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Abstract. In this paper we study the continuous dependence and the
differentiability with respect to the parameter A € [A1,Az] of the solution
operator S : [A1,A2] — L?[a,b] for a mixed Fredholm-Volterra type inte-
gral equation. The main tool is the fiber Picard operators theorem (see
(9], (8], [11], [3] and [2]).

1 Introduction

We study the solution operator of the equations
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where A € [A7,A2] is a real parameter. The existence and uniqueness of the
solutions of such equations in C[a, b] was studied by many authors [5], [6], [1],
we recall the results from [1]. If the functions K and f satisfy the conditions
under which the existence and uniqueness (in Cla, b]) is guaranteed then the
differentiability of the functions K;j with respect to the parameter guarantees
the differentiability of the solution. This property was proved in [1] using the
following fiber Picard operator theorem:

Theorem 1 (Fiber Picard operator’s) [9] Let (V;d) be a generalized metric
space with d(vi,v2) € RE, and (W, p) a complete generalized metric space with
p(wi,wp) € RN Let A : VX W — V x W be a continuous operator. If we
suppose that:

a) A(v,w) = (B(v),C(v,w)) for allveV and w e W;
b) the operator B : V — V is a weakly Picard operator;

c) there exists a matriz Q € Mn(Ry) convergent to zero, such that the
operator C(v,-): W — W is a Q contraction for allv € V,

then the operator A is a weakly Picard operator. Moreover, if B is a Picard
operator, then the operator A is a Picard operator.

In this paper we use the same technique to give some modified Carathéodory
type conditions which guarantee the continuity and differentiability with re-
spect to the parameter of the solution operator. We study these equations
both in bounded and unbounded intervals.

2 Fredholm-Volterra equations on a compact
interval

We need the following lemma.

Lemma 1 If1 = [a,b], k € L%(1?) and the function u € L*(1) has nonnegative
values then the inequality

b
ut) < oc+J k(t,s)u(s)ds, a.e.t €1, (3)

a

where o« > 0 and [[k||(2(2) < 1, implies

x/2(b—a)

w2 < .
EO =T ke e
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Proof. Consider the sets
A={tel|lut)<oaland B={teI|u(t) > ol.

These sets are measurable because u is measurable. If t € B, from the Cauchy-
Buniakovski inequality we have

b

b 2 b
(u(t) — x)? < (J k(t,s)u(s)ds> gJ kz(t,s)ds-J u?(s)ds.

a a a

By integrating on B we deduce
b
J u?(s)ds < 20 [u(t)dt — o? - u(B) + [5f o kA(t,s)dsdt - HuH%Z(I)
B

< 2a [pu(t)dt — o - pu(B —i—fzfzkz t,s)dsdt - ||u||%2 I

< 20y /u(B) [Pu(t)dt — o2 u(B) + [KI|2: 2, - el
By the other hand u?(t) < &2, for t € A, so
J w?(t)dt < o? - u(A).
A

From these inequalities we have

2
(Ielliz iy — av/mlB)) ™ < aulA) + 1K1 o - Il

SO
ullie gy — /() < (/oA + [KlZ o) - TullZ, g
From
\/062 VA Kl oy - ullfs ) < ov/BlA) + Ikl - el
and
Vi(A) +V/u(B) < v2(b —
we deduce the desired inequality. O

Remark 1 By using both the Minkovski and the Cauchy-Buniakovski inequal-
ity we can prove a sharpened version:

b _
ullz(q) < avlboa)
T — k12 2)
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Indeed (3) implies

b b
HuHLz(U < |l + sz(t,s)ds . Juz(s)ds < ovb — a+||k||]_z(12)~||u||]_2(1).

a a 2

By an analogous reasoning we have the following property: If k € L*(12), g €
L2(1) and the function uw € L?(1) has nonnegative values then the inequality

u(t) < g(t) —I—J k(t,s)u(s)ds, a.e.t €1,
a
where |[k|| 22y < 1, implies
lglliz )
Iulliz) < 7=
S B TS

These inequalities are in fact Gronwall type inequalities and they can be proved
also by using the abstract Gronwall lemma from [10].

We use the usual definition of differentiability for functions with values in
a Banach space and a generalized Weierstrass type theorem. To avoid any
misunderstanding we recall this definition and we prove the above mentioned
theorem.

Definition 1 If S : [A1,A2] — L%(1) is a continuous function then we call it
differentiable at the point A, if exists zn € L2(1) such that

_IS) =S(A) — (A —=N)zall12 )
lim

— =0.
A—A A—A

For the simplicity we identify the function t — tz) (the differential) with the
element zy.

Theorem 2 If the sequence yn(,A) € L?(I), n > 0 converges in L%(1) to
y*(-,A) for all X € [A1,A3], the operators Sn : A1,A2] — L2(1) defined by
SaA)(t) =yn(t,A), Vt € I, VA € [A1,A2] are differentiable, their differentials
converge in L2(1) to z*(-,\), and these convergencies are uniform with respect
to A, then the operator S : [A1,Az] — L2(1) defined by S(A)(t) = y*(t,A), Vt €
I, VA € [A, Al is differentiable and z*(-,A) is its differential in A.
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Proof. Due to the mean theorem for functions with values in a Banach space
(see [4] 2-5) we have the following inequality:

”[ m()X)_yn()X)]_[ m()7\) yTl HLZ
A=A

< sup ||Zm()7\) —zn(: HI_Z
A€\ ,}\2}

where z.(+,A) is the differential of Sn(A)(+).
The condition ||zn(-yA)—2z*(-y,A)||12(1) — O uniform with respect to A, implies
that for every ¢ > 0 exists nq(e) € N such that

”[y*(vx) _y*('y}\)] - [ n('»x) y‘rL HLZ
A—A

) < g, Vn>ni(e). (4)

By the other hand for all ¢ > 0 exists n,(e) € N such that

. €
lzn (N = 2 M2 < 55 ¥ nafe) 5)
and there exists 6 > 0 such that
Hyn UTL( )Al_ (X_}\)Zn(')A)HLZ(I) < € (6)
A—A 3

if [\ — Al < 8. From these relations we deduce

[y* () =y (5 A) = (A= Nz (N2

lim = =0,
A=A A=A
so S is differentiable in A and its differential is z*(-, A). O

For equation (1) we have the following theorem (some parts of this theorem
are classical):

Theorem 3 If

I. (Carathéodory type conditions) the functions Ky : 12 x [A;,A2] x R — R,
1 e{1,2} with I = [a,b] satisfy the conditions

a) Ki(+, - A u) is measurable on 1? = [a,b] x [a,b] for alluw € R and
A€ A, A

b ) Ki(x,s,A,-) is continuous on R for almost every pairs (x,s) € I?
and every A € [A1,Az].
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I1. (space invariance) f € L2(1), Ki(+, A, 0) € L3(I?) for all A € [A1,A2],
i €{1,2} and exists My > 0 such that [[Ki(-,-,A,0)|[12(12) < My for all
S [)\1))\2];

1. (Lipschitz type conditions) exists ki € L2(12), i € {1,2}, such that

|Ki(t) 5>7\)u)_Ki(t) S>7\>V)| < ki(t) S)|u—\)|, Vt, s € I>7\ € [7\1,}\2],11,\) € R;

IV. (contraction condition)

bt brb
%= J J (k1(t,s) + ka(t, s))?dsdt +J J K3(t,s)dsdt <1 (7)

aJa aJt

then

1. for all A € [\1,A3] exists a unique solution y*(-,A) € L*(I) of the equation

(1);

2. the sequence of successive approximation

X b
Ynrr(x) = f(x) + wa, 5, yn(s))ds + JKz(x, 5, A yn(s))ds

converges in L2(I) to y*(-,A), for allyo(-) € L2(I) and every A € [A1,A3];

3. for every n € N we have

n

L
1—-L

[yn() =y (M2 < [y1(-) —yol) Iz (-

Moreover if
Lc) the functions (Ki(x,s, -, U))x «1,uer are equally continuous,

then the operator S : [A1,A2] — L2(1) defined by S(A)(x) = y*(x,A), Vx € I,
VA € [Aq,A2] is continuous.
If instead of 1b), I.c) and II1. we have the conditions

L) Ki(x,8,A,-) is in C'(R) for all A € A1,A2], a.e. (x,s) € 12, and there
exist ki € L*(I%), 1 € {1,2}, such that

aKi(t> S, )\» u)
ou

‘ < ki(t,s), Vt,s € YA € [A1,A2],Vu € R;
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L¢") Ki(x,s,-,u) is in C'[A1,A2] for all w € R, a.e. (x,s) € 12, the partial
derivatives satisfy condition 1., %(-, A u) € L2(1%),1 € {1,2} and there
exists My > 0 such that

H 0K

(A ) <My, VA € A, Al Vu € R,

a LZ(IZ)

then the operator S is differentiable.
Proof. First we prove that for a fixed A the operator T : L?(I) — L?(I) defined

by .
Tlyl(x) = f(x) +j1<1(x,s,x,y(s))ds 4 J Ka(x, 5, A, y(s))ds

is a contraction. From the Lipschitz condition we have
b b
JKz(t, ssAy(s))ds < JKz(t, sy A, 0) 4 ka(t, s)ly(s)|ds.
a a

Due to Minkovski and Cauchy-Buniakovski inequality we deduce

b /b 2
J (J Kz(t,s,x,y(snds> at

2
< (Vo= alKaly 5 A, Oz + VB = alliallizqey - Iyllizgn) < oo.

Analogously
b /ot 2
J <J K1(t,s,7\,y(s))ds> dt < oo,

a a

so because of f € L?(I) we have T[y] € L2(I). On the other hand

t
ITlyal(t) = Thy2l(t)] < J [Ka(t,s,Ay1(s)) — Ki(t, s,A,y2(s))lds

b
+ J Kalt, s, A, ya(s)) — Ka(t, s, A, ya(s)lds
a

b

t
<J ki(t, s)lyi(s) —y2(s)lds +J ka(t, s)lyi(s) —yz(s)lds

a

b
- j (Ra(t,s) + ka(t, s))ly1(s) — yals)lds,

a
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k](t,S), t>s

. From the Cauchy-Buniakovski inequality
0, t<s

where k1(t,s) = {

we obtain
ITh)() = T2 (2 gy < L2 lyi() —y20)lIE2 )

where L2 is defined by (7). Hence T is a contraction and from the contractions
principle we have the conclusions.

If we have condition I.c), then for every ¢ > 0 there exists ¢ = (=L

2(b—a)\/2(b—a)
and & > 0 such that for |]A —A| < & we have

|Ki(t)5a7\) LL) - Ki(t,S,X, U.)| < €1,

for all u € R and a.e. (t,s) € I2. If y; and y% are the corresponding unique

solutions to A, and A, then

t
WA~ 3001 < | Kl u3(5)) = Kty s, w3 (s)lds

b
+J Kalt, s, A, u3(s)) — Kalt, s, A, y%(s))lds

a
t

< 2(b— a)e; +J Ka(t, 5,7, u3(5)) — Ki (4, 5,A,y(s))lds
a

b
+J Kalt, s, A, u3(s)) — Kalt, 5,7,y (s))lds

a
b

<200 a)er+ | (Riltys) +lalt,s)ils) — v ().

a

From this inequality and Lemma 1 we obtain

2(b— 2(b—
W50 —u3 Ol < 20— DEVER = a)

where L is defined in (7). So for every ¢ > 0 there exists > 0 such that
A=A < 8= lyal) —yx()llz <,

this is the continuity of the operator S.
If we have 1.b’) and I.c’), we use the fiber Picard theorem to study the
differentiability of the operator S. Consider the spaces V = W = L%(I) and the



Data dependence of solutions for Fredholm-Volterra integral equations 13

operators B: V—V, C:V x W — W defined by the following relations

=]
=
=
Il
=
=
_|_
A

b
Ku(t, s,A,y(s))ds + J Ka(t, s, A, y(s))ds
a

and
t b

0K (t,s,v(s);A) ds+J 0K (t, s,v(s);A)

0 o ds

a

t b

+J 0K (t) Z)\)\)(S);?\)W(S)ds _|_J

aKZ(t) S, V(S); }\)
ov

w(s)ds.

Due to the given conditions the operator B is a Picard operator (condition
I.b’) implies condition III.) and the operator C satisfies

ICl(v,w1)] = Cllv, w2l 21y < Lafwr —wall2py,

where L = \/J‘Uz(h (t,s) + ka(t,s))2dsdt + fsz k%(t, s)dsdt. Theorem 1
implies that the triangular operator Alv,w] = (B[v], C[v,w]) is a Picard op-
erator and so the sequence of successive approximations constructed by the
relations (Yni1y,zne1) = Alyn, znl converges in (L?(I))? to the unique fixed
point. If we choose for yo(-,A) a C! function in its last variable and zo = %‘%,
then from the definition of the operator C we deduce z,, = %—y;\‘. By the other
hand the operators Sy : [A7,Az] — L?(I) defined by Sn(A)(t) = yn(t), Vt €
I, VA € [A1,A2] are differentiables and the differential of S;, in A is zn, hence
we can apply Theorem 2 and we obtain the differentiability of the operator S.
O

Remark 2 We can prove the same results working in the space
Y = {y ‘IxA SR |y(,A) € L2, VA€ A, y(t,) € C(A) ae. t € 1},
where A = [N, A2] and the norm is defined by ||y|ly = max Iy (s Mz -
€

Using the same arguments we can prove the following theorem for equation

2).
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Theorem 4 If

a) the functions Ky : I x I x [A\,A2] x R — R,i = 1,2 satisfy conditions
L-IV. from Theorem 3;

b) the functions g1,92 : [a,b] — R are injective and measurable and they
satisfy the conditions Im(g1) = [ar, azl, Im(g2) = [ba, b1l with a3 <
a<ay<b,and a<by <b<by;

¢) @1 € L*(lay,a]) and ¢, € L*([b,b1]);
then

1) equation (2) has a unique solution y*(-,A) in L2(I1) for all A € A1,A2,
where 11 = [a7, byl;

2) the sequence of successive approzimations converges L2(11) to y*(-,A)
for every admissible initial function yo(-,A), where the set of admissible
functions is

Yo= {y(a)\) € Lz(h) ‘UO(t)}\) = @q(t),Vte [ab Cl], UO(t>)\)
= @,(t), Vt € [b, b1l };

3) we have the following estimation:

[yn() =y (5 M2y < ﬁHyﬂ-) — Yoz

where L is defined by relation (7).

Moreover if condition 1.c) holds, then the operator S : [A1,A3] — L?(17) defined
by S(A)(x) =y*(x,A), Vx € [a1,b1], VA € [A1,A2] is continuous.

If instead of conditions 1.b), L.c) and II1. the conditions 1.b’) and 1.c’) are
satisfied, then S is differentiable.

Remark 3 The differentiability of S implies the existence of the partial deriva-
tive ayai(}-\ﬂ\) and so from the construction of the operator C we deduce that this

partial derivative satisfies the equation

t b

ay*(t))\) _ 0K (t>5>)\,9*(5>7\)) aKZ(t)S)}\>y*(Sa}\))
oA _J oA dS+J oA ds
a a
[ 0Ky (t, 5,4, y"(5,M)) 3y*(s,A) . [ OKalt, s, A, y*(s,A)) dy*(s,A)
1(ty s, »y* S, y* S, 2lty s, >y* S, y* S, .
+J oy o ds+J dy° N ds;

a a
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in the case of Theorem 3 and the equation

t b
ay*(t)}\) _ 6K1(t,s,7\,y*(g1(s),7\)) aKZ(t)S)A)y*(QZ(S))}\))
oA J oA ds*‘J oA ds
a a
t
[ BV i) Ao,
oy oA
a
baK AY* A)) dy* A
+J Z(t)s) Y (92(5)3 )) . Y (92(5)) )dS
oy oA
a

in the case of Theorem 4.

3 Fredholm-Volterra equations on an unbounded
interval

If I = [a,00), we can’t use the same inequalities because in Lemma 1 and in
some estimations we used it was essential the finite length of the interval. Due
to this problem we need other conditions to guarantee the same properties of
the solution operator.

Theorem 5 If conditions L-1I1. from Theorem 3 are satisfied with 1 = [a, c0)
and

B:Jjﬂmmg+bmgﬂﬁa+fjm@mgmM<L (8)

aJa aJt

then
1. for every A € [A1,A2] there exists an unique solution y*(-,A) € L*(1);

2. the sequence of successive approximations
X oo
Y] = 100+ [ K50 ynfs))ds + [ Kalx, A un(s))ds
a a

converges in L2(1) to y*(-,A), for all yo(-) € L*(I);
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3. for every m € N we have
LTL
lyn(-) —‘J*('»M”LZ(I) < ﬁ”lﬁ(') —UO(')”LZ(I)-
Moreover if
Lc) there exist Ay : [A1,A2] x [A1,A2] — R, and g; : 12 — R, i € {1,2} such
that

i)
|K1(X, S, }\) u) - Ki(X> S, 7\) u-)| < /\i(}\) }\) : gi(ta S)) (9)
YueRAAE A, A, ace.(t,s) € I, e {1,2};

ii) lim A(AA) =0;
A=A

iii) Ofo [(t g1(s,t)ds>

then the operator S : [A\1,A2] — L%(I) defined by S(A)(x) = y*(x,A), Vx €
I, VA € A, A2] is continuous.
If instead of the conditions 1.b) and II1. condition 1.b”) from Theorem 3 is
fulfilled and
I.c’) Ki(x,s,-,u) is a C'[A1,A2] function for all u € R, a.e. (x,s) € I?, the
partial derivatives satisfy condition 1., and there exists M3 > 0 such that

[ee] t aK1 2 o] t aKz 2
—(t,s,A u)ds> dt—i—J (J —(t,s,A u)ds> dt < M3
J(Jax a \Ja A 777 7
for all A € [A1,A2] and for all u € R,
then S is differentiable.

2

o 2
+ (I gz(s,t)> ] dt < +oo

Proof. As in Theorem 3 for a fixed A the operator T : L2(I) — L%(I) defined

by
Tlyl(x) = f(x) +jl<1(x,s,7\,y(s))ds+ J Kalx, 5, A, y(s))ds

is a contraction with Lipschitz constant L. If y} and y% are the unique solutions

corresponding to A and A, from I.c) we deduce:

oo/t 2 oo/t 2

J J|K1(t, $, A yx(s)) — Ki(t, s, A, y%(s))lds | dt < /\%(A,A)-J Jgﬂt, s)ds | dt
a\a

a \a
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and

00 2

o0 o0
J j|Kz(t,s,x,y;(s))—Kz(t,s,x,y;(s)nds dtg/\%m,mj ng(t,s)ds dt.
a a

a

0o 2

a

From

t
WA~ 5101 < | sl s, A3l — Koty s, K u(s)lds

b
+J Kalt, s, A w3 (s)) — Kalt, s, A, y%(s))lds

a

t
< J Ka(ty 5, Ay (s)) — Ki (4,5, %, y(s))ds
a

rb
+ |K2(t,3,7\»y%(3)) _KZ(t)S)AﬂJ%(S)”dS

Ja
rt

+ |K1(t>s>)\»y;\(s)) _K1(t»s))\)y%(s))|ds
Ja

b
+ | [Ka(t, s, A yals)) — Kalt, s, A, y5(s))lds

Ja

t
< J Kalt, 5,2, y5(s)) — Ki(t, 5, A, y(s))lds
a

b
+J Kalt, s, A u%(s)) — Kalt, s, 3,y (s))lds

a

b
+ | (e, +alty )l (s) — wx(s)lds

a

we deduce (using Minkovski inequality)

A

[yA(+) _U%(')HLZ(I) < T

where L is defined in (8) and

A =A1(\A) T(thﬂs,t)ds)zdtJr/\z(A,?\) T(Tkz(s,t))z dt.

a a

This inequality implies the continuity of the operator S.
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If conditions I.b") and I.c’) are satisfied we can use the fiber Picard theorem
again. Consider the spaces V. = W = L?(I) and the operators B : V — V,
C:V xW — W defined by the following relations

o0

t
BIv(t) = f(t) +JK1(t,s,A,y(s))ds+ J Ka(t, s, A, y(s))ds

a

and

t o]

C[(V,W)](t) _ J aK1 (t,S,V(S);?\) dS+J aKZ(t)S)V(S);A)

oA oA ds

a a
t o

_'_J aK](t) ;)\)V(S);A)W(S)ds—i— J

aKZ(ta S,V(S);)\)
ov

w(s)ds.

Due to the given conditions B is a Picard operator (condition I.b’) implies
condition III.) and C satisfies the uniform contraction condition:

[Clv,w1)] = Cllv,w2)lll 121y < Lillwr —walli2 ),

where L = \/JZOIZ(k1(t,S) +ko(t, s))2dsdt + fzof,fo k%(t,s)dsdt. Theorem 1
implies that the triangular operator Alv,w] = (B[v], C[v,w]) is a Picard opera-
tor. Hence the sequence of successive approximation (Yni1,2zn+1) = Alyn, znl
converges in (L%(I))? to the unique fixed point. If we choose yo(-,A) continu-
ously differentiable (with respect to A) and z¢ = %‘7\@, then from the construc-
tion of the operator C we obtain z,, = %—y;\‘. On the other hand the operators
Sn: A1, A2] — L2(I) defined by Sn(A)(t) = yn(t,A), Vt € I, VA € [A1,A;] are
differentiables and the differential of Sy, in A is zn, so from Theorem 2 we
obtain the differentiability of S. O
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