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Abstract. In this paper, we use Lyapunov’s second method, by con-
structing a complete Lyapunov functional, sufficient conditions which
guarantee existence and uniqueness of a periodic solution, uniform asymp-
totic stability of the trivial solution and uniform ultimate boundedness
of solutions of Eq. (2). New results are obtained and proved, an example
is given to illustrate the theoretical analysis in the work and to test the
effectiveness of the method employed. The results obtained in this in-
vestigation extend many existing and exciting results on nonlinear third
order delay differential equations.

1 Introduction

The importance of functional differential equations, in particular the delay dif-
ferential equations, cannot be over emphasized as it creates a significant branch
of nonlinear analysis and find numerous applications in physics, chemistry, bi-
ology, geography, economics, theory of nuclear reactors and in other fields of
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engineering and natural sciences to mention few. The existence, uniqueness,
boundedness and stability of solutions of the models derived from these appli-
cations are paramount to researchers in various fields of research.

Many work has been done by distinguished authors see for instance Burton
[4, 5], Diver [7], Hale [9], Yoshizawa [21, 22] which contain general results on
the subject matters. Other remarkable authors worked on stability, bounded-
ness, asymptotic behaviour of solutions of third order delay differential include
Ademola et al [2, 3], Omeike [10], Sadek [11], Tung et al [13, 15, 16, 18] and
the reference cited therein.

To the best of our knowledge few authors have discussed the existence and
uniqueness of a periodic solution to delay differential equations (see the paper
of Chukwu [6], Gui [8] and Zhu [23]). Also, in 2000, Tejumola and Tchegnani
[12] discussed criteria for the existence of periodic solutions of third order
differential equation with constant deviating arguments T > 0 :

X+1(t, x, %, X)X+g(t, x(t—1), x(t—1))+h(x(t—T)) = p(t, x, x(t—T), %, x(t—T), X).

In 2010, Tung [17] established conditions on the existence of periodic solution
for the nonlinear differential equation of third order with constant deviating
argument T > 0:

X +P(x)x 4+ gx(t—1)) +f(x) =p(t,x, x(t — 1), %, x(t — 1), X).

Recently, in 2012, Abo-El-Ela et al. [1] discussed the existence and uniqueness
of a periodic solutions for third order delay differential equation with two
deviating arguments.

X +P(x)x 4 f(x)x + g1 (t, x(t = 11(1))) + ga(t, x(t —T2(t)))

= p(t) :p(t,X,X(t—T),X,k(t—T),i).
Also, in 2012, Tung [14] considered the existence of periodic solutions to non-
linear differential equations of third order with multiple deviating arguments
Ty, (i: 1,2,...,“) .

X+ P()E+ ) gilk(t— i) +f(x)
i=1

=pt,x,x(t—711),...,x(t—Tn),%,...x(t—T1),...,%(t —Tn),...%).

However, the problem of uniform asymptotic stability, boundedness, existence
and uniqueness of a periodic solution of third order neutral delay differential
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equation with multiple deviating arguments ti(t) >0 (i1 =1,2,...,n) and for
all t > 0, has not been investigated. Therefore, the purpose of this paper is to
establish criteria for uniform stability, boundedness, existence and uniqueness
of a periodic solution for the third order nonlinear delay differential equation
with multiple deviating arguments ti(t) >0 (i1 =1,2,...,n):

X () 4 (1, x(1),X(4), %(£)%(t) + Y gilt, x(t — Ti(t)), %(t — Ti(t)))

i=1
n (1)
+ Z hi(t) X(t - Tl(t))) = p(t) X, X) 7‘(\ X» X))

i=1

where X = x(t—11(t)),...,x(t—Tn(t)) and X = %(t — 11 (1)), ..., %(t—Tn(t)).
Let x(t) = y(t) and %(t) = z(t), (1) is equivalent to the system of first order
differential equations

n n no .t

— > gilt,x(t),y(t) = D> hilt,x(t)) +ZJ ( )glt(s,X(S),y(SJ)ds
i=1 i=1 i=1tmlt
n .t noot

+ZJ gl xs), y(s))y(s)dwzj 015, %(5), u(5))z(s)ds
i—1 YTt 7 JteTi(t)

where 0 < Ti(t) <+, vy > 01is a constant to be determined later, the functions
f, gi, hy and p are continuous in their respective arguments on R* xR3, Rt xRR2,
R xR and Rt x R?"3 respectively with Rt = [0, 00), R = (—o0, 00), periodic
in t of period w, and the derivatives f(t,x,y,z), fx(t,x,v,2z), fo(t,x,y,2z),
git(t, %, v), gix(t, x, 1), giy(t, x,y), hielt, x), hix(t, x), with respect to t,x,y, z,
foralli, (i=1,2,...,n) exist and are continuous for all t, x,y, z with hi(t,0) =

0 for all t. The dots as usual, stands for differentiation with respect to t.
Motivation for this study comes from the works [1, 8, 12, 14, 17] and the
recent papers [2, 19]. These results are new and complement many existing
and exciting latest results on third order delay differential equations.
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2  Preliminary results

Consider the following general nonlinear non-autonomous delay differential
equation

dXx

X:E:F(t,Xt), X¢=X(t+0), —r1<0<0, t>0, (3)
where F : RT x Cy — R™ is a continuous mapping, F(t + w,$) = F(t, d)
for all € C and for some positive constant w. We assume that F takes
closed bounded sets into bounded sets in R™. (C, || - ||) is the Banach space of
continuous function ¢ : [-r,0] — R™ with supremum norm, r > 0; for H > 0,
we define Cy € C by Cy ={¢ € C: ||¢]| < H}, Cy is the open H-ball in C,

C = C([-r,0],R™).

Lemma 1 [22] Suppose that F(t,d) € Co(dp) and F(t,P) is periodic in t of
period w, w > 1, and consequently for any « > 0 there exists an L(o) > 0
such that d € Cy implies |F(t, ¢)| < L(a). Suppose that a continuous Lyapunov
functional V(t,$) exists, defined on t € RT, ¢ € S*, S* is the set of d € C
such that |$(0)] > H (H may be large) and that V(t,d) satisfies the following
conditions:

(i) a(ld(0)])) < V(t,d) < b(||d]]), where a(r) and b(r) are continuous, in-
creasing and positive for v > H and a(r) — oo as v — oo;

(ii) V(g)(t, ¢) < —c(|d(0)]), where c(r) is continuous and positive for v > H.
Suppose that there exists an Hy > 0, Hy > H, such that
hL(y*) < Hy —H, (4)

where y* > 0 is a constant which is determined in the following way: By the
condition on V(t,d) there exist « > 0, p > 0 and vy > 0 such that b(H;y) <
ala), b(a) < a(P) and b(B) < a(y). v* is defined by b(y) < a(y*). Under
the above conditions, there exists a periodic solution of (3) with period w. In
particular, the relation (4) can always be satisfied if h is sufficiently small.

Lemma 2 [22] Suppose that F(t, ) is defined and continuous on 0 < t < c,
& € CH and that there exists a continuous Lyapunov functional V(t, $, @)
defined on 0 <t <c, ¢, € Cy which satisfy the following conditions:

(1) V(t,d, @) =01if b = o;
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(i) V(t, b, @) >0 if b # @;

(iii) for the associated system
X(t) =Flt,xd), () = F(t,yd) (5)

we haveV (6, &, @) <0, where for bl = H or||@|| = H, we understand
that the condztzon V (t G, @) < 0 is satisfied in the case V' can be
defined.

Then, for given initial value ¢ € Cyy,, Hy < H, there exists a unique solution

of (3).

Lemma 3 [22] Suppose that a continuous Lyapunov functional V(t,d) exists,
defined on t € RY [|p]| < H, 0 < Hy < H which satisfies the following
conditions:

(i) a(llel) < VI(t,d) < b(||$p]|), where a(r) and b(r) are continuous, in-
creasing and positive,

(i ) 3)(t, d) < —c(||b]), where c(r) is continuous and positive for r > 0,

then the zero solution of (3) is uniformly asymptotically stable.

Lemma 4 [4] Let V: RT x C = R be continuous and locally Lipschitz in ¢.
If
t
() WollXe) < VIt X0) < Wi(Xd) + Wa( ] WalXels))ds ) and
t—r(t)

(ii) V(g)(t,Xt) < —W4(IX¢]) + N, for some N > 0, where W; (1=0,1,2,3,4)
are wedges.
Then X of (3) is uniformly bounded and uniformly ultimately bounded for
bound B.

3 Main results

Theorem 1 In addition to the basic assumptions on the functions f, gi, hi, p
and Ty, suppose that a, aj, bi, By, ci, 61, E, Ki, My, Yy (i=1,2,...,n) are posi-
tive constants and for all t > 0.

(1) a< f(t>X»U,Z) < aq for all XY,z
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(i) by <

(t Kit f 1t>0 d 0
g(w)<{ oforal EE XY F D lgne(tyx,y) <

y ~|By forallt>0,xandy #0,
My;

(iii) hi(t,0) =0, &; < and abj > cj;

hi(t,x) - Eit for all t > 0 # x,
c¢i forallt>0#x,

(iv) Tu(t) <, 7. < p, p € (0,1),0 < P(t) < o0;
if
1 & = 1
V<min{zZBSiA11» (ocbi—ci)A21’2(a—oc)A32}, (6)
i=1 =

i=1
where

1 = 3
Aq = 2B+.Z](Bi+Ci+Ei+Ki+Mi)+(] —F’)q(z"“x""B‘FG)ZEi
1=

i=1

.] n n
Azi=5lota)+) (BitertEitKitMi)+(1-p) " (2+actp+a) }_(eitKitMy)
i=1 i=1
and
n n
Az=1+) (Bitcit+Ei+KitMi)+(1—p) '2+a+p+a)) By
i=1 i=1

then (2) has a unique periodic solution of period w.

Proof. Let (x, Yy, z¢) be any solution of (2) and the functional V = V/(t, xt, yt, z¢)
be defined as

VvV =e Py, (7)

where

P(Y) =L p(s,x, X, v, Y, 2)lds (a)
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and U = U(t, x¢, Yy, z¢) is defined as

n

ZU:2(a+a)ZJX (t£d£+4ZJ gltXT)dT+4yZh (t,%)

i=1 i=1

n
+2(a+ a)yz + 2z° + 2(a + a) J Tf(t, x, T,0)dT + By’ + Z bix? + 2afxy
0

i=1
0 t
+ 2Bxz + J J (Aox?(0) + Ay?(8) + A2z%(0))dOds,
—1(t) Jt+s
(8b)
where o and 3 are fixed constants satisfying
n
be1ci<oc<a (8¢)
i=1
and
n n ]
0<B<min{Zbi,Z(ab —cl)A4],2(a—oc)A5]}, (8d)
i=1 =1
where N 5
Ag=T+a+) & <M—bi)
— Y
i=1
and
n 2
As =1+ Z 6{] <f(t,x,y,z) — a) .
i=1
Now, since hi(t,0) =0 for all t € R™, (7) can be recast in the form
n X [?)
2 [Z b [ T @by — e, (e )0 + Sy + Sl + 212

(t, = z
—i-ZZJ <g1 x1) bi>TdT+Zb:]<hi(t,X)+biy>

i=1

+ Jy [(cx—l— a)f(t,x,T,0) — (o + az)] TdT + = (Bx—l— ay + z)?
0

v 2, ] ° ¢ 2 2 2
! E ; B(bi_ B)X " E J—T(t) L+s <}\0X (6) Ay (9)+ haz (9)) deds} ’
9)



120 A. T. Ademola

where P(t) is the function defined by (8a). In view of the assumptions of
Theorem 1 and the fact that the double integrals are non-negative, there exists
a positive constant dg such that

V> do(x? +y?+2%) (10a)
for all t > 0,x,y and z, where

.I n n
do = e " min {2 Db (aby—ci+ abg—¢i)di + ) by minfby, &)
i=1 i

i=1

1. 1 & 1 T 1.
—|—2m1n{1,a,[3}+2§[5(b1—[5), 2(5+Zbi min{bs, i} + 5 min(1, o

i=1

1 . 1 1 . 1T .
+2m1n{1,a,[3}+§oc(a—oc), 2m1n{1,oc}—|—2m1n{1,a,[3}}.

Clearly, from(10a), we have V(t,x,y,z) = 0 if and only if x* 4+ y? + z2 = 0,
V(t,x,y,z) > 0 if and only if xZ +y? + z% # 0, it follows that

V(t,x,y,z) — +oo as x> +y’+2z? = . (10b)
Moreover, from the hypotheses of Theorem 1 and the obvious inequality 2|x1x3| <

x5 +x3, Eq. (7) turns out to be

0 t
V(t,x,y,z)§d1(x2+y2+z2)+d2J J d3(x%(0) + y2(0) + z%(9))dods

—1(t) Jt+s
(11)
for all t > 0,x,y, z, and s, where
.] n
dq :max{zg [(oc—l—a—i—Z)cﬁ— B(1 +a—|—bi)],
1=

;<ZZ(Bi~I—ci)+(oc—|— a)(1+a7) +p(1 +a)>,;(2,oc+[5—|—a)},

i=1
1
d, = 7 and
d3 = Inax{?\o, 7\1 N 7\2}.
Next, the derivative of the function V with respect to t along a solution
(xt,Yt, z¢) of (2) is given by

Vigy = —e T [uP(t) - u(z)] : (12)
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where P(t) and U are defined by (8a) and (8b) respectively,
P(t) = Ip(t, %, X,y,Y,2)| (13a)

and

3 5
Up) = apy?+2Byz+ [Bx + (a+ a)y + 22p(t,x, X, y, Y, z) + Zu,— — Zu,—
j=1 i=4

- ﬁ[f(t,x,y,Z) - a]XZ_ B Z <gl(t;:,x’y) _bi>Xy)

i=1

(13b)

where:

n

Uri= (ot @) Y | halt,g) da+zZJ Gult, DT+ 2y 3 Rualt, )

i=1 i=1

Y Y

Uy = (x+a) J Tfe(t,x,T,0)dT + 2 Zy J gix(t,x, T)dT

0 = Jo
Y

+ (. + a)yJ T (t, x,T,0)dT;
0
n t

Us = (Bx + (et a)y +22) [ZJ | gulex(shy(snas
rt ot

hals,xo)lds + 3 [ guyls,x(s),u(s))als)ds

t—1i (t) i=1 t—1 (1)

.I\/]3
%]
x

,4
I
=
[

_|_

+
M=
Q
i
'U)
=
»
<
“
=
@
o
(72}

,4.
I
4

+
M=

hix(s,X(S))y(SJdS} + <?\ox2(t) +AMyA(t) +7\zzz(t)>n(t)

- (t)

- 30— |

t—T1i (t)

Uy —Bth (t,x +Z [ o+ q) Sb2Y) ’”") zmx(t,x)]yz

[
=

t

_—

(onz(e) + Ay () + 7\27.2(6)> do

N \

+ [Zf(t,XﬂJ»Z) - ((X+ CI.):| ZZ
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and
u5 = ((X—i_ a)yz f(taX)y)Z) —f(t,X,y,O) .

Now, hit(t,x) < Eix for all t > 0 # x and gi(t,x,y) < Ky forall t > 0,x,y #
0, these inequalities imply the existence of a positive constant qo such that

Uq < qo(x* +y? + 22),

where qo = max{]1, %Z?ﬂ[(oc—l—a) i+2ci, Y it (Kitei)) Also, f(t,x,y,z) <
a; and gi(t,x,y) < Byy these inequalities imply that

U, <0

for all t > 0,x,y and z.
Furthermore, in view of the assumptions of the theorem and the obvious in-
equality 2mn < m? 4+ n?, we obtain

1 = 1
Us < [2[5 +Z(Bi+ci+Ei+Ki+ M;) +7\0]Ti(t)xz+ [Z(OCJr a)
n n
+) (Bi+ci+Ei+K; +M)—|—)\1:|T1( Jy? + [1+Z(Bi+ci+Ei+Ki+Mi)
i=1 i=1
n t
—I—)\z} T (t)z% — [ —T(t))Ao— 2+ x+ B+ a) ZEJ J x?(s)ds
i=1 t—Tl(t)
] = t
[]—T (2+oc—|—[5—|—a)Z(ci—l-Ki—l-Mi)]J y2(s)ds
i=1 t T'l(t)
1 = t
[]—T NA2— 2+ a+p+a) ZBJJ z%(s)ds,
i=1 t—Tl(t)

U4>BZ§1X +Z<o¢b —ci+ aby —c)y + (a— o)z?.

i=1 i=1

Finally, f(t,x,y,z) > a implies that for y > 0, yf,(t,x,y,z) > 0 for all
t > 0,x,y and z, so that

Us = (« + a)yz?f.(t, x,y,00z) >0
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for all t > 0,%,y,z and (ot + a)yz?f,(t,x,y, 00z) = 0 when z = 0. Employing
estimates Uy (1 = 1,---,5) in (13b), there exists a positive constant q; =
max{2, x + a, f} such that

Upy < (a+ 1By + Bz + au(lx] + [yl + 2D p(t, %, X, y, Y, 2)|
] n
+qox? +y?+2%) + [2[5 + ) (Bitcit+Ei+Ki+ M)+ 7\0] Ty ()%
i=1
.I n
—(a— O()Zz + |:2((X+ a) + Z(Bi—l- ci+Ei+Ki+ M) —I—M]Ti(t)yz
i=1
n
+ [1 + ) (BitcitEi+Ki+My) +7\2] Ti(t)z?
i=1

1 s t
— (1 =Ti(t)Ao— (2 E; 2
|1 e p e Y ] stas "
1 [ / = t 2
3|0 O e B Y e KMy ”t_w” (s)ds
—;—(1—’({(’())7\2—(24-06—1'[5—}- ZBJJ ds—BZélx
L i=1 t— Tl(t)
-> <“bici+ abici>92 BIf(t,x,y,2) — alxz
i=1
_BZ <gi(taxvy) _bi>xy-
i=1 K

Since Ti(t) <y and T{(t) < p for all t > 0, estimate (14) can be rearranged in
the form

U < (a+ DBy + B22 + a1(Ix + yl + [2)Ip(t, x, X, v, Y, 2)

1 n
+ qo(x2+y2+zz) + [ZB +Z(Bi+ci+F—i+Ki+ M) +7\0]YXZ

n

—(a— )22 +[ —I—Z +C1+Ei+Ki+Mi)+}\1:|yyz
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n
- [1 + ) (Bi+ci+Ei+Ki+My) +7\z]yzz
i=1

1

—[(1—0)?\0—(2+oc+f5+ )ZF—i]

> Jt x?(s)ds

l:1 t Ti (t)

1 = t
—2(1—p)7\1—(2—|—oc+f3—l—ach—l—K —i—M“' y2(s)ds
i=1

t—7 [t)

1

n
(1—pA2—2+ax+p+a)) B ” ds—zz&x (15)
t—Tl)

i=1

n 2
<ocbl—cl+ab —cl>y — Z {x+26 tx,y,z)—a)z}

l\’l3 ol —

1

B = ) —1 gi(t,x,y) ) ?
_4;61[x—|—26i (y —b1>y]
= gilt,x,y) 2 = 2,
-I-[SZZS ( ) Y +BZ§i (f(t,x,y,z)—a) z%,
i=1

for all t > 0,x,y,z. Choosing Ao = (1 —p) "2+« + B + a) YL B >0,
M=-p) "2+a+B+a) Y (ci+Ki+M;) >0and Ay = (1—p) 1(2+
x+pB+a )Zl 1Bi > 0, and the fact that [x —|—26i_](f(t,x,y,z) —a)z]2 >0
and [x + 28, (%X’y) bi)yl? > 0 for all t > 0,x,y and z, the inequality in
(15) yields

o
I

Uy < quillxl+ Iyl + lzDIp(t,x, X, ¥, Y, 2)| + qo(x* + y* + 2%)
1 & 1 =
—{22551— |:2B+Z(Bi+ci+Ei+Ki+Mi)
i1 i

+ (1 — p)*1 24+ a+p+a) sum{‘_1Ei]y}x2

— { Z(“bi_ci) — |:;(O(+ (l) +Z(Bi+ci+Ei+Ki+ Mi)

i=1 i=1

+(1—p) "2+ ax+p+a)) (ci+Ki+ Mi)}Y}UZ

i=1

—{1(61—0()— |:] +Z(Bi+ci+Ei+Ki+Mi)

i=1
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n

+(1—p)1(2+oc+[3+a)ZBi}y}zz
n = n 2
~{ Lo —e[rar 3o (S -0 ) [y
n 2
—{;(a—oc)—ﬁ[1 —I—ZZS;1 <f(t,x,y,z)—a> ]}zz.
i=1

In view of the estimates (6) and (8d) there exists a positive constant ¢ such
that

Up) < qi(xl+iyl+HzDIp(t %, X, u, Y, 2) [ do(x* +y?+2%) — a2 (x*+y?+27) (16)
for all t > 0,%,y and z. Applying the assumptions of Theorem 1, estimates
(8¢), (8d) in (8b), there exists a constant g3 such that

U > g3 +y° +27) (17)

for all t > 0,x,y and z, where q3 = dpe™ > 0. Using (13a), (16) and (17) in
(12) choosing q2 > qo and (x? 4+ y? + z%)1/? > 31/2q1q3*1 sufficiently large,
there exists a constant dz > 0 such that

Vi) < —d3(x? +y% +2%) (18)

for all t > 0,x,y and z, where d3 = e 7°(q2—qo) > 0. From inequalities (10a),
(10b), (11) and (18), the assumptions of Lemma 1 hold, also by estimates (10)
and (18) the hypotheses of Lemma 2 are satisfied. Hence by Lemma 1 and
Lemma 2 Eq. (2) has a unique periodic solution of period w. This completes
the proof of Theorem 1. ]

If p(t,x,X,%x,X,%) =0 in (1), Eq. (2) reduces to
x(t) =y(t), ylt)=z(t) z(t) =—f(t,x(t),y(t),z(t))z(t)

= giltx(t),y(t) = 3 hy +ZJ giels,x(s), y(s))ds
i=1 i=1 t—Ti (t)
noet
+ (s, x(s), u(s))y(s)d
; t7Ti(t)g s,x(s),y(s))y(s)ds (19
noort
+> giy(s,x(s),y(s))z(s)ds
i— Yt
n .t n t
+) hit(s,X(S))derZJ hix(s, x(s))y(s)ds,
=1 Yt Ti (1) i—1 t—Ti (1)
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where f, g; and h; are the functions defined in section 1.

Theorem 2 If in addition to the hypotheses of Theorem 1, gi(t,0,0) =
hi(t,0) = p(t,x,X,y,Y,z) = 0, then the trivial solution of (19) is uniformly
asymptotically stable, provided that the inequality in (6) holds.

Proof. If p(t,x, X,y,Y,z) =0, the function V defined in (7) reduces to V = U,
where U is defined in (8b). With the assumptions of Theorem 2, it is not
difficult to show that

V > da(x? +y? + 29 (20)
for all t > 0,x,y, z, where d4 = dpe™ . Furthermore, in view of the assumptions

of Theorem 2 estimate (11) holds.
Next, let (xt,yt,z¢) be any solution of (19), little calculation shows that

Viig) < —ds(x? +y* + 2%) (21)

for all t > 0,%,y,z, where ds = dze". The inequalities in (11), (20) and (21)
verify the assumptions of Lemma 3, thus by Lemma 3 the trivial solution of
(19) is uniformly asymptotically stable. O

Theorem 3 If the hypothesis on the function p of Theorem 1 is replaced by
p(t,x,X,u,Y,z)| <P;,  0<Pr<co (22)

for all t > 0,x,X,y,Y and z, then the solutions of (2) is uniformly bounded
and uniformly ultimately bounded.

Proof. If t = 0 in (8a), Eq. (7) becomes V = U, under the assumptions
of Theorem 3, estimates (10a), (10b) and (11) hold. Let (x,yt,z¢) be any
solution of (2), the derivative of V = U along a solution of (2) is estimated
by (16). By (22), choosing q; sufficiently large such that q; > qo+ P1qq there
exist positive constants dg and d such that

V(Q) < —dg(Xz + yz + Zz) + d7 (23)

for all t > 0,x,y,z, where dg¢ = q2 — qo — P1q71 > 0 and d; = 3P;q7 > 0.
In view of the inequality in (10), (11) and (23) all hypotheses of Lemma 4
hold true, thus by Lemma 4 the solutions of (2) are uniformly bounded and
uniformly ultimately bounded. O
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4 An example

Example 1 Consider the following third order neutral delay differential equa-
tion

X T Gnt + e £ expl(T + %) 7]

+4) x(t—mi(t) + Y x(t—Ti(t))
i=1 =1

. (24)
+§i X[t —Ti(t)) +§ixh—wdﬂ)
= 3+sin(t/2) + x(t —Ti(t)x(t — Ti(t))] 4= 4+sint
B 1
4+ sint+ x| + X + X + X + ]
(24) is equivalent to system of first order differential equations
X = Yy, U =2z,
z= 1 — (1 + 1>nx
4 tsint 4 x|+ X+ [yl + Y]+ 2z 4 +sint
+ <3 + ] >z
2 1+sint+ xy| +expl(1+ yz|)— 1]
_ <4 + ! )n
3+sin(t/2) + xyl+y2 )"
N i t y cos(p/2)dp
— Jiw (v 213 + sin(p/2) + xyl + y2?
(25)
rt

y2y(p)dp
Jior (v 13+ sin(p/2) + [xyl + y?)?

N < 3+ sin(p/2) — y?
[3 + sin(w/2) + [xy| +y2?

|
.l\/]:

._.
Il
4

+
-

)zm)du

t— (t)

,4
Il
4

rt X COS 1L

|
.I\/Ij

Jtog (1) 4 +sinp

o
Il
4

t 1
1+.>y(u)du-
qtnm< 4+ sin

In view of (2) and (25) we have the following relations and estimates:

_|_

I
I,

M-
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3 1
A) Th tion f(t == it 4
(A) ¢ function f(t,x,y,2) 2+ 1 +sint + [xy| + expl(1 + [yzl)~1]’ s
not difficult to show that for all t > 0,x,y and z:

(i)

(ii) fe(t,x,v,z) =

5 3 5
< f(t,x,y,2z) < 2 wherea:2>0 anda1zi>0;

—cost
[1 +sint + [xy| + exp[(1 + lyz)~ 112
)
1+ sint + [xyl + expl(T + [yzl) ]2

N\UJ

<0;

(iii) for x >0, yfx(t,x,y,z) =
and
(iv) forz >0,

2 —1
y-expl(1+ [yz|)~'] >0

fa(t =
yfi(t,x,y,z) 1+ lyz)2[1 +sint + [xy| + expl(1 + [yz]) =12 —

B) T on o; — (4 ;
(B) The function gi(t,x,y) ( + 37 sm/2) 1 bl +y2)y, which for all

t > 0,x and y we have:

i(t

() 4< 98XV o5 ere b =450 and Bi=5 > 0,

y

2

y —y

0, gixlt <0 and
(H) fOT’X> ) ng( )X)y) [3+Sll’l(t/2) +‘Xy|+y ]2 — an

—y cos(t/2) |1 — 2sin?(t/4)]|

() 9ult0 V) = 35 Saie/2) + beul + v22 = 2B + sin(t/2) + beyl + v 22

11T — 2sin?(t/4)]

2[3 + sin(t/2) + |xy| +y2?
where Ky =1 > 0 so that

Now since 0 <

<1 forallt > 0,x,y,

gie(t,x,y) < Jyl.

(C) The function hi(t,x) =x+ , it is not difficult to show that

X
4 +4s€int

,O.
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—xcost ) 11— 2sin?(t/2)|
hig(t = —— < 0
(v) haelt, x) 4 +sint — x| since 0 < |4 + sin t|

Ei=1>0.

< 1, where

(D) p(t) X>X(t - Ti(t)))

(E) Finally, it can be shown that 0 < 1 = «, p =

1
A sint 4+ ]+ x(t = Ti(t)] + yl + y(t = Tt)] + 2.
It is not difficult to show that |p| < 1 < oo, where Py =1 > 0.

!
2

y(t—mi(t)), z)

<1,0<B<%and

1

All assumptions of the theorems are verified and hence the conclusions of these
theorems follow.
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