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Abstract. We establish quantitative estimates for the limit gq-Bernstein
operator introduced in [3], via the second order Ditzian-Totik modulus
of smoothness.

1 Introduction

The g-Bernstein operators were introduced by Phillips in [8] and they gener-
alize the well-known Bernstein operators. A survey of the obtained results and
references concerning g-Bernstein operators can be found in [6]. It is worth
mentioning that the first generalization of the Bernstein operators based on
g-integers was obtained by Lupas [4].

Let g > 0. For each nonnegative integer k, the g-integers [k] = [kl4 and the
g-factorials [k]! are defined by

T+q+--+q if k>1
(k] =
0, if k=0
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and
M2]... k], if k>1
k]! =
1, if k=0.

For integers 0 < k < n, the g-binomial coefficients are defined by

n| [n]!
k| [Kln—K!

The g-Bernstein operators By ¢ : C[0, 1] — C[0, 1] are given by

= k]
(B3] = Brglix) =3 () Pl 1)
k=0
wheren=1,2,...,0<qg<1,x€[0,1] and

Pnkl(d,x) = [ E ] X1 —=x)(1—=xq)...(1 —xq™

for k = 0,1,...,n (an empty product is taken to be equal 1). For q = 1 we
recover the Bernstein operators. In [8], it is proved the uniform convergence of
Bn,g.f to fon [0,1], as n — oo, when q = q,, € (0,1) and g, = 1 as 1 — oo.

Let g € (0,1) and f € C[0, 1] be given. II'inskii and Ostrovska proved in [3]
that the sequence {Bn q(f,x)} converges to B g(f,x) as n — oo, uniformly
for x € [0, 1], where the limit q-Bernstein operator Boo g : C[0,1] — C[0,1] is
defined by

(Boo,qf) (x) = Boo,q(f, %)

o k (o)
Yt —qk)m [100—xq%), if 0<x<T
= k=0 q T s=0 (2)

f(1), if x=1.
The approximation of continuous functions f by Boo ¢f as q 1, has been

investigated by Videnskii in [9]. We cite the following result of Videnskii. If
0<q<1,xel01] and f e C0,1], then

Buosq(F,3) — F06)] < 20(f, 11/T— q), Q
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where w(f, ) = sup{|f(x)—f(y)| : x,y € [0, 1],[x —y| < &} is the usual modulus
of continuity of f. For the second modulus of smoothness of f, defined by

w?(f,8) = sup  sup [f(x+2h) —2f(x + h) + f(x)],
0<h<38 x€[0,1—2h]

Wang obtained the following estimate (see [10] and [11]):

Brya(f;X) = Boo,g(f, %) < Cw? (£,1/q7), (4)

wheren =1,2,...,x€[0,1],0 < g < 1 and f € C[0, 1]. Here we mention that
C > 0 is a constant independent of n, x and ¢, which can be different at each
occurrence.

The goal of the paper is to establish quantitative results for the rate of
convergence of (2), obtaining similar estimates to (3) and (4). In our estimates

we shall use the second order Ditzian-Totik modulus of smoothness of f, defined
by

w5 (f,8) = sup sup If(x + ho(x)) — 2f(x) + f(x — heo(x))],
0<h<d x£he(x)e(0,1]

where @(x) = /x(1 —x), x € [0,1] (for details see [1]). Further, we consider
the following K-functional:

Kaoo(f,8) = inf {f— +8]|g ”}
o9 = inf {lf~gll+8lo%"|

where ||-|| denotes the uniform norm on C[0, 1] and Wz((p) ={ge Cl0,1]: ¢’ €
ACrocl0, 1], @?g” € C[0,1]}; g’ € ACocl0, 1] means that g is differentiable such
that g’ is absolutely continuous on every interval [a,b] C [0,1]. Tt is known
(see [1, (2.1.4)]) that w(zp(f, V) and Ky, ,(f,8) are equivalent, i.e. there exists
C > 0 such that

C w2 (f,v5) < Kap(f,8) < Cwd(f,V5). (5)

2 Main results
Theorem 1 There exists C > 0 such that
Boo,gf — fl| < Cawd(f,+/T—q)

for all £ € C[0,1] and q € (0,1). Consequently, B f converges uniformly to
fon[0,1] as q /1.
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Proof. By [9, (7.7)-(7.8)], we have By ¢(1,x) = 1 and B 4(t,x) = x. For
g € W2(¢@), by Taylor’s formula:

t
g(t) = g(x) +g’'(x)(t —x) +J (t—uw)g”(w) du, t,xe€l0,1],

we get
t
Boo,q(9y,X) — g(x) = Booyq <J (t—u)g”(u) du,x) .

Using the inequality

J (t—wg"(wdu | < (t—x) 20 2(x)] 02" (6)

X

(see [1, Lemma 9.6.1]) and Boo,q((t —x)%,x) = (1 — q)@?(x) (see [9, (7.12)]),

we find
Boo,q ( ,x)

< Beoyq((t—x)% %)@ 2(x) | @?g”|
= (1—q)e?g”|. (7)

On the other hand, by (2) and Bu,q(1,x) = 1, we obtain [Bu q(f,x)| <
[f[|Boo,q(1,%) = [|f]], i.e.

IN

t
Boog(9,%) — g(x)| j t — wllg”(w)] du

[Boo,qfll < [If]l (8)
for all f € C[0,1]. Now, in view of (7) and (8), we get

IBoosaf —fl < Boo,af ~ Boo,qgll + [Boc.qg — gl + g — ]
< 2|f=gll+ (1 —a)[le?g”|
< 2{lIt—gll+ (1 - a)llo*g"lI}-

Taking the infimum on the right-hand side over all g € W?(¢) and using (5),
we get the assertion of our theorem. O

Remark 1 The main result of [2] provides an estimate for positive linear op-
erators that preserve linear functions. The result was improved in [7, (2.138)],
which implies for the limit g-Bernstein operator that

<qg<l.

B~ w

5
||B<X>,qf_ﬂ| < 5 w%p(ﬂ 1—4q), where
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Theorem 2 Let q € (0,1) be given. Then there exists C > 0 such that

wy(f,4/q™)

Bngf — Booof|| <
|| n,q »q || q(1_ )

for all f € C[0,1] and n=1,2,....
Proof. Let g € W?(¢@) and x € [0,1]. Then, by [5, (3.2)], we have

(9) ) — By q (gyx Z ank pn—H (g, x), 9)
where
B n+1—Kk] M nel—k K ([k—ﬂ)
anilg) = ] 9<w)+q m+1 2\ m
(k]

By Taylor’s formula, we find

(w) = 9(mn) * (o mrw)# (i)
INm1) = I\ ¥ m m+1/)9 \m¥1

(kl/m]
+ J <M—u> g’ (u) du
[

/1] \ [l

and

(m—n)__ < K] >+<m—n_ K] ),( [K] )
Nm )~ \m+1 m men)? \nt1

(k—1]/] _
+ J <[k 1 —u> g’ (u) du,

(kl/n+1] nl

respectively. Hence, by (10),

~ In+1-k (k] nel—k LKl [k —1]
1=K+ g < (K] )
n+ 1] n+1]

B m+1—u<my_ K] >,< K] )
T et \m me1)? \nr
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m+1—mJM“” Cﬂ_u>nmmM
M+ Jg/me !

]
+¢”“W4<R—H_ [ >,< k] )
M+ 1] m 1/ \nt1]

n+1-k (k—11/n] _
La MJ (R1VﬂQ¢wMu
[

Mm+1 Jpg/men [n]
_ m+1—uJH/ Cﬂu>”mym
T Jpgsmen \M ?
qn+1fk[k] J'[kﬂ/[n] <[]<,— 1] B ) "
+ CESIR ] u ) g”(u)du, (11)
because
m+1—K] <[k] B (k] > n qmTRK] ([k— 1] B (k] )
n+1] m]  Mm+1] n+1] [n] n+1]
_ (k] _ _
= m{[n'i‘] kKl(n+ 1] —[n])
+ K=+ 1] = () }
_ [k] n n+1—-k k—1
= m{[ﬂ—l—]—k]q +q (—q [T1+1—k])}
= 0.

In view of (6) and (11), we have

lank(g)l < m+1—u<my_[u f (
O S AT W ) @

w“km<m—ﬂ K] y 2< m w|zw
m+1] ] m+1] ¢ m+1]

- 1
B {n+1— J[k([n 4 1] — [n))?
B ([ + 11— [k)

_l’_

2//

le“g

“+1kuk 1un+4J [uhﬂﬁ}, 247
Jm+m[+u [K]) @
n+1— q2TL

n+1— K]
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qn+lfk(_qkf1 [n+1 _k])Z .
- Mml2m+ 1lgm + 1 —k] }H(P 9"l
n—1
= m{q“ﬂ’kﬂdﬂnﬂ — K} llo%g"|
qnfl

= 4 el < 0™ 9%
Hence, by (9) and Byni1,4(1,x) =1 (see [9, (2.5)]), we find
Brg(9,%) = Bni1,q(g, ¥l < a™' 079"
for all x € [0, 1]. This implies that

||Bn3qg *Bner,qQH
< ||Bn,q9 - Bn+1,q9|| + ||Bn+1,q9 - Bn_g_z,ng
4+t ||Bn+p—1,q9 - BnJrP»ng

< (@ g g 0%
qn ! 2 _n
< ol (12)
for n,p = 1,2,... In conclusion {Bn qg} is a Cauchy-sequence in C[0, 1], so

{Bn,q9} converges to Boo,qg as 1 — oo (see also [3]). Now let p — oo in (12).
Then we obtain

qn 2 "
— [ L 1

Further, by (1) and By q(1,x) =1 (see [9, (2.5)]), we obtain [By, q(f,x)| <
[£]1Br,q(1,%) = [If], ie.
Brgfll < [If] (14)
for all f € C[0,1]. Then (14), (8) and (13) imply that
Br,gf = Boo,qfll < [[Br,gf = Br,qgll + [[Brn,qg — Bos,qd|
+ [IBoo,q9 — Boo,qf||
T
2[f—gl + —1——
1=l + ool

{If =gl +a™le%"lI}

IN

2 //H

< 2
- q(1—q)

Taking the infimum on the right-hand side over all g € W?(¢@) and using (5),
we get the assertion of our theorem. O
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Remark 2 Because w(zp(f, §) < Cw?(f,8) < 2Cw(f,d) (for details see [1]), we
obtain, in view of Theorem 1 and Theorem 2, the following weaker estimates:

|Boo,q(f)x) —f(X)| < Cw(f) - q)

and c
|Boo,q(fyx) - Bn,q(f> x)| < m wz(f> Vamn).
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