk —1 Pio
which ends the proof. O

Theorem 7 (d’Ocagne type identity for dual-complex k-Lucas-balancing num-
bers) Let k > 1, m > 0, n > 0 be integers such that m > n. Then

DCCym - DCCiy1 — DCChm i1 - DCCry =

- 411 (o™ = B ™) (B — ou) e,

where ou, Px and &, Py are given by (5) and (6), respectively.
Proof. By formula (ii) of Theorem 3 we have

DCCym - DCCy st — DCCp st - DCCyn

ot B B+ B Boq T o — o i BR B — BT Proqt
4

1
= ot BR (o™ — BT (B — o) Bk

1
1
1 (o™ — B™) (Bk — o) KBk,

which ends the proof. O

For k = 1 we obtain the Catalan, Cassini and d’Ocagne identities for the
dual-complex Lucas-balancing numbers.
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Corollary 4 (Catalan type identity for dual-complex Lucas-balancing num-
bers) Let mn > 0, r > 0 be integers such that n > r. Then

DCCh_y - DCCpair — (DCCp)* =

. 1 B r [0 6 r A

() ()
where o, B, & and B are given by (7).

Corollary 5 (Cassini type identity for dual-complex Lucas-balancing num-
bers) Let m > 1 be an integer. Then

DCCp_i - DCCry1 — (DCCp)* = 8&B,
where & and P are given by (7).

Corollary 6 (d’Ocagne type identity for dual-complex Lucas-balancing num-
bers) Let m > 0, n > 0 be integers such that m > n. Then

DCCy - DCCpit — DCCryy1 - DCCr = —V2 (™™ — ™) ic b,

where o, B, & and B are given by (7).

3 Concluding Remarks

Cobalancing numbers were defined and introduced in [10] by modification
of formula (1). The authors called positive integer number n a cobalancing
number with cobalancer r if

14+2+...4n=M+1)+M+2)+...+ (n+71).

Let by, denote the nth cobalancing number. The nth Lucas-cobalancing num-
ber ¢y, is defined with ¢, = 1/8b2 + 8b,, + 1, see [7, §].

In [11], we can find some relations of balancing and cobalancing numbers
with Pell numbers. Related to these dependences it seems to be interesting
to define dual-complex cobalancing numbers, dual-complex Lucas-cobalancing
numbers and next to find relations of dual-complex balancing and cobalancing
numbers with dual-complex Pell numbers (quaternions). For dual-complex Pell
numbers details, see [3].
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