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Abstract. In this paper, we introduce and investigate a new family,
denoted by Wsc

Σ (λ, η, δ, r), of normalized holomorphic and bi-univalent
functions with respect to symmetric conjugate points, defined in U, by
making use the Borel distribution series, which is associated with the Ho-
radam polynomials. We derive estimates on the initial Taylor-Maclaurin
coefficients and solve the Fekete-Szegő type inequalities for functions in
this family.

1 Introduction and preliminaries

We denote by A the family of functions which are holomorphic in the open
unit disk

U = {z : z ∈ C and |z| < 1}
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and have the following normalized form:

f(z) = z+

∞∑

n=2

anz
n. (1)

We denote by S stands for the sub-family of the set A consisting of functions
which are also univalent in U. According to the Koebe one-quarter theorem
[11], every function f ∈ S has an inverse f−1 defined by

f−1
(

f(z)
)

= z (z ∈ U)

and

f
(

f−1(w)
)

= w

(

|w| < r0(f); r0(f) ≧
1

4

)

,

where

g(w) = f−1(w) = w− a2w
2 +

(

2a2
2 − a3

)

w3 −
(

5a3
2 − 5a2a3 + a4

)

w4 + · · · .

(2)
We say that a function f ∈ A is bi-univalent in U if both f and it inverse

f−1 are univalent in U. Let Σ stand for the family of bi-univalent functions in
U given by (1). Beginning with Srivastava et al. pioneering work [31] on the
subject, a large number of works related to the subject have been presented
(see, for example, [6, 7, 8, 9, 10, 15, 23, 25, 27, 28, 30, 32, 35, 36, 39, 40, 41,
42, 45, 46]). From the work of Srivastava et al. [31], we choose to recall the
following examples of functions in the family Σ :

z

1− z
, − log(1− z) and

1

2
log

(

1+ z

1− z

)

.

We notice that the family Σ is not empty. However, the Koebe function is
not a member of Σ. The problem to find the general coefficient bounds on the
Taylor-Maclaurin coefficients

|an| (n ∈ N; n ≧ 3)

for functions f ∈ Σ is still not completely addressed for many of the subfamilies
of the bi-univalent function family Σ (see, for example, [27, 32, 33, 35]).

On this subject in geometric function theory, the so-called Fekete-Szegő type
inequalities (or problems) which estimate some upper bounds for

∣

∣a3 − µa2
2

∣

∣

(f ∈ S). Its origin was in the disproof by Fekete and Szegő [14] of the Littlewood-
Paley conjecture that the coefficients of odd univalent functions are bounded
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by unity. The functional has since received great attention, particularly in
the study of many subfamilies of the family of univalent functions. This topic
has become of considerable interest among researchers in Geometric Function
Theory of Complex Analysis (see, for example, [29, 34]).

A function f ∈ A is called starlike with respect to symmetric conjugate
points in U if (see [12])

ℜ






zf′(z)
(

f (z) − f (−z)
)′





> 0 (z ∈ U).

On the other hand, a function f ∈ A is called a convex with respect to sym-
metric conjugate points in U if

ℜ

{
z
(

f′(z)
)′

(

f(z) − f(−z)
)′

}

> 0 (z ∈ U).

The families of all starlike with respect to symmetric conjugate points and all
convex functions with respect to symmetric conjugate points are denoted by
S∗sc and Csc, respectively.

The elementary distributions such as the Poisson, the Pascal, the Logarith-
mic, the Binomial, the beta negative binomial have been partially studied in
Geometric Function Theory from a theoretical point of view (see for example
[5, 13, 22, 24, 44]).

In the paper [47] are introduced the following power series whose coefficients
are probabilities of the Borel distribution:

M(δ, z) = z+

∞∑

n=2

(δ(n− 1))n−2 e−δ(n−1)

(n− 1)!
zn (z ∈ U; 0 < δ ≦ 1).

We note by the familiar Ratio Test that the radius of convergence of the above
series is infinity.

The linear operator Bδ : A −→ A is defined as follows (see [47])

Bδf(z) = M(δ, z) ∗ f(z) = z+

∞∑

n=2

(δ(n− 1))n−2 e−δ(n−1)

(n− 1)!
anz

n z ∈ U,

where the symbol ∗ stands the Hadamard product (or convolution) of two
series.
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For two functions f, g ∈ A, we say that the function f is subordinate to
g, if there exists a Schwarz function ω, which is holomorphic in U with the
property

ω(0) = 0 and |ω(z)| < 1 (z ∈ U),

such that

f(z) = g
(

ω(z)
)

.

This subordination is symbolically written as

f ≺ g or f(z) ≺ g(z) (z ∈ U).

It is well known that, if the function g is univalent in U, then (see [21])

f ≺ g (z ∈ U) ⇐⇒ f(0) = g(0) and f(U) ⊆ g(U).

Hörçum and Koçer in the paper [18] considered the familiar Horadam poly-
nomials hn(r), which are given by Definition 1 below, in Geometric Function
Theory of Complex Analysis.

Definition 1 (see [17] and [18]) The Horadam polynomials hn(r) are given
by the following recurrence relation:

hn(r) = prhn−1(r) + qhn−2(r) (r ∈ R; n ∈ N = {1, 2, 3, · · · }) (3)

with

h1(r) = a and h2(r) = br,

for some real constants a, b, p and q. Moreover, the characteristic equation of
the recurrence relation (3) is given by

t2 − prt− q = 0,

which has the following two real roots:

t1 =
pr+

√

p2r2 + 4q

2
and t2 =

pr−
√

p2r2 + 4q

2
.

Remark 1 By selecting the particular values of the parameters a, b, p and q,

the Horadam polynomial hn(r) reduces to several known polynomials. Some
of these special cases are recorded below.
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1. Taking a = b = p = q = 1, we obtain the Fibonacci polynomials Fn(r).

2. Taking a = 2 and b = p = q = 1, we get the Lucas polynomials Ln(r).

3. Taking a = q = 1 and b = p = 2, we have the Pell polynomials Pn(r).

4. Taking a = b = p = 2 and q = 1, we find the Pell-Lucas polynomials Qn(r).

5. Taking a = b = 1, p = 2 and q = −1, we obtain the Chebyshev polynomials
Tn(r) of the first kind.

6. Taking a = 1, b = p = 2 and q = −1, we have the Chebyshev polynomials
Un(r) of the second kind.

The families of orthogonal polynomials and other special functions and spe-
cific polynomials, as well as their extensions and generalizations, are poten-
tially useful in a variety of disciplines in many branches of science, especially
in the mathematical, statistical and physical sciences. For more information
associated with these polynomials, see [16, 17, 19, 20].

The generating function of the Horadam polynomials hn(r) is given as fol-
lows (see [18]):

Π(r, z) =

∞∑

n=1

hn(r)z
n−1 =

a+ (b− ap)rz

1− prz− qz2
. (4)

In fact, Srivastava et al. [26] have already applied the Horadam polynomials
in a similar context involving holomorphic and bi-univalent functions in recent
years, it was followed by such works as those by Al-Amoush [2], Wanas and
Lupas [48], Abirami et al. [1] and others (see, for example, [1, 3, 4, 37, 38, 43]).

2 Main results

We begin this section by defining the new family denoted by Wsc
Σ (λ, η, δ, r).

Definition 2 For 0 ≦ η ≦ λ ≦ 1, 0 < δ ≦ 1 and r ∈ R, a function f ∈ Σ is
said to be in the family Wsc

Σ (λ, η, δ, r) if it fulfills the following subordination



New family of bi-univalent functions with respect to symmetric . . . 203

conditions:

2
[

ληz3 (Bδf(z))
′′′

+ (λ + η(2λ − 1)) z2 (Bδf(z))
′′

+ z (Bδf(z))
′
]

ληz2
(

Bδf(z) − Bδf(−z)
)

′′

+ (λ − η)z
(

Bδf(z) − Bδf(−z)
)

′

+ (1 − λ + η)
(

Bδf(z) − Bδf(−z)
)

≺ Π(r, z) + 1 − a

and

2
[

ληw3 (Bδg(w))′′′ + (λ + η(2λ − 1))w2 (Bδg(w))′′ +w (Bδg(w))′
]

ληw2
(

Bδg(w) − Bδg(−w)
)

′′

+ (λ − η)w
(

Bδg(w) − Bδg(−w)
)

′

+ (1 − λ + η)
(

Bδg(w) − Bδg(−w)
)

≺ Π(r, w) + 1 − a,

where a is real constant and the function g = f−1 is given by (2).

Our first main result is asserted by Theorem 1 below.

Theorem 1 For 0 ≦ η ≦ λ ≦ 1, 0 < δ ≦ 1 and r ∈ R, let f ∈ A be in the
family Wsc

Σ (λ, η, δ, r). Then

|a2| ≦
eδ |br|

√

|br|
√

2
∣

∣

∣

[

δ (6λη + 2(λ − η) + 1)b − 2p (2λη + λ − η + 1)
2
]

br2 − 2qa (2λη + λ − η + 1)
2
∣

∣

∣

and

|a3| ≦
|br| e2δ

2δ (6λη+ 2(λ− η) + 1)
+

b2r2e2δ

4 (2λη+ λ− η+ 1)2
,

where

Ω(δ, γ, λ, s, t, q) = [(1− δ)(γ+ 2) + δ(3λ− 1)] [1+ t]sq[2+ t]2sq , (5)

Γ(δ, γ, λ, s, t, q) =

[

1

2
(1− δ)(γ+ 2)(γ− 1) + δ (2λ(λ− 2) + 1)

]

[3+ t]sq[1+ t]2sq

(6)
and

Υ(δ, γ, λ, s, t, q) = [(1− δ)(γ+ 1) + δ(2λ− 1)]2 [3+ t]sq[1+ t]2sq . (7)

Proof. Let f ∈ Wsc
Σ (λ, η, δ, r). Then there are two holomorphic functions u, v :

U −→ U given by

u(z) = u1z+ u2z
2 + u3z

3 + · · · (z ∈ U) (8)

and
v(w) = v1w+ v2w

2 + v3w
3 + · · · (w ∈ U), (9)
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with

u(0) = v(0) = 0 and max {|u(z)| , |v(w)|} < 1 (z,w ∈ U),

such that

2
[

ληz3 (Bδf(z))
′′′ + (λ + η(2λ − 1)) z2 (Bδf(z))

′′ + z (Bδf(z))
′
]

ληz2
(

Bδf(z) − Bδf(−z)
)

′′

+ (λ − η)z
(

Bδf(z) − Bδf(−z)
)

′

+ (1 − λ + η)
(

Bδf(z) − Bδf(−z)
)

= Π(r, u(z)) − a

and

2
[

ληw3 (Bδg(w))′′′ + (λ + η(2λ − 1))w2 (Bδg(w))′′ +w (Bδg(w))′
]

ληw2
(

Bδg(w) − Bδg(−w)
)

′′

+ (λ − η)w
(

Bδg(w) − Bδg(−w)
)

′

+ (1 − λ + η)
(

Bδg(w) − Bδg(−w)
)

= Π(r, v(w)) − a

or, equivalently, that

2
[

ληz3 (Bδf(z))
′′′ + (λ + η(2λ − 1)) z2 (Bδf(z))

′′ + z (Bδf(z))
′
]

ληz2
(

Bδf(z) − Bδf(−z)
)

′′

+ (λ − η)z
(

Bδf(z) − Bδf(−z)
)

′

+ (1 − λ + η)
(

Bδf(z) − Bδf(−z)
)

= 1 + h1(r) + h2(r)u(z) + h3(r)u
2(z) + · · · (10)

and

2
[

ληw3 (Bδg(w))′′′ + (λ + η(2λ − 1))w2 (Bδg(w))′′ +w (Bδg(w))′
]

ληw2
(

Bδg(w) − Bδg(−w)
)

′′

+ (λ − η)w
(

Bδg(w) − Bδg(−w)
)

′

+ (1 − λ + η)
(

Bδg(w) − Bδg(−w)
)

= 1 + h1(r) + h2(r)v(w) + h3(r)v
2(w) + · · · . (11)

Combining (8), (9), (10) and (11) yields

2
[

ληz3 (Bδf(z))
′′′ + (λ + η(2λ − 1)) z2 (Bδf(z))

′′ + z (Bδf(z))
′
]

ληz2
(

Bδf(z) − Bδf(−z)
)

′′

+ (λ − η)z
(

Bδf(z) − Bδf(−z)
)

′

+ (1 − λ + η)
(

Bδf(z) − Bδf(−z)
)

= 1 + h2(r)u1z +
[

h2(r)u2 + h3(r)u
2
1

]

z2 + · · · (12)

and

2
[

ληw3 (Bδg(w))′′′ + (λ + η(2λ − 1))w2 (Bδg(w))′′ +w (Bδg(w))′
]

ληw2
(

Bδg(w) − Bδg(−w)
)

′′

+ (λ − η)w
(

Bδg(w) − Bδg(−w)
)

′

+ (1 − λ + η)
(

Bδg(w) − Bδg(−w)
)

= 1 + h2(r)v1w +
[

h2(r)v2 + h3(r)v
2
1

]

w2 + · · · . (13)

It is well-known that, if

max {|u(z)| , |v(w)|} < 1 (z,w ∈ U),
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then
|uj| ≦ 1 and |vj| ≦ 1 (∀ j ∈ N). (14)

Now, by comparing the corresponding coefficients in (12) and (13), we find
that

2e−δ (2λη+ λ− η+ 1) a2 = h2(r)u1, (15)

2δe−2δ (6λη+ 2(λ− η) + 1) a3 = h2(r)u2 + h3(r)u
2
1, (16)

−2e−δ (2λη+ λ− η+ 1) a2 = h2(r)v1 (17)

and
2δe−2δ (6λη+ 2(λ− η) + 1)

(

2a2
2 − a3

)

= h2(r)v2 + h3(r)v
2
1. (18)

It follows from (15) and (17) that

u1 = −v1 (19)

and
8e−2δ (2λη+ λ− η+ 1)2 a2

2 = h2
2(r)(u

2
1 + v21). (20)

If we add (16) to (18), we find that

4δe−2δ (6λη+ 2(λ− η) + 1) a2
2 = h2(r)(u2 + v2) + h3(r)(u

2
1 + v21). (21)

Upon substituting the value of u2
1 + v21 from (20) into the right-hand side of

(21), we deduce that

a2
2 =

e2δh3
2(r)(u2 + v2)

4
[

δh2
2(r) (6λη+ 2(λ− η) + 1) − 2h3(r) (2λη+ λ− η+ 1)2

] , (22)

By further computations using (3), (14) and (22), we obtain

|a2| ≦
eδ |br|

√

|br|
√

2
∣

∣

∣

[

δ (6λη + 2(λ − η) + 1)b − 2p (2λη + λ − η + 1)
2
]

br2 − 2qa (2λη + λ − η + 1)
2
∣

∣

∣

.

Next, if we subtract (18) from (16), we can easily see that

4δe−2δ (6λη+ 2(λ− η) + 1)
(

a3 − a2
2

)

= h2(r)(u2−v2)+h3(r)(u
2
1−v21). (23)

In the light of (19) and (20), we conclude from (23) that

a3 =
e2δh2(r)(u2 − v2)

4δ (6λη+ 2(λ− η) + 1)
+

e2δh2
2(r)(u

2
1 + v21)

8 (2λη+ λ− η+ 1)2
.
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Thus, by applying (3), we obtain

|a3| ≦
|br| e2δ

2δ (6λη+ 2(λ− η) + 1)
+

b2r2e2δ

4 (2λη+ λ− η+ 1)2
.

This completes the proof of Theorem 1. □

In the next theorem, we present the Fekete-Szegő inequality for Wsc
Σ (λ, η, δ, r).

Theorem 2 For 0 ≦ η ≦ λ ≦ 1, 0 < δ ≦ 1 and r, µ ∈ R, let f ∈ A be in the
family Wsc

Σ (λ, η, δ, r). Then

∣

∣

∣
a3 − µa2

2

∣

∣

∣
≦






e2δ|br|
2δ(6λη+2(λ−η)+1)

(

|ϕ− 1| ≦
|[δ(6λη+2(λ−η)+1)b−2p(2λη+λ−η+1)2]br2−2qa(2λη+λ−η+1)2|

δb2r2(6λη+2(λ−η)+1)

)

e2δ|br|3|µ−1|

2|[δ(6λη+2(λ−η)+1)b−2p(2λη+λ−η+1)2]br2−2qa(2λη+λ−η+1)2|

(

|ϕ− 1| ≧
|[δ(6λη+2(λ−η)+1)b−2p(2λη+λ−η+1)2]br2−2qa(2λη+λ−η+1)2|

δb2r2(6λη+2(λ−η)+1)

)

.

Proof. It follows from (22) and (23) that

a3 − µa2
2 =

e2δh2(r)(u2 − v2)

4δ (6λη+ 2(λ− η) + 1)
+ (1− µ)a2

2

=
e2δh2(r)(u2 − v2)

4δ (6λη+ 2(λ− η) + 1)

+
e2δh3

2(r)(u2 + v2) (1− µ)

4
[

δh2
2(r) (6λη+ 2(λ− η) + 1) − 2h3(r) (2λη+ λ− η+ 1)2

]

=
h2(r)

4

[(

ϕ(µ, r) +
e2δ

δ (6λη+ 2(λ− η) + 1)

)

u2

+

(

ϕ(µ, r) −
e2δ

δ (6λη+ 2(λ− η) + 1)

)

v2

]

,

where

ϕ(µ, r) =
e2δh2

2(r) (1− µ)

δh2
2(r) (6λη+ 2(λ− η) + 1) − 2h3(r) (2λη+ λ− η+ 1)2

.
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Thus, according to (3), we have

∣

∣

∣
a3 − µa2

2

∣

∣

∣
≦






e2δ|br|
2δ(6λη+2(λ−η)+1)

(

0 ≦ |ϕ(µ, r)| ≦ e2δ

δ(6λη+2(λ−η)+1)

)

1
2 |br| . |ϕ(µ, r)|

(

|ϕ(µ, r)| ≧ e2δ

δ(6λη+2(λ−η)+1)

)

,

which, after simple computation, yields

∣

∣

∣
a3 − µa2

2

∣

∣

∣
≦






e2δ|br|
2δ(6λη+2(λ−η)+1)

(

|ϕ− 1| ≦
|[δ(6λη+2(λ−η)+1)b−2p(2λη+λ−η+1)2]br2−2qa(2λη+λ−η+1)2|

δb2r2(6λη+2(λ−η)+1)

)

e2δ|br|3|µ−1|

2|[δ(6λη+2(λ−η)+1)b−2p(2λη+λ−η+1)2]br2−2qa(2λη+λ−η+1)2|

(

|ϕ− 1| ≧
|[δ(6λη+2(λ−η)+1)b−2p(2λη+λ−η+1)2]br2−2qa(2λη+λ−η+1)2|

δb2r2(6λη+2(λ−η)+1)

)

.

We have thus completed the proof of Theorem 2. □

By putting µ = 1 in Theorem 2, we are led to the following corollary.

Corollary 1 For 0 ≦ η ≦ λ ≦ 1, 0 < δ ≦ 1 and r ∈ R, let f ∈ A be in the
family Wsc

Σ (λ, η, δ, r). Then

∣

∣

∣
a3 − a2

2

∣

∣

∣
≦

e2δ |br|

2δ (6λη+ 2(λ− η) + 1)
.

3 Conclusion

The fact that we can find many unique and effective uses of a large variety of
interesting special functions and specific polynomials in Geometric Function
Theory of Complex Analysis provided the primary inspiration for our analysis
in this article. The primary objective was to create a new family Wsc

Σ (λ, η, δ, r)



208 A. K. Wanas, L. I. Cot̂ırlă

of normalized analytic and bi-univalent function which is defined by means of
the Borel distribution and also using the Horadam polynomial hn(r) , which
are given by the recurrence relation (3) and by generating function Π(r, z)

in (4). We generate Taylor-Maclaurin coefficient inequalities for functions be-
longing to this newly introduced bi-univalent function family Wsc

Σ (λ, η, δ, r)

and viewed the Fekete-Szegő problem.

Conflicts of interest: The authors declare that they have no conflicts of
interest.
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63 (2018), 419–436.



New family of bi-univalent functions with respect to symmetric . . . 211

[31] H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of
analytic and bi-univalent functions, Appl. Math. Lett. 23 (2010), 1188–
1192.

[32] H. M. Srivastava, A. Motamednezhad and E. A. Adegani, Faber poly-
nomial coefficient estimates for bi-univalent functions defined by using
differential subordination and a certain fractional derivative operator,
Mathematics 8 (2020), Article ID 172, 1–12.

[33] H. M. Srivastava, A. Motamednezhad and S. Salehian, Coefficients of a
comprehensive subclass of meromorphic bi-univalent functions associated
with the Faber polynomial expansion, Axioms 10 (2021), Article ID 27,
1–13.

[34] H. M. Srivastava, N. Raza, E. S. A. AbuJarad, G. Srivastava and M. H.
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